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Compact quantum dynamics, based on the Lie algebra so(n), is known to be relevant to the
description of the internal motion of the electron and neutrino. It is shown here that a compact
dynamics can also be based on u(»n). In both cases there exists a contraction to a noncompact
algebra containing a Weyl-Heisenberg subalgebra and consequently, there also exists an
approximation scheme defined entirely by the contraction process, in which a sequence of
compact systems described in terms of finite square matrices of increasing size, approaches a
noncompact system of the usual type, described in terms of operators on a Hilbert space.
Particular boson realizations of so(n) and u(n) are shown to be especially convenient for the
discussion of the contractions. Some simple illustrative examples of compact systems are
treated algebraically and numerically in order to show how their properties approach those of

the corresponding noncompact systems.

I. INTRODUCTION

The notion of a “compact quantum system” based on
the representation theory of the Lie algebra so(n), has been
developed by Barut and Bracken.'”* The idea arose from
their reappraisal®* of the Zitterbewegung of Dirac’s elec-
tron, which was shown to be describable as a compact quan-
tum oscillator associated with the four-dimensional spinor
representation of so(5).

The essence of the idea in general is to modify the com-
mutation relations satisfied by the Hermitian coordinate op-
erators @; and momentum operators P; (i = 1,...,n) of a sys-
tem with n degrees of freedom so that they generate the
compact Lie algebra so(»n + 2) rather than the Weyl-Hei-
senberg algebra w, , which can be recovered from so(n + 2)
by contraction. One has in place of the canonical commuta-
tion relations (i, j,k,/ = 1,...,n),

[0.,9] = A*/#)S,;, [P.P]=(H#/A%)S,,

[Qi’1)j] = iﬁ(sij‘]’ [QnSjk ] = iﬁ(aiij - 6iij) ’
[P”S/k] =ih(6,kP]"—6qu), (1.1)
(@] = —GAY#P, [P,J]=(#A"Q;,
78,1 =0,

[SysSi] = i85Sy + 6;Su — 83 Sy — 6uSix) -

The J; [ = —J; = (1/%)S;;] span an so(n) subalgebra,
and one can see that the algebra (1.1) as a whole is
so(n + 2) by setting

Jin+l = _Jn+li = (I/A)Qz ’

Jin+2 = _Jn+2i = (/l/ﬁ)P, s

Jn+ln+2 = _Jn+2n+1 =J

The positive constant A appearing here has dimensions of
length and is, initially at least, to be regarded as arbitrary. A
compact quantum system is defined by specifying 4, togeth-
er with a particular Hermitian finite-dimensional represen-
tation of so(n + 2), and a particular dynamics. Because the
time evolution of states in the finite-dimensional state space
is assumed to be governed in the usual way by Schrédinger’s
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equation, the dynamics of a system is governed by a choice of
Hamiltonian operator H. This should be some Hermitian
operator on the space [for example, the representative of
some element of the enveloping algebra of so(n + 2)].

There is a contraction'? of so(n + 2) into the semidi-
rect sum k, of w, and so(n), the latter being the group of
rotations of the n-vector coordinate and momentum opera-
tors q;, p; which are obtained from the Q,, P; by contraction,
and which generate w,, in the usual way with canonical com-
mutation relations. This indicates that a compact quantum
system can be regarded, in a sense defined by the contraction
process, as an analog of a corresponding quantum system of
the usual (noncompact) type, described in an infinite Hil-
bert space.

It is the main purpose of the present work to explore this
relationship between noncompact quantum systems and
their compact analogs through consideration of simple but
hopefully typical examples. We are interested especially in
the way in which the spectrum of a particular Hermitian
operator for a noncompact system is approximated by the
eigenvalue spectra of corresponding operators (matrices) in
a sequence of compact analogs of increasing dimension as
the contraction limit is approached. In order to consider
such aspects, it is evidently not sufficient to consider the
contraction at the level of the abstract Lie algebra: the con-
traction of suitably chosen sequences of representations of
so(n + 2) into appropriate Hermitian representations of k,,
must be considered.

Although the concept of contraction of Lie groups and
algebras is well known,>® most discussions at the level of
representations have been limited to special cases.”® Of par-
ticular relevance to our work here is the discussion by Bacry
et al.® of the contraction of SO(3) XR into the oscillator
group Osc(1); although we are interested in a different con-
traction, of so(3) into w,, and its generalizations, their tech-
nique using the Dyson-Vilenkin realization'® of so(3) is
ideal for our purposes. A natural generalization of this real-
ization was given by Exner ef al.! for the classical Lie alge-
bras, in terms of conjugate coordinate and momentum oper-
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ators, though they did not discuss contractions of these
realizations. Their realization of so(n + 2), rewritten in
terms of boson operators, is used in what follows.

It has been found that, apart from so(# + 2), one can
use u(z + 1) to define another type of compact quantum
system with »n degrees of freedom. Accordingly, in what fol-
lows, we shall refer to orthogonal or unitary compact quan-
tum systems as appropriate. We shall also use the realization
of u(n + 1) given (essentially) by Exner et al.'' when we
discuss unitary systems and the associated contraction of
u(r + 1) to w,  u(xn). The commutation relations in the
unitary case are (i, j,k,/ = 1,...,n)

[0.Q,] = GA*/WL;, [PuB)] = (#/ADL,,
[Q:,P;] = ifib;M — iT);

y
[Q.M] = — QRIAY/AP, [P,M]= Qi#/A1)Q,,
[QnLkl] = iﬁ(‘squ - 6ikQ[) s
[Pi,Ly ] = ifi(6, P —5,-,_<P,) ,
[QTu] =iA2(84Py + 64Py) ,
[PTy] = — GH/A%) (840 + 8,0Qi)
[Tij Tkl] = iﬁ((siijl + 6jILik + 6_"kLiI + 5:‘1ij) ’
[LjLi] = i#i(8yLy + 8yLy — SyLy — 6Ly »
[TyLn] =8, Ty + 63Ty — 64Ty — 6uTy) .
The K, = (1/#)L;( = — K};) span anso(n) subalgebra of
the u(n) subalgebra spanned by the K; and M; = (1/

#)T,;( = M), and one can see that the algebra (1.2) as a
whole is u(n + 1) by setting

M, . =M, ;= (1/A)Q;,

Kin+l = _Kn+li = - (A/ﬁ)P; s
and

M,

n

The boson realizations of so(n + 2) and u(n 4 1) that
we use'! contain several parameters. One is a scaling param-
eter, the others determine and label the representations in-
volved. For appropriate values of these labels, finite-dimen-
sional representations are obtained. More precisely, in the
infinite-dimensional Hilbert space on which act the boson
operators in one of these realizations, the invariant subspace
spanned by all vectors that can be obtained by the action of
the basis operators on a vacuum vector, is finite dimensional
and carries a representation of so(n + 2) oru(n + 1). Inthe
contraction processes the dimension of this subspace in-
creases and becomes infinite in the limit.

After discussing these contractions in what follows, we
go on to look at some orthogonal and unitary compact quan-
tum systems that are analogs of well-known noncompact
systems. We shall look in particular at the behavior under
contraction of the spectrum of the Hamiltonian operator,
and of the distribution of probability over the eigenvalues of
a coordinate operator when the system is in an energy eigen-
state.

One motivation for studying compact quantum systems
is the possibility that such systems may be involved in the
internal structure of “elementary particles.” This motiva-
tion also lies at the heart of other recent approaches to finite

(1.2)

sine1 =M.
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quantum systems.'>'* Compact quantum systems of the or-
thogonal type are known, through their application to the
Zitterbewegung of the electron®* and neutrino,'* to be rel-
evant to this purpose in some cases. Whether or not other
orthogonal or unitary systems are relevant remains un-
known.

There is another motivation, however, for their study.
In computer studies of noncompact quantum systems, one is
forced to consider finite-dimensional approximations whose
effects on the spectra of the noncommuting observables may
be difficult to take into account. Replacing a noncompact
system by a sequence of compact analogs in spaces of in-
creasing dimension, related by the process of group contrac-
tion, may provide a suitable framework for computer studies
in situations where it is desirable to be able to characterize
exactly the nature of the approximation process. In this con-
text, the contraction parameter gives a measure of the size of
the finite-dimensional approximation, and hence of the fine-
ness of the “discretization.” It is difficult to give it a more
physical interpretation. The concept of an approximation
scheme based on a group (or Lie algebra) contraction may
well be extended to operator equations other than Schro-
dinger’s equation, in areas other than quantum mechanics.

Itis intended to carry out in later work computer studies
of compact analogs of classical systems that exhibit chaotic
behavior, and to see how they behave as the contraction limit
is approached. Before doing that, it is necessary to under-
stand how elementary compact quantum systems behave,
and that is the major objective of the present work, as we
have already indicated.

Il. CONTRACTION OF LIE GROUPS

Let G be a Lie group, given locally by its generators X,
and corresponding parameters a’ (i = 1,...,n). The genera-
tors satisfy commutation relations of the form

N
[X.X] = X,
where the c,’-,‘- are the structure constants of G. Let the X; and
a’ be subjected to a linear transformation

Y, =UlX, d'=bU],

aX, =b'UiX, =b’Y,.
New structure constants are defined by the commutation
relations of the ¥; and these are easily related back to the old
structure constants.'> The Inénii-Wigner contraction
chooses the matrix U to depend linearly on a positive param-
eter € in such a way that one obtains

Y,=X,+€ vXx, (a=1,.,r,

b=1
Y, =X, (a=r+1,.,n),
a?=b%+¢ z b (g=1,.,r),
p=1

a’=¢€b? (g=r+1,...,n).

In the contraction limit € -0, a new Lie group G’ with new
parameters b ' and generators Y ; is formed. The Lie group
thus obtained is called the contraction of the group G. A
generalization suggested by Wigner® involving the use of
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higher orders of € is taken up in this paper. The contraction
used here is quadratic in €. Alternatively, this can be regard-
ed as a two stage linear contraction.>® An example of a
contraction, quadratic in €, is given in Ref. 8 with regard to
de Sitter groups.

A. Contraction of the relevant Lie algebras

The Lie algebra so(n+2) has basis operators
Jp(= —Jgy), AB=1,..,n 42, which satisfy the com-
mutation relations

[JAB’JCD] = i(aACJBD + 6BDJAC - ADJBC - 6BCJAD) .
When this Lie algebra is contracted as (with r,s = 1,...,n),
I%=J

* — * —
Jrn+2"€']rn+2’ Jn+ln+2_€2‘,n+1n+2’

J*n =€Jrn ’
rn+1 +1 (2.1)

in the limit, the Lie algebra w, - so(n) results' with the
operators J *,  ,,J¥, .., J ¥, |, spanning the w, com-
ponent. The limiting commutation relations of this compo-
nent are

[',’rkn+1"’:n+2] =i‘srsJ:+1n+2 ’

[‘,,r’n-i—l"]fn-}-l ] = [Jrn+29‘,?n+2] =0,

[Jr*n+l’J:+ln+2] = [J:‘n+2"]:+1n+2] =0’
soonecanregard J ¥, ,,J ¥, ., as being mapped onto can-
onically conjugate operators g,, p,, although not necessarily
in that order.

The Lie algebra u(n+1) with generators
Mpo(=Mpp), Kpp( = —Kpp), P,Q = 1,...,n+ 1, which
satisfy the commutation relations

(2.2)

(Mo, Mrs |

= i(OorKps + OosKpr + SprKos + OpsKor) »
[Kpo:Krs ]

= i(8prKgs + OpsKpr — OprKps — OpsKor) 5
[MPQ’KRS]

= i(OpsMyr + SosMpr — SorMps — SprMys) ,
can be contracted in a similar way; with 7, j = 1,...,n, set

M3=M, Kj=K,.
M:"n+1 =€M;, 1, Krn+l =€Kin+l ’

N i
Mn+1n+l _€2Mn+ln+1 .

(2.3)

The result here, in the limit -0, is the Lie algebra
w, D u(n) with the operators M ¥, . |, K¥*, _ , K*, .. 1,
spanning the w, subalgebra. Note that the way in which the
parameter A appears in (1.1) and (1.2), compared with the
way € appears in (2.1) and (2.3), precludes the identifica-
tion of A as the contraction parameter.

B. Contraction of representations

The solution of physical problems in quantum mechan-
ics involves the calculation of eigenvalues of various opera-
tors such as the Hamiltonian. In the present context, we
therefore require a knowledge of representations of the Lie
algebras so(n + 2) and u(n + 1) associated with the com-
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pact quantum systems under discussion, and also a knowl-
edge of how these representations may be contracted.

In general, there are two methods of contracting repre-
sentations.’ These are (1) the method of e-dependent simi-
larity transformations; and (2) the method of the sequence
of representations. Only the second method is of interest
here.

In this second method, a sequence of representations of
the uncontracted Lie algebra is chosen, dependent on some
parameter / [such as the representation label in the sequence
of symmetric representations of so(n + 2)] which, in the
cases we consider, determines the finite dimension of each
representation in the sequence. The parameter is then varied

according to some power of €. The relationship € = 1/4// has
been chosen for the boson realizations presented in this pa-
per. As €0, the dimension of the corresponding represen-
tations approaches infinity.

The representation of the contracted Lie algebra ob-
tained in this way may be reducible even though each repre-
sentation of the contracting sequence may be irreducible,
and we may need to project onto an irreducible component.
The use of the boson realizations'' as follows avoids this
difficulty; projection onto the desired irreducible component
is automatic. However, when we turn in Sec. IV C to nu-
merical calculation using matrix realizations, the difficulty
will appear.

IH. THE REALIZATIONS AND THEIR CONTRACTIONS

Realizations for a number of classical Lie algebras
[gl(n + 1),0(2n + 1), 0(2n), sp(2n) ] have been given by
Exner et al.'' These are used in a slightly modified form for
the purposes of this paper. As has been shown,'' these real-
izations have a recurrent structure, above and beyond the
normal chain of inclusion

so(n+ 1) >so(n) > " >s0(2),

u(n+D>u()>-->u(l),
that allows the construction of a representation with any
desired labeling.

A. The so(n+ 2) realization

Let a@,, a,, r=1,...,n, be n boson pairs satisfying the
commutation relations

[a,.8,] =6,, [a.a,]=0, [a&,.a]=0. (3.1)
These boson pairs (creation and annihilation operators) act
on a Hilbert space of vectors constructed from a vacuum
vector |0) for which a;|0) = 0. The vectors
.arioy (kl...m=0,12,..)

form a basis for the Hilbert space. At this point it is conven-
ient to introduce the number operators

aal ..

N;,=a,a; (no i sum, i=1,.,n),

N=N,+ '+ N,=ad.a, (summation convention) .

A realization of the Lie algebra so(n + 2) can be formu-
lated as follows. Let
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J,=—J,= —i(aa —aa)+S,,
Jrn+1 = —Jn+lr
=4((1/k)a, + k(—2a,(N — 1) + 4,d,a,))
+ ika,S,, ,
Jonyr = (3.2)
= (i/2)((1/k)a, — k(—2a,(N — ) + 3,3,a,))
+ka,s,, ,

_Jn+2r

Jn+ln+2 = “‘Jn+2,,+| =5sas—l=N-—I
(rs=1,.,n).

The variable & is an arbitrary real/complex scaling param-

eter and the S ( = — §,,), with commutation relations
[ai’Srs] = [ai’Srs ] =0 ’
[Sij’Srs] = i((sirS_'is + 6jsSir - 6isS'jr - 6jrSis) (3'3)

(,jrs=1,.,n),

span a representation of so(#) in a space distinct from the
Hilbert space on which the creation and annihilation opera-
tors act, and are used to establish the recurrence property.
The S,, could be replaced by a matrix representation of
so(n), or by a boson representation generated by a new set of
(n — 2) creation and annihilation operators, which would in
turn have provision for the inclusion of a further distinct
representation of so(n — 2), and so on. The Casimir opera-
tor G for this representation of so(n + 2) is

Gz’i‘,rs‘]rs +Jrn+1Jrn+l +Jrn+2Jrn+2 +Jf.+1n+2
=I(l+mI+1S,S,, (3.4)

where I is the identity operator.

Suppose that the representation of so(n) spanned by the
S, is the irreducible one labeled*® (/,,l,...,/,,), where
m =\nifniseven, and m = }(n — 1) if nis odd, and the /’s
are all integral or all half-odd-integral, with
L»L>---»|1,1>0. (If n is odd, the modulus signs can be
dropped.) Suppose also that / — |/,] is a non-negative in-
teger. The operators J,,, J,, . 1, J,, 2, and J, ., , Span
an irreducible representation of so(n+2) labeled
(Ll,,....1,.), in the space obtained by the action of these oper-
ators on the vacuum vector |0). If the S, vanish, we have the
symmetric representation (/, 0,...,0) of so(n + 2).

B. Contraction of the representation

The contraction of this representation is made via the

substitution € = (1/47) in Eq. (2.1). A change of variable is
also required. Let

b, = (1/2D)a,, b,=\2la, (r=1,.,n). (3.5)
Then in the limit of the contraction, as /— «, €0,

J:‘s = - l(l_’rbs - zsbr) +Srs ’

J¥. 1 = (1/\2)((1/k)b, + kb,) (3.6)

J¥ .2 = (iIN2)((1/k)b, — kb,),

* —
Jn+1n+2_ - 1.

TheoperatorsJ ¥, . 1, J ¥, .2, J ¥4 1 »4 2 Obviously form the
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basis for a Hermitian representation of w,, of the type used
in ordinary quantum mechanics.

C. The u(n+41) realization

A similar recurrent realization is easily developed for
the Lie algebra u(n + 1). Using the same set of creation and
annihilation operators as before, with i, j,s = 1,...,n, let

M;,=M; = (a,a; +3;a;,) + R,
M =M,,.,,= —(V/K)a, + ka,(N—-1)

in+1
— (k/20)a, (S, — iRy),

M, 1= —-2@a,—-D=—-2N-], 3.7

K;= —-K; = —i(a,a; —a;a;) + S,

Kini1=—K, ;= —{(1/K)a; + ka,(N — 1))

+ (k/2)a,(S, — iR,) .

Again the k is an arbitrary real/complex scaling parameter
andthe R;( = R;) and §;( = — §;) appearing have a sim-
ilar function to the S; in the so(n + 2) formulas. Here
though, the R; and the S;, which have the commutation
relations (i,k,l,r,s = 1,...,n),

[ai’Rrs] = [ai’Rrs] = [ai’Srs] = [aHSrS] = 0’

[Rkl’Rrs] = i(alrsks + 6[sSkr + 6krSls + 6ksS1r) ’

[Skl!Srs] = i(akrsls + 5lsSkr - 5lrSks - 5ksSIr) 4

[Rkl’Srs] = i(akser + alstr - 6[rRks - 6krRls) ’

(3.8)

span a representation of u(#z), which may in turn contain a
further distinct representation of u(»z — 1), and so on.

Suppose this representation of u(n) is irreducible, la-
beled"® (/,,,...,1,) by n non-negative integers satisfying
5,>L,>--->1,, and suppose / is a non-negative integer with
I>1,. Then the representation (/,/,,...,I,) of u(zn + 1) is ob-
tained.

D. Contraction of the representation
The proposed contraction of this representation is simi-
lar to that of the representation of so(n + 2) with the same

substitution € = 1 /\/1_ in Eq. (2.3). A change of variable is
again necessary;

b, = (1/ya,, b,=+la, (s=1,.,n). (3.9)
The result of the contraction is as follows:

M3%=>bb,+bb +Ry,

MY, = —((1/k)b; + kb)),

M*  ,.1=2, (3.10)

K3= —i(bb;—bb)+5S,,
K?.1 = —i(1/k)b, — kb,) .

E. The so(3) and u(2) realizations

A realization of su(2) can be derived from the realiza-
tion of u(2). This su(2) realization is shown to be isomor-
phic to the so(3) realization. Let

X, =iM,, —My), X,=—iM,;, X;= —iK;.
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Then the X; are su(2) generators satisfying
[XoX;] = i€ X,

and
X1 =J23’ X2 =J31’ X3 =J12 ’

with J,,, J5;, J1, being the so(3) generators, if the following
substitutions are made:

Ayzy = — 10553y Quy =183 »

R,z =0, Lo =23 .

IV. APPLICATIONS AND EXAMPLES

A number of simple compact quantum systems are ex-
amined here in detail. These include the one-dimensional
harmonic oscillator (HO) and the one-dimensional finite
square well problem. Each compact quantum system is mod-
eled using an appropriate Lie algebra (and a sequence of
representations) in such a way that, under the process of
contraction, the analogous noncompact quantum system is
described in the limit. The principle aim is to calculate the
eigenvalues and eigenvectors of the Hamiltonian operator
(from which the entire dynamics can be derived), and to
examine the effect of group contraction on these. However,
only in a few special cases is it possible to calculate these
eigenvalues and eigenvectors analytically; the numerical
method used in the square well problem provides a general
framework for one-dimensional problems in which the posi-
tion coordinate values are not constrained in any way. We
expect also that, in addition to the energy spectrum, all other
physical properties of a noncompact system will be approxi-
mated as the contraction limit is approached. To support
this, we calculate, for the compact oscillator and square well
problems in one dimension, the distribution of probability
over the eigenvalues of the coordinate operator when the
system is in a low-lying energy eigenstate. The resulting his-
tograms are compared with the well-known probability den-
sity functions (in position space) for the appropriate bound
states of the corresponding noncompact systems.

A. The free particle

The kinematical Lie algebra for the description in ordi-
nary quantum mechanics of a free particle of mass m is w,
with a pair of conjugate position and momentum operators ¢
and p, satisfying the usual commutation relations, and a
Hamiltonian operator H = p*/2m.

Let @ be an arbitrary fixed length scale, and let J,, J,, J,
be the generators of a (2/ + 1)-dimensional irreducible ma-
trix representation of the Lie algebra so(3), in which J; is
diagonal. Denote by ¢,,8,,....¢,, , ;, the eigenvectors of J;
corresponding to eigenvalues —/, —7/+ 1,...,/, and take
¢, = (1,0,..,0), ¢, = (0,1,...,0), etc. A compact quantiza-
tion of the problem is obtained by putting

Q= (a/N[)J,, P= — (H/afl)J],.

The contraction of so(3) to w, is obtained by considering a
sequence of representations with /— « . We see that

[Q,P] = (i#/D)diag(ll —1,..., — ) - i# diag(1,1,...) ,
provided we project in the limit onto the subspace spanned
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by the vectors ¢,,4,,... . It becomes immediately obvious that
if the matrix elements and eigenvectors were labeled in a
different manner, the result [Q, P]— — ifil could be ob-
tained. In fact, the representation of w, obtained in the limit
is clearly reducible, and we have to bear that fact in mind
when considering the limits approached by the spectra of the
operators. In the matrix representation of so(3) for given /,
the eigenvalues of J, are — /,...,I. Now let

Pr_# 1,

2m  ma* 2%

Consequently the eigenvalues of H are

# [(=D> (=1+1) (-1? _1__2_]
ma*l 207 a7 u Tul’
which in the case of half-integral / are

# [1 1 9 9 25 25

—,—,—,—,—,—,...,l,I] .
2ma* L4l 41 41 41 4l 4l

These approach the quasicontinuum [0, o), in the limit
I o0, as expected. It can be seen that each point in the limit-
ing spectrum is doubly degenerate. (In the case of integral /,
the zero energy eigenvalue is the only nondegenerate eigen-
value.) This clearly reflects the fact that the representation
of w, obtained in the limit is reducible.

B. The harmonic oscillator

The general isotropic #-dimensional HO has » conju-
gate position/momentum pairs g;, p, satisfying the standard
commutation relations. If m is the mass of the oscillator, and
@ the common angular frequency of oscillation, then

H={((1/m)p,p; + mw’q,q;)

A compact analog of this system can be described in terms of
u(n + 1) by replacing g, and p; by

Q =J(#2lmo)M,, . ,, P,= —(fimw/2DK,, .,

respectively, with M, ,,K,, ., asin (3.7) for example.
The problem can also be described in terms of so(n + 2) by
the substitutions

Q, =V (#lmw)J,, ., P,= —+(#ma/DJ;,, ,,
with J;, ., J;, ., as in (3.2), but the calculation of the
eigenvectors of H is then rather complicated for n > 2. This is
due to the presence in the so(n + 2) operators of terms in
a.a,, not present in the u(n + 1) case. There is a natural
length scale a = /#i/ma in both cases. Using a symmetric
realization of u(n + 1) (one in which R; = §; = 0),
H=}((1/m)P,P; + mw’Q,Q,)

= (%/41)(Min+1Min+ 1 +K,-,,+ lKin+ 1 )
= (fw/4)( —2)[(IN+n(N-D+NN-I1-1)],

where N is the previously mentioned number operator. In
the Hilbert space generated from the vacuum vector |0), the
energy eigenvectors are of the form

(summ. conv.) .

(summ. conv.)

- —m,,
ar---a,"0y, my...m,=01,.,

where M =m, + * * - + m,,the total number of quanta, is
never larger than /in this finite-dimensional space. The ener-
gy eigenvalues are
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E

= — (Aw/2D[(M4+n)M-D+MM-—-1-1)]

~fwo(M + (n/2)) as - o .

As remarked above, the realizations for so(3) and su(2)
[derived from u(2) ] are isomorphic. This obviously implies
that the results for any problem described in terms of so(3)
or u(2) will be the same. However, the results from the
s0(4) and u(3) descriptions of the two-dimensional oscilla-
tor are quite different. The u(3) results may be deduced
directly from the general case above. The energy eigenvalues
are

E"r"z = - (ﬁa)/ZI)((nl + n2 + 2)(”1 + n2 —l)

+(ny+n)(ny+n,—1-10)
and the eigenvectors are just @} '@5*|0) . The so(4) description
yields energy eigenvalues

E,, = (Fw/2D)(2(n, + ny + 1)
—2m(n, — ny) —2(n? + n3)),

where m in this equation is the spin term S,,. The energy
eigenvectors are (g, + i @,)™(a, — i @,)™|0). The energy
eigenvalue expressions in the u(3) and so(4) approaches
give the same result in the limit /-, viz,
E, . =fw(n, + n, + 1), whatever the value of m.

Theu(n + 1) description for the n-dimensional isotrop-
ic HO can be generalized to the anisotropic oscillator. The
Hamiltonian operator will now be of the form H
=H + --- + H,, where

H, = }(1/m)P,P, + m,»}Q,;Q;) (noisum)
and
0, =J#2imo))M,, . ,, P,=—
Using the number operators N,
H = — (%0,/2D[(N; +n)(N=D) +N,(N-1-1)],
with eigenvalues

— (w20 [(m; +n)(M =D +m;(M—1-1)};
the vectors a™...a,"|0), m,..m,=012.., M

=m,;+ -+ +m,<l, are common eigenvectors. In the
limit /- o,

E, .. . =fo(m+H+ -

Fmw, /20K, , ., .

+ fiw, (m, +1) .

C. A numerical example: The finite square well

As remarked earlier, very few problems can be solved
analytically in these compact descriptions. Therefore, in
most cases, it will be necessary to resort to numerical compu-
tation on matrix representations. The problem below shows
how a particular class of problems can be treated. The only
restriction on the potential function ¥(q) is that it be defined
for all values of the position coordinate g.

Consider a particle of mass M with Hamiltonian opera-
tor

2 0, for |g|>a/2,
H=2__4 v(q), where ¥ ={ ’
2M+ (q), where V(q) _V,, for |g|<as2.

As in the case of the free particle, an irreducible (27 + 1)-
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dimensional matrix representation of so(3) (again with J;
diagonal) is used, with the further requirement that the ma-
trices J|, J,, J; be Hermitian. The Casimir operator is

P=Ji+Ji+J3 =10+ Dby

where 7 is the identity matrix. There is an orthonormal basis
of column vectors |/m) in which

F)im) = 1(1+ 1) |Im), Js|im) = m|im) .

The ith element of |/m) is §,,, ,,,, (using the Kronecker
delta). The unitary matrix

__ i/ 2), i, (0 /2) — iQu/3)(J + T+ T3
S=e e'" e

=e
rotates the labels of the generators; i.e.,

S'US=J, SWLS=J, SUS=J,.

1. so(3) quantization

Let

Q= (aN)J,, P= — (#/aJ)J,.
Thus

2
g="_1p V(—‘-’-J, .
Ma? 21 JI

Now V(Q) = V((a/VI)J)) is most readily calculated in a
basis in which Q is diagonal, for then

V(Q) =diag(V(q_,),.-,V(q))),

where g _,,...,q, are the eigenvalues of Q. Since Q is not diag-
onal in the basis |/m), we observe that

S19S = (a/N)J5, Q(S|Im)) = (am/\NI)(S |Im)) ,
hence
V(Q) = SV(aJ,/N)ST = S diag(V(g _ )., V(g))ST,
where
0, if |m/J1>1,
qm=—rf— and ¥V(g,,) = . >4
Vi — Vo if jm/T|<4.
Introducing the dimensionless parameter
k=V,Ma’/#,
the problem can be rewritten as
# 1 1
—J3 — AL,
pred b +f(ﬁ )l
where fis diagonal with eigenvalues f,, = (k/V,)V(q,,)-

The eigenvalues and eigenvectors of this transformed Ham-
iltonian are readily calculated numerically.

STHS =

2. Position probabilities

If ¢, is a normalized eigenvector of H corresponding to
energy eigenvalue E, then let ¢ be expanded in terms of the
basis vectors |Im);

!

$e= > cn|lm), where

m= —|[

{
Y chen=1.

m= —1{
Alternatively, ¢, can be expanded in terms of the orthonor-
mal position eigenvectors S |Im);
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1 {
¢e= > C,S|im), where Yy CnC,=1.
m= —1 m= —|
For the energy eigenstate ¢, C % C,, is the probability that

the position coordinate (which takes on values from the set

of eigenvalues of Q) of the system is am/\/I.
The eigenvectors of STHS are then

S'%e= 3 Colim),

m= —1
corresponding to the same energy eigenvalues E, and the
coefficients C,, can be read off directly.

3. Numerical calculations

If spinor representations (1), (3), (§)»-» of so(3) are
considered, then an even potential V(g) [ie,
V(q) = V( — ¢) for all g] will always lead to a double de-
generacy of all the eigenvalues of the Hamiltonian matrix H.
In what follows, these eigenvalues will only be listed once,
and scaled in units of #*/Ma>.

For the finite square well (of depth parameter k = 10)
lying between — i< (g/a) <} in terms of the dimensionless
position coordinate g/a, the first few scaled dimensionless
energy eigenvalues are shown (to four decimal places) in
Table 1.

The ordinary (noncompact) quantum finite square well
(with depth parameter k = 10) has only two bound states
with energy values — 7.7050 and — 1.8628 (calculated nu-
merically by solving Schrédinger’s time-independent equa-
tion in one dimension), and there is a continuum of unbound
energy states with non-negative energy.

Figures 1 and 2 show histograms of probability distribu-
tion over coordinate eigenvalues corresponding to the bound
energy eigenstates in a compact approximation
(d =21+ 1=100, k = 10). The bars of the histogram rep-
resent the probabilities associated with the (scaled) position
eigenvalues ¢,,/a of @/a which run from
g_/a= —Jl~—170356 to q,/a=\I=7.0356. For
comparison, the dotted lines show the probability density
functions p(x) = ¥(x)*y¥(x) for the bound states of the
noncompact problem found by solving Schrodinger’s equa-
tion. The histograms (calculated so that the sum of the
heights is 1) have been sketched rescaled so that the area
under each histogram is the same as the area under the corre-
sponding curve. The probability density functions are given
by

TABLE 1. Energy eigenvalues for the finite square well in four compact
approximations.

d=2+1 Ist eig. 2nd eig. 3rd eig. 4theig. Stheig.
100 — 8.2400 —3.5907 0.0110 0.0429 0.0991
200 — 7.8324 —2.2367 0.0053 0.0216 0.0480
400 - 7.7412 —1.9639  0.0026 0.0105 0.0236
800 — 7.7385 — 19527 0.0012 0.0051 0.0116
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oy

20

~>

0.0 Y
~710 0.0 7.10

FIG. 1. Distribution of probability over position values for the first energy
eigenstate of the compact finite square well problem.

Wy

2.0

g0 9%
=710 00 710

FIG. 2. Distribution of probability for the second energy eigenstate, square
well problem.

0.0 — %q/o
-7.10 00 710

FIG. 3. Distribution of probability over position values for the first energy
eigenstate of the compact simple harmonic oscillator problem.
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v

0.0 _>CI/0
-7.10 0.0 710

FIG. 4. Distribution of probability for the second energy eigenstate, oscilla-
tor problem.

p(x) =Ae¥ %% x=g/a< —},

sin®
p(x)=B[ Z]Jz(e+k)x, ~ L,
cos 2 2

p(x) = Ade— 2 —2%x x>1.

The values for the coefficients 4, B and the energy eigenval-
ue € are determined in each case in the usual way by contin-
uity of p(x) and dp/dx at x = + 4, and the normalization
condition §* _ p(x)dx =1.The “cos® ”* term is chosen for
the first bound state and the ‘“‘sin’ ” term for the second.
Each bar of the histogram is 1/y/ wide (the distance

between position eigenvalues) so the probability density
functions are plotted from x = — (/4+4)/yI = —7.10 to
x=(+PAT=1.10.

Figures 3 and 4 show a similar treatment for the first two
eigenvalues 0.5 and 1.4898 of the simple HO in a compact
approximation (d = 2/ + 1 = 100). The dotted lines repre-
sent the normalized probability density functions p for the
energy eigenvalues 0.5 and 1.5, which are given by

P12 (x) = (1/m)e™* and p,,, (x) = 2/7m)x%e~ .
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Again, the histograms have been scaled to give equal areas
with the density functions.
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Multivariable continuous Hahn polynomials
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A multivariable generalization of the continuous Hahn polynomials is presented; it is a
(4p + 4)-parameter family, where p is the number of variables. It is shown that they are
orthogonal with respect to subspaces of equal degree and biorthogonal within a given
subspace. In the simplest case the multivariable weight function takes the form
sech[m(x; + x, + - + x,) ]sech(7x,)sech(7x;) - -sech(mx,).

1. INTRODUCTION

The classical orthogonal polynomials of a discrete vari-
able occupy an important place among the special functions
of mathematical physics. These are the difference analogs of
the Jacobi, Laguerre, and Hermite polynomials and include
the Hahn, Meixner, Krawtchouk, and Charlier' polynomi-
als among others. They appear in a number of problems of
theoretical and mathematical physics, group representation
theory, and computational physics, as well as other fields.

Quite recently (1985) Atakishiyev and Suslov? con-
structed continuous analogs of the Hahn and Meixner poly-
nomials by analytically continuing the discrete variable and
parameter into the complex plane. The previously unknown
continuous Hahn polynomials were shown to be real and
orthogonal with respect to a real weight function. It was also
demonstrated that they are closely related to unitary irredu-
cible representations of the Lorentz group SO(3,1). Soon
after Askey® presented a complex generalization of these
polynomials and their weight function. More recently Bend-
er, Mead, and Pinsky* have considered a specific class of the
continuous Hahn polynomials and derived a number of in-
teresting properties including a close connection with the
Heisenberg algebra; they also note several additional appli-
cations.

In this paper we present a multivariable generalization
of the complex continuous Hahn polynomials. These are a
(4p + 4)-parameter family, where p denotes the number of
variables. It is first shown that these polynomials are orthog-
onal with respect to subspaces of equal degree. That is, the
inner product of any two polynomials not of the same degree
vanishes. Then we demonstrate that within a given subspace
of equal degree these polynomials are biorthogonal. We also
discuss some specific examples where the weight function
takes a relatively simple form.

We begin with the multivariable conformal polynomials

C oo (X1, X3pesX,)
=5 () moaed ]
Gabe=1\k/ T + py —ji)

F(N+[tp+ l)
F(J+:up+ 1 )

X-17, (1.1)

and the dual conformal polynomials
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BB
DY ’*‘(xl,xz,...,xp)

nnyn,

P nk\ x:k —Jk
=Q2N+pu-1) [ (] -
{%} kl;[l k}”k! L(ne + e —Ji)
FQN+u—~J—1)
F(N + lup+ 1 )

which were introduced by Lam and Tratnik® in the context
of SU(1,1) group representations. These are polynomials in
the p variables x,,x,,..,x, over the p-simplex x, >0,
k=12,..p, x, +x;+ - + x, <1, which are associated
with the following weight function:

( - I)J,

(1.2)

P
w l‘p+l(xl’x2’m’xp) = H X’;k-l](l _X)”p+l“| )
k=1

(1.3)

The p + 1 parameters p,u,,...44,  , identify a particular
family of polynomials and their weight function whereas the
set of p non-negative integers n,,n,,...,n, label the members
of a given family. The {j,} denotes summation indices
J1s J2s-++s J»» Which run over non-negative integers fromj, =0
toj, = n,, k=1,2,...,p, the shorthand notation
P P P p+1
X= zxm N= znk’ J= ij! p= E.uk

k=1 k=1 k=1 k=1

(1.4)

is being employed, and the degree of a polynomial is simply
given by N. The conformal and dual conformal polynomials
are each orthogonal with respect to subspaces of equal de-
gree, that is,

de,mfdx,, CH(xX)CH (xX)u*(x) =0, if N#£N', (1.5)
and

fdxl---fdxp DE(x)D4 (x)u*(x) =0, if N#N', (1.6)

where we are using a condensed notation and the integration
is over the p-simplex, while in general these two families are
biorthogonal:

(1.7)

neng”

P
fdx,' . 'fdx‘, CE(x)D™ (x)u*(x) = H S
k=1
In a manner analogous to the single variable case?? the
conformal and dual conformal polynomials are discretized
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and then analytically continued to complex values of the
discrete variables and parameters. In this manner we obtain
the multivariable continuous Hahn polynomials in the p
variables x,,X,,...,X,,

P‘::,rl::-d (x15%,.. Xy )
— N [ C" I(ne +a,+by)
{ik} k=l e/ m ! T + ar + by)
P(r+ar+ix,) [T(N+A+d)

As usual 7/ denotes the square root of minus one and the
remaining notation is as we discussed previously. This multi-
variable extension of the Hahn polynomials is nontrivial in
that the polynomials and weight function do not factor with
respect to the independent variables. When no confusion
arises we simply write P, (x), Q,(x), and w(x) for the
polynomials and weight function, respectively.

This P, (x) is of degree n, in the variable x,, Q, (x) is of
degree N in x,, and both are of total degree N. In the next
section we demonstrate that each of these families is orthog-

T (ax + ix;) rJ+A44+d) onal with respect to the degree N, analogous to (1.5)
and (1.6).
'(N+4+B+c+d—-1) Il. ORTHOGONALITY PROPERTIES
_ We will have frequent use of the following multiple inte-
and their biorthogonal counterparts gral, where n, and m, are non-negative integers:
oo (-] p
Q:'ll;zcd (xl,x2, ,x ) f dxl---f dxp Hr(nk +ak +ixk)
=(—n" [ Ck) L(n +a, +bi) o o k=t
(,-k} k=1 x/ nd (i + ax + by) XT(my + b, —ixk)]F(c+iX)I‘(d—iX). (2.1)
T (U + b — xi ) The p integration contours are simply the p real axes if
L (b, —ixy) Re(a,),Re(b, ),Re(c),Re(d) >0, k = 1,2,...,p. In the more
I(N+c+d) T[(N—J+c+iX) 5 gener.al case the contours are deforfned to separate the in-
- (=17, creasing sequences of poles of the integrand from the de-
I'(N—J+c+d) I'(c+iX) . ~ 4 . . .
(1.9) creasing sequences, which is possible whenever the increas-
ing sequences do not have any poles in common with the
as well as the weight function decreasing sequences. In the remainder of this manuscript
the contours will simply be written as the real axes but
W@ (X, %5..0X,) should be interpreted as above if necessary.
P ] . The above integral can be calculated by repeated use of
= [kI;IIF(ak + x, T (b — x,) the single integral formula®
XT (¢ +iX)I'(d — iX). (1.10) f dxT(a +ix)T(B+ ix)T'(6 — ix)[(y — ix)
The (2p+2) complex parameters a,,b,,c d, k = (2m) F(a+6)F(a+y)r(B+5)r(/3+7/)
= 1,2,...,p, label the different families and we have defined Fla+B+6+7y) (22)
A= z a,, B= z b,. (1.11) and in this manner we obtain
k=1
1
0 oo p
f dx,--'f dx,| [] T(ni + ax + ix, )T (my + by —ixk)]r(0+iX)F(d—iX)
— o — o k=1
Fc+d)I(N+A+d)T(M+B+)Il;_ T'(ny +m, +a, +b,)
= (2m)* , (2.3)

I'(N+M4+A+B+c+d)

which can be verified by induction on p.

Now we discuss some properties of the polynomials
P, (x); in particular, we consider the following inner prod-
uct:

Isfw dx,---fw dx, P, (x)w(x)

7 T'(m, + b, —ix;)
% H k k : k (2.4)
k=1 r(bk had lxk )
where again the m, are non-negative integers

(M=Z2%_ ,m,; ). We demonstrate below that if N> M then
this integral vanishes.
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|
Substituting expressions (1.8) and (1.10) into (2.4)

and then using the integral formula (2.3) we obtain
I'c+d)L(M+B+c)T(N+A+d)
I'(N+A+B+c+d-—1)

C(n, +ay +bk)]

I="Q2m)*?

H
[ (J 1-\(mk +Ji + ax +bk)]
{lk} "—l T(jx +ac+5)

'NN+J+A+B+c+d—1)

(=17,
FrM+J+A+B+c+d)

(2.5)
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We ignore the multiplicative constant outside the summa-
tion and denote the remainder as I’. Then consider first the
special case N = M + 1, in which case

r(m\T ] b j
1'=ZH(jk) (e £t 2 4 00) gy,
Gape=1\k C(je +ax +b)

Introducing a set of real variables z,, k = 1,2,...,p, this sum-
mation can be written as follows:

p nk)( J )mk
. — ¥4
{%kl;ll(’k 3Zk zp=1
P 5 Mk mk+ak+bk—l]
= o z
[kI=Ix (azk)zk=l -

<3 1)

{/k} k=1
P my
= H (...a_) z;c"k+ak+bk—l(1
k=1 azk z=1

If N= M + 1, as we supposed, then n, > m, for at least one
of the k values. In this case at least one factor of (1 — z, ) will
survive the differentiation, and then will vanish upon setting
z,=1.

Now consider the general case N> M, which is treated
in a similar manner. First we write

F(N+J+A+B+C+d—l)___ z ad!
TM+J+A+B+c+d) =

(2.6)

My + i+ @+ b — 1 Ji
o et @t b=l 1y

I'=

—z;)".

2.7)

N-M-—1

(2.8)

where the a, are some constants independent of J. Then
from Egs. (2.5) and (2.8) we have

N-M-1 P n,
I':Z 2 a,J'H(’_)
U I=o k=1\k
C(my +ji +ax + bi)
F(jk+ak+bk)

(— 1) (2.9)

and if we again introduce the variables z;, k = 1,2,...,p,

I’=[ﬁ (i)mk z’:k'*'“k‘*'bk_l]
k=1\02; /2 =1

N-—-M-1 P nk .
XE 2 a,J'H(j )(—zk)”‘, (2.10)
Gt I=o k=1\k
and then use the identity
Jll‘[ ) _zk)jk
k=1
2 a\» nk) ;
= — Zp— . (—Z )k) 2.11
( kg kc?zk)kl;ll ) A ( )

we obtain

mk+ak+bk—1]

N-—-M-—
X z (1 —z)"™
i=0 ( kzl kazk) kr—ll k
(2.12)
One can easily verify that the highest derivative acting on the
product ITZ _, (1 — z, )" is of order N — 1. So as before, at
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least one factor of (1 —z,), for some k, will survive the
differentiation, and then will vanish upon setting z, = 1.
Thus we have shown

J. dx,'-'f dx, P, (x)w(x)
v H L(m, + b, —
k=1 T(b;

An arbitrary polynomial can be written as a linear combina-
tion of products of the form II_,I'(m, + b, —ix;)/

ix;)

=0, ifN>M. (2.13)

—ixg)

(b, — ix, ) for different values of m, . In particular we can
write
P T(j + b, —ixy)
P, (x)= ) aljyip-sip) -
{IEk} vl jp 1:[1 (b, —ix,)

(2.14)

where a( j,, j2,--., j,) are some constants. Then we immedi-
ately deduce from (2.13) that

J‘w dx,---Jw0 dx, P,(x)P,(x)w(x) =0, ifN#M,
- T (2.15)

and thus the P, (x) are orthogonal with respect to subspaces
labeled by N, which, however, says nothing about the differ-
ent polynomials of the same degree.

Now we demonstrate the analogous result for Q, (x).
Consider the inner product

r dx,---r dx, 0, (x)w(x)

r T'(m, +a, +ix;)
k=1 Dag +ixy)

(2.16)

which upon substituting (1.9) and (1.10) and the use of
(2.3) yields, apart from a multiplicative constant,

> H(, )F(Mk Pt Bt D) gy
Gy k=1 \Jk L'y +a, +b,)

This is identical to (2.6) which in turn is equal to (2.7)
which is clearly zero for N> M. Thus

Jw dxl"'fw dx, Q, (x)w(x)

s I'(m, +a ix
XH (m, k.+ &)
k=1 I'(a; + ix;)
and if we write

14
Za (11,123 ’]p) H

Uit k=1

(2.17)

=0, ifN>M, (2.18)

T'(r +a, +ix,)
T'(a, +ix;)

0, (x)=
(2.19)

where a'( jy, j-.., j,) are some constants, then we immedi-
ately deduce that

J‘00 dxl"'fw dx, Q,(x)Q,, (x)w(x) =0, ifN#M.
T T (2.20)

Thus the @, (x) are also orthogonal with respect to sub-
spaces labeled by N.

Although the polynomial families P, (x) and Q, (x) are
each orthogonal among themselves with respect to degree N
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they are not so for different polynomials of the same degree.
In Sec. III we demonstrate that these two families form a
biorthogonal system, that is, they are orthogonal to each
other with respect to degree and within a subspace of equal
degree.

1Il. BIORTHOGONALITY OF P,(x) AND Q,(x)
We begin by presenting several identities that will be of
use. The first,
T'(a+1) —(—1) rc—a=s))
Flatj+1) I'(—a)
where « is some constant, can be verified by inspection. The
second identity is the following;:

z('l) I'(a) I'(B)
< IF'a—j) T(B—n+))

-S0IGE)L NG

, (3.1)

J

FT(N+A+d)T(M+B+c)T(M+c+d)

I'a+p—-1)
Na+B—n-1)’

=(£)” Za+ﬂ—-2=
62 z=1

where £ is also some constant. This can then be used repeat-
edly to derive the formula®

3.2)

S0 ey g
Gt k—l F'(a-J) T(B-N+J)

__Ia+8-1)
Fa+B-N-1)"

which can be verified by induction on p.
We turn now to calculating the inner product

(3.3)

f abc,---f°° dx, P,(x)Q,, (x)w(x),

which, upon substituting (1.8)—(1.10), and then using the
integral formula (2.3), becomes

(3.4)

N —DMQ2r)?
I'(N+A+B+c+d—1)

H

[(ne +ay, +bk)]

nlmg!

[ (’,'k ”‘k\ e+l + i + 6T (my + a4 +by) ] T(N+J+Ad+Bretd—1) |0,
w{w k_l T + @ + b )T + a, + by) T(M+J+A+B+c+d) '
(3.5)
The subsequent manipulations of (3.5) essentially follow those of Lam and Tratnik® for the conformal polynomials.
We use identity (3.1) to write
. Fljx+ac +b)T(—jx—ar— b + 1)
— D I +a,+b) = , 3.6
( YT(ju+ 1 +a,+b) F(—jk—-lk—ak-—bk-f-l) (3.6)
which, when substituted into (3.5), gives
M — iy LW+ A+ TM A B+ T (M +c+d) [ £ Tm +a, +bk)]
F(N+A+B+c+d—1) k=1 n!m,!
[ (;zk mk) —jx — @ — by + DT (m, +a, +b,) ] CN+J+A+Bretd=1) _,,
w{w k_, —gx—h—a—b + DIy +a, +b)] T(M+J+4+B+c+d) '
(3.7)
The {/, } sums can now be performed by using identity (3.2),
» (mk) T(—jy—ay—be+1) T(m; +a; + by)
{Iyk=1 L ] T(—ji _ak _bk +1—-0L) T(m +a, + by —my + 1)
rp L'(m, — m Ji!
= i 2 (- ™ ——, (3.8)
kI=Il LC—j) kI—Il (Jx —m)!

where the second step follows from identity (3.1). Substituting this result into (3.7) we obtain the somewhat simplified

expression
FT'(N+A+d)T(M+B+c)T(M+c+d)

L'(n, +a, +b,)

N+TMmyP
'NN+A+B+c+d-1)

2 n!

I'(N+J+A+B+c+d—1)

k=1 nk!mk.

X
{%}[kl;ll (me —j N — mk)!]

If we reverse the order of the sums j, —n, —j, and use identity (3.1) to write

(=1)TON—J4+A+B+c+d—1)=

then (3.9) becomes

(— 1) (3.9)
ITM+J+A+B+c+d)
F(—2N—A—B—c—d+)TQN+A+B+c+d—1) (3.10)
I(—2N—A—B—c—d+2+J) '
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(— VMg LN+ A4+ TM + B+ )L (M + c+d) [ 2 Tin +a,+ bu]

[(N+A4+B+c+d—1) k=1 ml(n, —m)!

TeN+A4+B+c+d—-1) T(—-2N—-A—-B—c—-d+2)
FIIN+M+A+B+c+d) I(—-N-M—-A—B—-c—d+2)

(3.11)

X{”k""’k}(nk——mk) T(N+M+A+B+c+d) 'N(—N—-M—-A4A—B—c—d+2)
Jx

& (N+M+A+B+c+d—N)T(—N-M—-A—B—c—d+2-N+M+J)’

We can now use identity (3.3) to perform the {j, } summations, and we can also use identity (3.1) once more to write
'(—2N—A—B—c—d+2) TQN+A+B+c+d—1) (=M

= , (3.12)
I'(-N—-M—-A4—B—-c—d+2) T(N+M+A+B+c+d) N+M+A+B+c+d-1)
we have finally, for the inner product (3.4),
M — DHM(2myP T(N+A+d)T(M+B+)T'(M+c+d) [ 4 F(nk+ak+bk)] 1
(N+M+A+B+c+d—OL(N+A+B+c+d— D min, —m) | (M—N)’
(3.13)
which is clearly zero unless n, = m, for every k. That is,
L= o P
f dx,'--J- dx, P,(x)Q,, (x)w(x) = h, [ Snum,» (3.14)
— » J— k=1
where the normalization constant is given by
h, = (2m)? FIN+A+dT(N+B+c)T(N+c+d) r L(ng +a, +by) (3.15)
" (AN+A+B+c+d—DI(N+A+B+c+d—1) &4 n,! ' ’

V. MISCELLANEOUS RESULTS

It is interesting to note that the conformal polynomials can be recovered from the multivariable Hahn polynomials by a
limit transition. If weputa, = b, =, /2, ¢ =p,, /2 —id, d=p, /2 + i4, replace x, by Ax,, multiply the polynomi-
als by A — %, and then take the limit 4 — «, one finds

(N
lim 4~ P, (Ax) = N+ tp1)
Ao QN+ —DI(N+p—1) Lk

]'[ Tne + p ]D“(x),

4.1
lim 4 ~"Q, (Ax) = [ } C4(x),
A~ k—l .

which elucidates the close connection between these two families.

Now let us consider a few specific examples where the weight function takes on a more familiar form. If g, = b ¥,
k = 1,2,...,p, and ¢ = d * and the real parts are greater than zero then one can easily verify that the weight function is pure real.
More specifically if a, = b, =1, + 1, c=d=1,,, + 1, where t,,5,,...,1, ., are non-negative integers, then using known
properties of the gamma function’ we can write (apart from a multiplicative constant)
B

i3 2 b+ 2
w(x) = f[ (mx,) H(1+“x§)] '(7X) i (1 ]ZX ) 4.2)
ke +1

1 smh(vxk) Be=1 Je sinh(7X) j, =1
which in the 51mp1est caset, =0,k =1,2,..,p+ 1, reduces to
[ 2~ (mx;) 7X)

131 sinh(ﬂxk)] sinh(7X)

Another interesting family is that for the parameter values a, = b, =1, +4, c=d =1, +}, where again ¢,, £,,...,2, , ,
denote non-negative integers. In this case we can write' for the weight function (apart from a multiplicative constant)

w(x) = (4.3)

2 i 2
lU(X) [ HSCCh(ﬂ'xk) H {1 +‘_—'—2’}]SCCh(7TX) H [l +_—X'—2—} s (44)
=1 (Jx —4) Jpai=1 (Jps1—1)
which in the simplest case #, =0, k= 1,2,...,p + 1, reduces to just a product of hyperbolic secants:
Id
w(x) = [ H sech(frxk)]sech(n-X). (4.5)
k=1

We display below a few of the two variable polynomials for the latter case:
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Qoo(xl,xz) =1,
Qro(x,X) = 2x; + X,
o1 (X1,X5) = X, + 2x,,

Pyo(x,x,) =1,
Po(x4,x,) = 3xy,

Py, (x,,x,) = 3x,,
Poo(xy,x,) = — 3§+ 10x3,
P (x,x,) =3+ 20x,x,,
Py (x1,x,) = — 5+ 10x3,

Notice that these polynomials have all real coefficients,
which is not obvious from the defining equations (1.8) and
(1.9). In fact they are real whenevera, =b¥, k= 1,2,....p,
and ¢ = d *, and if in addition the real parts of these param-
eters are greater than zero then the weight function is also
real. This point will be discussed in a future publication
where we also consider symmetry properties, Rodrigues-
type formulas, and the discrete analog of these polynomials.

We are also currently investigating analogous multivar-
iable extensions of other families of hypergeometric orthogo-
nal polynomials.
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A remark concerning canonical commutation relations

Helmut Reeh
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(Received 29 September 1987; accepted for publication 16 March 1988)

An elementary quantum mechanical example of canonical commutation relations not
equivalent to the Schrodinger representation is discussed. It demonstrates that the “Nelson

phenomenon” occurs in a natural situation.

In this short paper I should like to present an elementary
example demonstrating that in quantum mechanics, for sys-
tems with a finite number of degrees of freedom, representa-
tions of the canonical commutation relations occur that are
not equivalent to the Schrédinger representation and that
cannot be integrated to the Weyl form (thus avoiding the
applicability of the uniqueness theorem of von Neumann').
The example is related to an idealized description of the
Aharonov-Bohm effect. I do not claim originality for this
example, on the contrary, I am convinced that there are
quite a number of experts aware of the situation (see, e.g.,

Ref. 2). However, the example is so simple that it should be

of general interest, in particular since it demonstrates that
the ‘““Nelson phenomenon” occurs quite naturally.

In a theoretical description of the Aharonov-Bohm ef-
fect, a charged particle—e.g., an electron—is considered
outside a cylinder extending from — o to + o, say along
the z axis containing in its interior a magnetic flux parallel to
its axis. The electron is (approximately) confined to the out-
side of the cylinder where there is (approximately) no mag-
netic field. Then the state space for the electron is .¥°* (R?
cylinder). In a limiting case (rather difficult to realize in
experiment by very low energy electrons), the radius of the
cylinder may be considered to tend to zero, if the flux inside
is kept fixed. Disregarding the degree of freedom parallel to
the z axis, we are left with only two degrees of freedom and
the canonical operators in Schrodinger representation heur-
istically may be chosen to be

1 2
=—— +teA, q=X, 1)
p l_ax+ q (

X : = (x,y) is the multiplication operators, A is the vector
potential, A = (a/Vx>+ y*)e (or is gauge equivalent to
this), e = ( — p/\x% + 32, x/Jx* + y*) is the unit vector in
tangential direction. The charge e will be absorbed into the
real flux a.

For giving (1) a definite meaning as operators on
L(R? — 0) = .£?(R?), we have to specify the domains in
particular of p, and p, . Because of the singularity of A at 0,
we take for both domains the dense set

& = {peZ (R*): supp ¢ (0,0)},
the C~ functions of compact support vanishing in neighbor-
hoods of the origin. This ¢} is invariant under p and under the
multiplication operators x and y, and on ¢ the canonical

commutation relations are fulfilled. Among these relations
are
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[pxp, )@ =0, VYoeb,
because rot A = 0 outside (0,0). To be specific, we now fix
the gauge as specified.

Consider, p, . Apparently, it is Hermitian on +} and

. 1 4 y

Px ——i—g¢—a‘—x2+y2 P
with the derivative as distribution at least for ¢ vanishing at
the origin. If the solutions of the differential equation

Y=ty
are considered,
¢ — C(y)eZeria arctan(x/y)

(—m/2<arctan s< /2, for — o0 <5< o), it follows that
D» has vanishing deficiency indices’; hence, from a theorem
of von Neumann, the (unique) closure p, of p, is self-ad-
joint.

The eigenvalue equation

(%—ia———xziyz)tﬁ:ik;lr
has the solutions
¥, = c(p)eizelanctan(x/y) 2)
— e(y)eikxeia(srctan(x/y) —m®(—y)) (2, )

[@(s):=1, for s>0, O(s) : =0, for s <0]. Observe that
the last exponent of (2) is smooth in x; however, it is discon-
tinuous in y at y = 0 with jump 7, whereas the corresponding
bracket in (2') is discontinuous in y only at the positive x axis
with a jump of 27! For every fixed y, the {¢/, }, is complete
for Z*(R").

Similarly, p, has eigenfunctions

w; — d(x)eilye—l'a arctan(y/x) (3)

- a(x)eilye—-ia(arctnn(y/x) + 7®( — x)) (3"

(with jumps in x by 7 at x = 0 and by 27 at the negative y
axis).

Because of arctan s + arctan(1/s) = (#/2)e(s) [with
€(s) =1, for s>0, e(s) = — 1, for s <0], it is easy to see
that a simultaneous complete set of eigenfunctions of p, ,p,
exists in the case wherea =0, + 1, + 2,... . It does not in the
other cases!

It also follows from (2) [or (3)] that p, (or p,)is
unitarily equivalent to (1/7) (8 /dx) [or (1/i)(d/dy)] ona
suitable domain; however, the unitary intertwiner in general
depends on y (or x)! Likewise, for the exponentiated unitar-
ies,
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ap, _  _ia arctan(x/y)eia( Vi)axeia arctan{x/y)

e =&
e ia arctan(x/y)eia arctan[(x + a)/y]ei“( 1/i)8, , (4)
. ia(1/03, e s .
since e implements the shift in the x direction on
2 2
ZL2(R?), and
e"bﬁy — eia arctan(y/x)eib( Vi)aye — ie arctan(y/x)
— eia arctan(y/x)e — i arctan{ (y + b)/x]eib( 1763, . (5 )

Hence the canonical operators for each separate degree of
freedom (p,,q, ) and (p,,q, ) are unitarily equivalent to the
Schrddinger representation. However, in general, this is not
the case for both degrees of freedom together [and, in gen-
eral, there is no vector in .¥’?(R?) annihilated by both a,
and a,, a:= (1/v2)(q + ip), ie., the representation is
“non-Fock”]. In fact, a simple calculation leads to

— ibﬁyeiaﬁx

Py __ elalle(x) — e(x + a)le(y) — e(y — b))](1/2)eia!-’x

e e

Observe that [:--] in the exponent assumes values from
{0, + 4}. Hence ¢ and ¢"” commute if and only if « is
integer.
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So much for the interesting aspects of the example in
sufficient detail and precision {a mathematically more com-
plete treatment would just directly start from the unitary
equivalences (4) and (5) and the infinitesimal generators on
suitable domains]. An essential aspect of p, ,p, is that they
provide an example of Nelson’s type* for two operators es-
sentially self-adjoint on ¢}, commuting there, leaving ¢ invar-
iant, but with noncommuting spectral measures. Its nice fea-
ture is that it is directly related to a physical situation. Per-
haps it should also be mentioned that p2 + p} is not
essentially self-adjoint on ¢ (for integer as well as for nonin-
teger a).’

'J. von Neumann, Math. Ann. 104, 570 (1931).

K. Sekine, Proceedings of the 2nd International Symposium on Foundations
of Quantum Mechanics, Tokyo, 1986, p. 127.

3M. Reed and B. Simon, Methods of Modern Mathematical Physics ( Aca-
demic, New York, 1975), Vol. II, Chap X.

“E. Nelson, Ann. Math. 70, 572 (1959); see, also, Ref. 3, Vol. I, Chap. VIII
5, pp- 237 and 306.

38. N. M. Ruijsenaars, Ann. Phys. (NY) 146, 1 (1983); see, also, Ref. 3,
Vol. I, p. 161.
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Elliptical billiards and Poncelet’s theorem

Shau-Jin Chang and Richard Friedberg®

Department of Physics, University of Illinois at Urbana-Champaign, 1110 West Green Street, Urbana,

Hllinois 61801

(Received 14 August 1987; accepted for publication 2 March 1988)

Two- and three-dimensional billiard systems with elliptical and ellipsoidal boundaries,
respectively, are studied. It is known that the trajectory of such a two-dimensional system
generates a caustic conic curve. Many properties of the elliptical billiard system in the language
of projective geometry can be described. One of these properties is that if a trajectory is closed
after p bounces, then all trajectories sharing the same caustic conic are also closed after p
bounces. In projective geometry, this is known as Poncelet’s theorem. Many of the two-
dimensional results are extended to three dimensions. In particular, it is shown that all straight
segments of a trajectory in a three-dimensional ellipsoidal billiard system are always tangent to
two caustic quadrics. If a trajectory is closed after p bounces, then all trajectories sharing the
same two caustic quadrics are also closed after p bounces. A generalized Poncelet’s theorem in
three dimensions is thus established. On the basis of numerical studies, it is conjectured that
this generalized Poncelet’s theorem is also valid for an arbitrary finite number field. The
implications of the results are discussed and their extension to » dimensions is outlined.

“On a cloth untrue,

With a twisted cue,

And elliptical billiard balls.”
—W. S. Gilbert, The Mikado

I. INTRODUCTION

Birkhoff introduced the notion of a billiard system to
describe the motion of a free particle inside a closed curve.
The particle reflects perfectly at the boundary and follows a
straight-line path between the bounces.! He found that the
billiard system has an invariant measure, and by the use of
Poincare’s method of the return map,? it can be cast as a
discrete area-preserving mapping problem.

It has been long known that the trajectory of a billiard
system with an elliptical boundary always generates a caus-
tic curve. This curve is a conic section confocal to the origi-
nal ellipse. Keller and Rubinow® and Sinai* are among the
earliest investigators of such a system. Sinai gave a simple
geometrical proof of the existence of a caustic conic which
we shall review in Sec. IL

Many properties of the elliptical billiard system were
known in different forms to nineteenth century mathemati-
cians. Given the existence of the inner caustic conic, we can
describe the trajectory of a billiard as a collection of straight-
line segments joining on the outer conic, and tangent to the
inner conic. Since the concepts of “straight line,” “‘conic,”
“intersection,” and “‘tangent” are projectively invariant, we
can translate many of the physical properties of our billiard
system into the language of projective geometry. One of
these properties is that if a trajectory is closed after p
bounces, then all trajectories sharing the same caustic conic
are also closed after p bounces. In projective geometry, this is
known as Poncelet’s theorem.® This theorem was studied
and extended by many nineteenth century mathematicians.

) Visiting from Barnard College and Columbia University, New York,
New York 10027.
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Jacobi recognized certain algebraic relations between the
geometrical construction of Poncelet’s theorem and the ad-
dition formula for elliptical functions.®” Hart gave a purely
projective geometrical proof that relies entirely on finite
operations.® Hart’s result showed that Poncelet’s theorem
can be extended to any number field system including all the
finite number fields.

In this paper, we extend many of the results to three and
higher dimensions. Making use of elliptical coordinates,® we
can separate the Hamilton-Jacobi equation. From the equa-
tions of motion in this new coordinate system, we can show
that the trajectory of a particle in a three-dimensional ellip-
soid gives rise to two caustic quadric surfaces that are confo-
cal to the original ellipsoid. We have established a three-
dimensional extension of Poncelet’s theorem in real space.
(A quite different three-dimensional version of Poncelet’s
theorem has been proved by Griffiths and Harris.!° We are
indebted to Dr. Harris for guiding us to the earlier literature
on the subject.) In addition, we have numerical evidence
that this extension is valid over finite number fields as well. If
this is true, it has several important implications. In algebra,
this theorem suggests that there exists multidimensional ad-
dition theorems for a set of generalized elliptical functions.
In geometry, it suggests the existence of a purely projective
geometrical proof for our three-dimensional Poncelet’s
theorem. We have not quite been able to construct such a
proof, but we suspect that one exists. In physics, this exten-
sion (which we have proved in real space) tells us that if any
trajectory in a three-dimensional ellipsoid is closed after p
bounces, then all the trajectories which share the same caus-
tic quadric surfaces are also closed after p bounces indepen-
dent of the starting point. In addition, all these trajectories
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have the same period in time and the same total path length
in space. The latter statement depends on the special proper-
ties of the confocal quadric surfaces and not on the invariant
properties of projective transformations. In quantum phys-
ics, the above facts have important implications for the sta-
bility and nature of WKB wave functions.'’

Il. THE TWO-DIMENSIONAL MODEL

Keller and Rubinow and Sinai* discussed the motion of
a free point particle (called a billiard) inside an ellipse. The
billiard moves along a straight line between bounces, and
reflects at the elliptical boundary according to the law of
reflection for a light ray. Every segment or its extension of
the trajectory is tangent to a unique conic confocal with the
original ellipse. This conic forms a caustic to the trajectory,
and may be either an ellipse or a hyperbola. In this section,
we shall study the motion of these trajectories explicitly in
the two-dimensional model.

We follow Sinai* to give a simple geometrical proof for
the existence of the caustics. In Fig. 1(a), we consider the
trajectory of a billiard as A A, AA, where the billiard has a
bounce at A. Let F, and F, be the foci, and let B, and B, be
the reflections of F, and F, relative to A ;A and AA,,, respec-
tively. Draw F,B, and it intersects A A at C,. Similarly,
draw F B, and it intersects AA, at C,. It is a simple matter to
show that F,C, + F,C, = F,B, and it is the smallest sum of
distances from F, and F, to any point on A,A. Similarly,
F,C, + F,C, = FB, and it is the smallest sum of distances

(@)

(b)

FIG. 1. (a) When a particle travels outside the foci F, and F,, different
segments of the trajectory, here A ;A and AA,,, are tangent to the same inner
ellipse. Points B, and B, are the images of F, and F, with respect to lines
AA, and AA,, respectively. Points C, and C, are the intersection of F,B,
and AA |, and of F B, and AA,, respectively. (b) When the particle travels
between the foci, the caustic curve is a hyperbola. The construction is simi-
lar to case (a). One can establish easily the following equalities:
F,C, - F,C, =F,B, F,C, — F,C, =FB,,and F,B, = F B,.
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from the foci to points on AA,. The law of reflection implies
that ZA AF, = /F,AA, which leads to congruent triangles
AF,B, and AB,F,. This implies F,B, = F,B, and conse-
quently F,C, 4+ F,C, =F,C, 4+ F,C,. Thus an ellipse de-
fined by the foci at F, and F, and with the sum of distances
given above will be tangent to A A and AA, at C, and C,.
Further iterations of the trajectory indicate that they should
all be tangent to the same inner ellipse as shown. If the initial
trajectory falls between F,F,, the caustic curve becomes a
hyperbola. One can construct easily a similar geometrical
proof in this case as well. [See Fig. 1(b).]

11l. TWO-DIMENSIONAL HAMILTON-JACOBI
EQUATION

The Lagrangian for the billiard system is

L=%(5C2+y2)— V(X,J’), (3-1)
where V' = O inside and V' = « outside the ellipse
x*/a* + y/b? =1, (3.2)

We introduce the elliptical coordinates (p,0) by Ref. 9

x = ¢ cosh p cos 6, (3.3a)

y=csinhpsin 6, (3.3b)
where

c=vVa® — b? (3.4)

is ] the distance between the foci. It is straightforward to see
that the p = const curves are ellipses and & = const curves
are hyperbolas. Both families of curves share the same foci at
( + ¢,0) as shown in Fig. 2.

In terms of the elliptical coordinates, the Lagrangian
and Hamiltonian of the billiard system become

L = (c/2)(sinh? p + sin® 8) (p* + 62) — V(p,8)
and

H = [2c(sinh’® p + sin”> 6) ] 7' (92 + p3) + V(p,0),
(3.6)
respectively, where for simplicity we have chosen the mass of
the billiard to be 1.

To facilitate the transition to three dimensions, we shall
introduce the Jacobi variables (4,,4,) here, and put 4 = @*
and B = b 2. We express the ellipse associated with p = const
as

(3.5)

xX*/(4—Ay) +y/(B—-1) =1 (3.7)
with
A — A, =c*cosh®p, (3.8a)
B — A, =c*sinh? p. (3.8b)
p = constant
8 = constant
FIG. 2. Two-dimensional elliptical coordinates.
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These expressions define A,. Similarly, we can express the
hyperbola 8 = const as

/(A —A) +y/(B—4y) =1 (3.9)
with

A — A, =c?cos? 6, (3.10a)

B—A,= —c*sin’ 6. (3.10b)
The ranges of parameters for A4, and 4, are

— <A <B<Ad, <A (3.11)

Even though the transformation from (x,y) to4,, 4, is single
valued, the inverse is not unique. There are four points in the
xyp plane which give the same (1,,4,). We can remove this
ambiguity by assigning a discrete index to denote in which
quadrant the point resides. However, this ambiguity does
not affect any of our conclusions. Since A, and 4, are single-
variable functions of p and 8, respectively, we can obtain the
Lagrangian and Hamiltonian in terms of 4, and A, straight-
forwardly,

L=4(gA} +8A}) — V(Aidy), (3.12)

H=(pi/g+P3/8) + V(AA)), (3.13)
with

gi=(A, —A)/[44 - A)(B—A)], (3.14a)

&=, —1,)/[4(4 — A,) (B —4,)], (3.14b)
where

V=0, fori,>0, V=, ford <0. (3.15)

To achieve a separation of variables while treating ¥ as a
proper limit of a finite ¥, we choose

V(A Ay) = [1/(A, — A1V (4), (3.16)
where

V.(4,) =0, ford,>¢, (3.17)

V.(A) =Vy/e, V>0, ford < —¢,

and ¥V, is continuous in the region ( — €,€). The Hamilton-
Jacobi equation is

2[(A —AN(B =1 (gg’)z
Ay — A, aA,

+ (4—=24)(B—4,) (ﬂf)z]
A=A, L,

+ 71?1_,7: V.(4,) =a, theenergy. (3.18)
To achieve the separation of variables, we postulate

W=W,(4) + Wy(4,) (3.19)
and then multiply (3.18) by (4, — 4,) obtaining

dW,\?
2A—A)(B—4 (—i)
( 1)( )] i,
2
—2(4—-24,)(B—4,) (dWZ) + Ve (4)
di,
=a(i, —4)). (3.20)

We then have the separation equation,
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2
24 - 1) B 1)(Z2) + V) +ad,
dA,
dW,\?
=2(A—/12)(B—/12)(d/122) +ad,
=aa', separation constant. (3.21)
The momenta associated with 4, and 1, are
" A =V (AN
P = dWl=(“(“ ) — Vel 1)) . (3.22a)
dA, 24—-A)B-4))
' 172
py= sz:( a(@ —4,) ) , (3.22b)
di, \2(4—4y)(B—4,)

where the signs of the square roots are determined by requir-
ing p;A,to be positive. From the reality of p, and p,, we find

(3.23)

Depending on the sign of @’ — B, we encounter two dif-
ferent physical situations:

Ai<a <A,

case : 0< A, <a’ <B<A,, (3.24a)

(3.24b)

In case 1, variable 4, oscillates between 0 and a’. The
trajectory bounces at the outer ellipse at A, = 0 (because of
V) and comes to touch (i.e., is tangent to) the inner ellipse
at A, = ', as shown in Fig. 3(a). Since this confocal conic
depends only on the separation constant «’, it is the same
conic for all segments of the trajectory and hence forms a
caustic curve. Variable 4, is the one associated with angle
and it oscillates between B and 4. Every oscillation leads to
an increase of @ by 2. In this case, the trajectory moves
outside the foci.

In case 2, variable A, oscillates between O and B. The
trajectory passes through the x axis between the foci (at
A, = B) and bounces at the outer ellipse (at A, = 0). Vari-
able A, now oscillates in a restricted region a’ <A, <4 which
corresponds to the region between two branches of the hy-
perbola A, = a’ [see Fig. 3(b)]. The turn at the upper limit
corresponds to the crossing of the vertical axis which has no
special meaning. The turn at the lower limit A, = ' corre-
sponds to the ray being tangent to the hyperbola 4, = a’. In
this case, we have the hyperbola as the caustic conic.

The energy a and the separation constant @’ are con-
stants of motion. We choose them as the generalized mo-
menta. The coordinates conjugate to a and a’ have trivial
time dependence,

=a_u/=i(i)l/2|ijd,1( a'—/ll )!/2
da 2 \2a Nda-21pB-1)

A —a 172
R ey
N4 —-1,)(4,—B)

case2: 0< A, <B<a' <,

=t + const, (3.25a)
\_OW_ 1(a)”
Q T 9 2(2)
dezl !
V@ —2)A—-4)(B—-A41)
—Jd/lz ! ] = const,
VA, — a4 —4,)(4,—B)
(3.25b)
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FIG. 3. The separation constant &’ determines the caustic conic. (a) For
a' < B, the particle starts at P, on the outer ellipse (4, = 0), touches the
inner ellipse at Q, (4, = a'), and returns to the outer ellipse (4, = 0) at P,.
Thus, the value of A, oscillates one period between 0 and ' for every
bounce. (b) For a' > B, the value of A, starts from 0 at P, increases mono-
tonically to B as the particle crosses F,F,, and returns to 0 at P,. Thus 4,
oscillates between 0 and B. The end point at A, = B does not correspond to
any caustic curve. The caustic hyperbola A, = ' corresponds to the end
point of an oscillation in variable 4,.

where we have ignored V. in the expressions, and replaced it
by a restriction on the integration limits. Since the square
root in the ith term of Q has the same sign as that of di,, the
integrals follow contours that half-encircle a branch point at
each turn. However, the omission of ¥, makes it appear that
the contour for A, jumps over the branch cut.

Equation (3.25b) determines A, implicitly as a function
of A,. We can express (3.25b) in terms of elliptic integrals. In
particular, in case 1, we have (see Ref. 7, p. 597)

f" dA
4 (@ =44 —-A)(B-A)

2
=—"—F(¢,(4,)|k?), (3.26a)
f" dAi
nJA—=—a)YA—AD(A—B)
— 2 Pk, (3.26b)
A—a
where
&
F(¢|k2)5f do(1 — k?sin? )72, (3.27)
0
k2= (A —B)/(4—a'), (3.28)
cos’ ¢, (1) = (B—a')/(B—4), (3.292)
cos® ¢,(1) = (A — B)/(4 — B). (3.29b)

Note that k is the eccentricity of the inner (caustic) ellipse,
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and ¢, and ¢, are functions only of 4, and 4,, respectively.
Within a straight segment, we have from (3.25b)

F($,(A)|k?) — F($,(4,)|k?) = const. (3.30)

This equation determines the trajectory of the billiard. [The
minus sign in the second term comes from the factor
(a' — A,) " in (3.25b) relative to (3.25a).]

In one bounce, the first term of (3.30) changes by
2F(¢,(0)|k?), and therefore so does the second. Thus the
initial and final 4, of a bounce are related by

AF (,(A2)|k?) = 2F (4,(0) |k ?). (3.31)

We can use Eq. (3.31) to determine the condition for
the trajectory to form a closed orbit (i.e., a cycle). For each
of these cycles, we introduce a pair of integers (p,q), called
the winding numbers, where p represents the number of
bounces and ¢ the number of 27 rotations in @ (circuits
about the inner ellipse) within each period.

In going around the caustic once, ¢,(4,) changes by 27
and hence F(¢,(4,)|k?) changes by 4K where K = F(w/
2|k *). Therefore (3.31) gives

2pF($,(0)|k*) = 4Kq
on summing over p bounces.

Note that b= /B is the semiminor axis of the outer
ellipse, and b'=yB — ' is the semiminor axis of the inner
(caustic) ellipse. Hencecos ¢,(0) = b /b ', and we can write
(3.32) as

b'/b=cn(2¢K /p). (3.33)
It is important to note that all cycles with the same winding
numbers share the same caustic, independent of the starting
points. From (3.25a) we can also show that the total time (if
the energy is fixed), or more generally the total traveling

length, of periodic orbits of the same winding number is in-
dependent of the starting points.

(3.32)

IV. THREE-DIMENSIONAL MODEL

We can generalize the billiard problem to three dimen-
sions by considering the motion inside an ellipsoidal surface,

x*/a* 4+ y*/b? + /2 = 1. 4.1)

In the following, we shall denote a?, b2, c* by A4, B, C, respec-
tively. The three-dimensional generalization of a conic con-
focal to (4.1) is
2 2

x* Ly z
A—A B—4 C—-A
Depending on the value of A, we can have either an ellipsoid,
a hyperboloid of one sheet, or a hyperboloid of two sheets.
See Figs. 4(a)—4(f) for these surfaces.

At any given point in space, we can find three mutually
orthogonal confocal quadric surfaces passing through it.
The A ’s associated with these surfaces are the Jacobi vari-
ables describing the point. This will be our new coordinate
system. Locally, the coordinate system determines the Car-
tesian coordinates of a point unambiguously. Globally, the
A’s do not determine the point uniquely. The eight points
with the same |x|, |y|, and |z| have the same A ’s. However,
this ambiguity is not important to our application, and can

1=0.

(4.2)
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FIG. 4. Confocal quadric surfaces associated with different values of 4. (a)
A < C. The quadric is an ellipsoid. (b) 4 = C. As A approaches C from be-
low (4 = C —0), the ellipsoid flattens into an ellipse in the xy plane. At
A = C+ 0, the quadric surface becomes the whole xy plane with the ellipse
removed. (¢) C<A < B. The quadric is a hyperboloid of one sheet. (d)
A = B. At A = B — 0, the hyperboloid flattens into the region between the
branches of a hyperbola in the xz plane. At A = B + 0, the quadric becomes
the outside regions of the same hyperbola in the xz plane. (e) B <A <4.The
quadric becomes a hyperboloid of two sheets. At 4 = 4, the quadric be-
comes the whole zy plane. No real quadric exists for 4 > A.

be removed simply by assigning some signature labels to
these points.

To find (x%,y%2%) in terms of our new coordinates
(A1A243), we first obtain a cubic polynomial in A by multi-
plying the left-hand side of (42) by (4—A4)
X (B —A)(C —A), giving

FA)=(A—A(A-B)YA-C)+x*(A—B)(1-0O)
+Y(A—A4)A-C)+22(A—-A)A—B)
= A —AD)(A —4) (A —45). (4.3)
The last expression follows from the fact that the root of

F() are A,, A,, and A,. We can evaluate x° in (4.3) by

xt= /llim [F(A)/(A—=B)Y(A—O)]
—A

giving
2o A—ANA—A) 44 (4.4)
(4—-B)(4-0)
Similarly, we have
2 (B—A)B-A)(B—4y) (4.4b)
(B—A4)(B—-C)
2= (C—AN(C—=A)(C—43) . (4.4¢c)
(C—4)(C—B)
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We can determine the range of A ’s as
—w<d;<C<cl,<B<Ad;<A. (4.5)

From (4.4) and after some algebra, we can work out the first
fundamental form as

ds® = (dx)* + (dy)* + (dz)?

=g dA% +g,dA} 4 gdA 3, (4.6)
where
= (A, —A) (A3 —4)) ’ (4.7a)
44—2)(B—1)(C—-4)
g = Fim A=Ay (4.7b)
4(A— ;) (B—A,)(C—4y)
g (A, —43) (A4, — 43) (4.7¢)

4(4 — 13) (B—23)(C — 13)
It is pleasing to see that the A ’s do form an orthogonal basis
as promised.

In the new coordinate system, the Lagrangian and
Hamiltonian for a free particle moving inside an ellipsoid are

L=ix+y+2)—V(xp2)

=18 A} +8A3 +843) — V(A hdy)  (48)
and
H= %(P%/gl +P3/8 +P§/gs) + V(41,4245)
=2FA—MHB—LMC—MWf
(A=A (A3 —4))
+ cyclic perms. of subscripts | + V(1,,4,,45), (4.9)

respectively, with

Pr=8A, P= 82/12, pi= 321'13-
The potential V is chosen to be zero inside the ellipsoid

A, =0 and « outside the same ellipsoid. The Hamilton-
Jacobi equation is

MA—MNB—MMC~M)@KY
(A=A (A —4)) A,
+ cyclic perms. of 1°s + V(4 ,,4,.45)
=qa,

the energy. (4.10)

Just as in the two-dimensional case, we need to replace this
singular V(A4 ,,4,4;) by a smooth function which repro-
duces Vin the appropriate limit. A possible choice of such a
function is

V(;Ll”iz”{:%) = Ve(/il)/[(/lz _/11)(13 —/{1)]) (411)
where
V.(1) =0, ford,>e¢
= Vy/e,Vy>0, ford,< —¢, (4.12)

and V_ is continuous in region ( — €,€). As e -0, we recover
V(x,y,z). We can solve the Hamilton-Jacobi equation by
choosing

W=W,(4,) + W,(4,) + W;(4;) (4.13)

and by introducing the separation constants a’, a” via

S. Chang and R. Friedberg 1541



2
2(4 —M)(B—/l,)(C—/m(i’%i'l) + V()
1
=a(id; —a')(4,—a"), (4.142)
2
2(4 —12)(3—/12)(0—12)(1@@)
dA,
=a(d,—a)(4,—a"), (4.14b)
2
2(4 —/h)(B—/l;)(C—As)(i”i“—”)
dA,
=a(d, —a')Y(A;—a"). (4.14¢)
By the use of the identity
A —a)YA,—-a") + (A, —a YA, —a")

(A=A A—43) (A —A)D)(A;—4y)
(Ai—a)(A;—a”)
(A3 —A)(A3—43)
which is valid for all &', ¢”, we can show that the Hamilton—-
Jacobi equation (4.10) is indeed separated and satisfied.

From (4.14), we obtain the momentum with respect to the
A; as

oy = daw, _(a(il —a)4,—a") ~ Ve(ﬂ».))‘/2
1 - ’

dA, 24 —2)(B—A)(C—A))
(4.16a)
W _(_elamahyoah) )"
b=, T U B-)C—an)
(4.16b)
» =dW3=< a(A;—a')(A; —a”) )‘/2
T dA, \2(4 —A;)(B—4,)(C—4,)

(4.16¢)

In (4.16) and hereafter, the signs of the square roots are
chosen such that p, and A, shall have the same sign. From
(4.16), we can integrate to obtain

a(l,—a')Y(A,—a") — Ve(/l,))"2
W,(A,) = d,{( ,
140 f N 2d—A)B-1)(C—4,)

(4.17)
A, —a)(A,—a”) 172
W, (A =J¢u( a(4, 2 ) ,
2(42) 24 —4,)(B—1,)(C—4,)
(4.18)

and a similar equation for W,(A4,). The presence of V,(4,)
implies that the particle bounces at 4, = 0. We can suppress
the V, termin (4.17) after we impose an integration limit at
A, = 0. The quantities , a’, a” are identified as the energy
and conserved momenta. The equations of motion in terms
of the new coordinates are

0= = gaU

+ cyclic perms. of 4 ’s]

(A, —a YA, —a") )"2
(A—-ADB—-ADNC-4)

=t+ B, B =const, (4.19a)

Q'= a—u—/—-ﬁ const, (4.19b)

Q"= W _ const, (4.19¢)
da”
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where the explicit integral representation of Q' and Q * will
be given in (4.21) below after we fix the order of a’s. Equa-
tions (4.19b) and (4.19¢) describe the particle trajectory.
By evaluating Q' and Q" at each bounce (4, = 0) we can
find out how A, and 4 vary at subsequent bounces. We can
use (4.19a) to evaluate the time between bounces.

As we trace a particle along a straight-line segment and
its extension from — o to o, the 4 ’s change continuously
and return to their original values. Thus each of the A4 ’s must
reach at least a maximum and a minimum. We need at least
six turning points, and they occurat 0,4, B, C,a',and a”. To
achieve a real motion (i.e., all p’s are real), we require, in
addition to

Ar<C<A,<B<Ay<A, (4.5
the following restriction on @’ and a”:
Ay<d <Ay <a" <A, (4.20)

In (4.20), we have chosen without losing any generality
a’ <a”. How a particular 4, behaves depends on the signs of
a’' — Cand a” — B. This leads to the following four possible
ranges of A ’s:

(D0<A,<a'<C<cld<a" <B<i; <A,
(2)0<d,<a' <C<cA,<B<a” <A< 4,
(3)0<A, <C<ca' <d<a”" <B<A <A,
M 0<cA<Ccad <A, <B<a”" <A <A.

In case (1), we have one ellipsoid (4, = a’) and one hyper-
boloid with one sheet (4, = a") as caustic surfaces. The
turning points at 4, B, and C are associated with the cross-
ings of the xy, yz, and zx planes and have no physical signifi-
cance. The turning point 4, = 0 corresponds to the bounce
at the outer ellipsoid. Only the turning points at a’,a” are
associated with the vanishing of p;, and lead to the tangent of
the trajectory to the quadric surfaces. Similarly, we have in
case (2) one ellipsoid (4, = a’) and one hyperboloid with
two sheets (1; = a”) as caustic surfaces. In case (3), we
have two hyperboloids with one sheet (1, =a', 1, =a")
and in case (4) we have a hyperboloid with one sheet and a
hyperboloid with two sheets (4, = a’, 4; = a”) as caustic
surfaces. Since the separation constants o' and a” are con-
stants of motion, all line segments of a given trajectory share
the same caustic surfaces, as promised.

It is known in two dimensions that trajectories showing
the same caustic conic always have the same period. In the
following, we shall generalize this result to three dimensions.
We first evaluate the derivatives of W’s with respect to a’s
explicitly in (4.19b) and (4.19c). Depending on whether
a’'> A or a’ <A, the differentiation of yconst(a’ — 1) gives
either a positive or a negative factor. The net result is

f p1dA, _f P2 dA; “J‘ p3dAs
2(a’' —4)) 2(4, —a’) 2(4; —a’)

=f1(4,) — (1) —f5(43) =B’, const, (4.21a)
f P2dA + DA, _ f P3dA;
2(a” —4)) 2(a" — A,) 2(A,—a”)
=g,(1) +8,(4,) —g:3(4;) =B", const, (4.21b)

where f’s and g’s are monotonically increasing functions of
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their arguments. As the A ’s goes through a complete period,
the f’s and g’s increase by fixed amounts independent of
their starting points,

Of: (A1) | one perioa =F (4.22a)
6gi (Al ) |one period EGI' (422b)

If the trajectory has a period, the A ’s have to return to their
original values after completing some integer numbers of
cycles. We denote these integers by (/,,,,/5), and shall refer
to them as winding numbers. From (4.21), we have

llFl — 12F2 -_ 13F3 = 0, (4.233)
1,G, + LG, — ,G; =0. (4.23b)
Next, we consider an arbitrary starting point but with the
same separation constants &’,a"”. This implies automatically
that it shares the same caustics. We follow the trajectory

until the A, variable has completed /;, cycles. Then, Eq.
(4.21) becomes

LF, —8f, — 8/, =0, (4.24a)
1,G, + 8g, — 6g, =0. (4.24b)
Subtracting (4.24) from (4.23), we have
(8f, — LF,) + (6fs — L,F3) =0, (4.25a)
(68, — L,Gy) — (6; — 1,G3) =0, (4.25b)
which implies
(6f; — LF,) (88, — 1,G,)
= — (8f; — L,F;) (88; — 5G5). (4.26)

It is easy to see that the left-hand side of (4.26) is either zero
or positive. It is zero only if A, completes exactly /, cycles.
Similarly, the right-hand side of (4.26) is either zero or neg-
ative. It is zero only if A; completes exactly /; cycles. Equa-
lity (4.26) thus implies that A, and 4, complete exactly /,
and /; cycles, respectively. Hence the trajectory is periodic
with the same winding numbers (/,,/,,;). From (4.19a), we
also know that these orbits also have the same period in time,
or equivalently, in length.

V. PONCELET'S THEOREM

Let us return to two dimensions. Because of the theorem
of Sinai (Sec. II), the specification of the particle trajectory
is redundant. We have so far specified it by requiring pairs of
successive chords to satisfy the law of reflection at the outer
conic; then the theorem tells us that each chord is tangent to
an inner conic confocal with the outer one. In the present
section we shall suppose that the two conics are given, and
that the trajectory consists of chords all tangent to the inner
conic, and each intersecting its successor at the outer one.
Then the law of reflection appears as a consequence, pro-
vided that the conics are confocal.

We wish here to concentrate on periodic trajectories.
We note that (3.33) is both a necessary and a sufficient con-
dition for the trajectory to close after p bounces, no matter
where it starts. Therefore the analysis of Sec. III leads to the
following conclusion.

If the two conics are chosen so that some trajectory
closes after p bounces, then every trajectory closes after p
bounces.
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A periodic trajectory may be regarded as a polygon cir-
cumscribed about the inner conic and inscribed in the other.
Therefore we may restate our conclusion: If a polygon is
inscribed in one conic and circumscribed about another,
then every point on the former conic is a vertex of some
polygon (with the same number of sides) having the same
property. (In projective geometry over a field not algebrai-
cally closed, one must stipulate that the starting point lies on
a tangent to the inner conic.)

The reader may object that we should have specified
that the conics be confocal. But the result as just stated in-
volves only entities and properties (straight lines, conics,
incidence, tangency) that are preserved by projective trans-
formation; and by counting degrees of freedom one may ver-
ify that any pair of conics in the same plane may be projected
into a pair of confocal conics. Therefore the above statement
holds for any two conics; they need not be confocal or even
concentric. (Of course, if they are not confocal, the law of
reflection is not obeyed.)

This projective theorem about a polygon and two conics
has long been known under the name of Poncelet’s theorem.
Poncelet’s proof * was not strictly geometrical inasmuch as it
made use of the point where a line is stationary under a given
infinitesimal algebraic displacement. However, this concept
can probably be made finite by means of the modern notion
of differential forms.

The theorem was later discussed by Jacobi® who ana-
lyzed the case of two arbitrarily placed circles (projectively
equivalent to the general case) and recognized certain rela-
tionships between successive chords as identical to the addi-
tion formulas for elliptic functions. He was thus led to an
understanding of the role played in this theorem by elliptic
integrals and elliptic functions, and obtained equations
equivalent to our (3.31)-(3.33).

Although (3.33) involves a transcendental function, it
can be converted for any integer p to an algebraic relation
between b /b and &, by applying Jacobi’s addition formula
p — 1 times and using the fact that cn(2¢gK) = ( — 1)9. In
1858 Cayley gave an elegant form of this relation for arbi-
trary p.’> Cayley’s work stimulated a concise paper by Hart,
in which Poncelet’s theorem was proved for the first time
entirely by finite operations—specifically, the constructions
of projective geometry.®

To understand the principle behind Hart’s construc-
tion, we may reexamine Eq. (3.31). As was quite clear to
Jacobi, the elliptical integral

dé
V1 —k?cos? 8

may be viewed as a metric along the outer conic, and Ponce-
let’s theorem follows from the fact that all chords tangent to
the inner conic subtend the same arc “length” on the outer
conic according to this metric. For if we compare two trajec-
tories ABC...Z and A'B'C'...Z' then M(A,B) = M(A',B’)
since AB and A’B’ are both tangent to the inner conic. Since
the metric is obviously additive, it follows that
M(A,A’) = M(B,B’). Continuing the argument we find
M(AA')=M(B,B') =+ =M(Z,Z'); therefore if Z = A
then Z' = A’. So if one trajectory closes the other does too.

Op
M(A,B) EJ
64
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Let us denote the outer conic by g, and the inner by ¢,.
Hart’s implicit idea was that if AA’, BB/, ... all subtend the
same length we should be able to find a third conic ¢} to
which they are all tangent. The statement that M(A,B)

= M(A’,B’) implies M(A,A’) = M(B,B’) would then be
replaced by the statement that if AB and A’B’ are tangent to
the same g,, then AA’ and BB’ will be tangent to the same g;.
In this way the proof could be carried through by purely
geometric means, without referring to a metric or introduc-
ing elliptic integrals at all.

In choosing g7, we must note that the modulus & ap-
pears in the definition of the metric. In Sec. II we observed
that k was the eccentricity of ¢,, but that holds only when ¢,
and g, are confocal. In general, k is the eccentricity of the
conic to which g, is carried by the projective transformation
that renders it confocal with ¢,. Thus k£ = k(qg,,q,) is a pro-
jective invariant of the two conics. Now, clearly, Hart’s idea
will not work unless k(gq,q;) = k(qyq,). For if g; defines
the wrong metric on g, its tangents will not subtend “‘equal”’
arcs according to the metric defined by g,, and it will not be
tangent both to AA’ and BB/, etc. Therefore it is necessary to
define a family F of conics such that k(q,,9) = k(gq,q,) for
all geF. Let the outer and inner conics be the loci of the
equations @, = 0, @, = 0, respectively. Let Fbe the family of
conics Q = 0, where @ is a linear combination of Q, and Q,.
(In projective geometry Fis called a pencil of conics.) Then,
as Jacobi had pointed out, k(g,,q) is the same for all geF.
(See the Appendix.) The pencil F is thus the basic tool in
Hart’s construction. (The importance of this pencil had al-
ready been stressed by Poncelet as well as Jacobi and Cay-
ley.5512)

The actual proof, of course, makes no mention of the
modulus k. It is based on the following (slightly restated)
lemma.

Let the line /, intersect the conic g at P,, P;, and the
conicq’ at P,, P,. Let/,,...,], be the tangents to the respective
conics at these points. Let /;, /; intersect at P;. Then the
pencil of conics generated by ¢ and ¢’ has a member ¢, pass-
ing through the four points P,,, P,;, Ps,, Py, [Fig. 5(a)].

The proof of Hart’s lemma is as follows: for i = 0,...,4,
let /; be the locus of L; = 0; then gis thelocusof L 3 = aL,L,
for some a. (This can be shown by projecting /, to o and P,
to the origin, and rendering /, perpendicular to /;; thengis a
parabola with vertex at the origin.) Likewise ¢’ is the locus of
L2 = a'L,L,; therefore the conic aL,L, = a’L,L, lies in the
same pencil as ¢ and ¢’. This conic clearly passes through the
four points specified since L, L and L,L, both vanish at each
point.

The proof can be run backward to establish a converse:
if g, and g are given together with all points and lines in the
figure, the existence of ¢' follows. For g, must satisfy an
equation of the form L,L; = bL,L,, since b can be chosen so
that this equation holds at a fifth point of g,, and five points
determine a conic. Eliminating the term L,L, between this
and the equation for ¢, we obtain the linear combination
L} = abL,L, which describes a conic of the pencil (g,g).
This conic is tangent to /, and /, as desired.

Hart, like Poncelet, actually proved a generalized
theorem on the triangle, in which each side is tangent to its
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FIG. 5. (a) Hart’s lemma. The conics ¢, ¢’ have been shown as fully inter-
secting (four unlabeled points) although our usual picture for Poncelet’s
theorem shows them as nonintersecting in real space. The fact that g, ¢, g,
belong to the same pencil is thus exhibited by the fact that they all pass
through these four points, as well as the ones mentioned in the lemma. (b)
Hart’s construction for Poncelet’s theorem. All the chords AA’, BB,,...,ZZ’
will be tangent to g; .

own fixed conic of the pencil. From this one may derive the
theorem for polygons by triangulating the polygon. We shall
argue directly to the polygon.

Assume we have two trajectories AB--Zand A'B'---Z’
[Fig. 5(b)]. Let ¢, be tangent to AB at P, and to A'B’ at P;.
We draw the line /, through P, and P,, intersecting AA’ at P,
and BB’ at P,. Then if we denote AB, AA’, A'B’, BB’ by
ly,..., 44, respectively, the converse to the lemma shows that
the pencil (g,,4,) contains a conic ¢} tangent both to AA’ at
P, and to BB' at P,.

Now we work forward from BB’, renaming the points
and lines: thus ll BC tangent to ¢, at P,, and 1, = BB’
tangent to ¢ at P, (formerly called d P,). We draw 1, through
P1 and Pz, 1ntersect1ng g, again at P and q; agam at P4, and
denote ,, 7, the tangents to g, q; at P,and P,, respectively.

The lemma now tells us that 7, and 7, intersect at a point
P, which lies on g,. For it must lie on a conic of the pencil
(g1,91) which also passes through P, =B, and only one
conic of the pencil can pass through B. Therefore P23 =B,
and I, = B'C'. Likewise the lemma shows that P,= C

= C’, and I, = CC'; hence q; is also tangent to CC'.

Proceeding by repetition one establishes that g; is tan-
gent to ZZ', so that if Z = A then Z’' = A’. The full proof
contains an additional argument to show that ZZ' is the right
tangent from Z to g, (the same as AA’) and not the other
one. Lebesgue, who gave essentially the same proof in a long
memoir in 1921, explores this point in greater detail.® We
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have also omitted the reasoning that excludes various degen-
erate situations in the proof as given above. However, this
sketch should make it clear that nowhere is there any use of
transcendental functions or of the notions of continuity and
differentiation.

The existence of a proof of this kind is actually implicit
in Jacobi’s method, which has been put in a modern form by
Griffiths and Harris.'® They show that the set of all entities
consisting of a point on g, and one of its tangents to g, consti-
tutes an Abelian variety and is therefore subject to a family of
algebraic transformations which guarantee the existence of a
finite proof of Poncelet’s theorem such as the one given ex-
plicitly by Hart. Although these transformations correspond
to the addition laws for elliptic functions, they are algebraic
consequences of the geometric premises and do not depend
on differential arguments.

Because of Hart’s proof or the “Abelian variety” argu-
ment, Poncelet’s theorem must hold for projective geome-
tries over arbitrary fields, even discrete ones; we have veri-
fied this in a number of cases. However, when we proceed to
three dimensions, we encounter a somewhat mysterious situ-
ation.

VI. PONCELET’S THEOREM IN THREE DIMENSIONS

We are not concerned here with the three-dimensional
version given by Griffiths and Harris, which involves a poly-
hedron and two quadric surfaces, but with a quite different
one to be extracted from Sec. 1V, involving three quadrics
and a skew polygon. The analysis of that section shows that
there is an analog to the theorem of Sinai, which states that if
a trajectory is defined as a sequence of chords of an “outer”
quadric g, linked successively by the law of reflection, then
there exist two “inner” quadrics ¢, and ¢,, both tangent to
every chord of the trajectory; moreover g, 9,, g, are all “con-
focal” in the sense that they are surfaces of the same system
of ellipsoidal coordinates. It also yields an analog to Ponce-
let’s theorem, which says that if such a trajectory closes after
P steps, then every point on g, belongs to a trajectory which
also closes after p steps and whose rays are tangent to the
same pair ¢,,q,. But we immediately encounter difficulties in
putting this analog in projective form.

First of all, it is no longer true that any three quadrics in
space can be projected into a confocal triplet in the sense
above. Suppose the equation of a quadric g is written @ = 0,
where

3 3
0= Z g;%:x; + z 90i%; + 900 (6.1)
7 T

and let ||Q || stand for the 4 X4 matrix ||q;||; then if ¢ is the
locus of (4.2) we have

el
—1 0

Il
|
P

B 1

C 1
(6.2)

But the three quadrics g, g,, ¢, of Sec. IV are all loci of
equations obtained from (4.2) by varying A; therefore the
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matrices ||Qoll ", [|Q:ll =", ||@z]I =" are linearly dependent.
This is a projectively invariant statement which can be ex-
pressed by saying that q,, ¢,, ¢, belong to the same range of
quadrics, a range being the dual of a pencil. Therefore our
projective theorem will apply only to three quadrics belong-
ing to the same range.

Second, the theorem of Sinai in two dimensions had a
converse: if two tangents were drawn to ¢, from a point on g,
they would satisfy the reflection law at g, provided the two
conics were confocal. But in three dimensions there exist
four lines /., 1,, /., I; that can be drawn from a given point
on g, so as to be tangent to both ¢, and ¢,. These four can be
paired in three ways (ab)(cd), (ac)(bd), (ad)(bc) and
only one of these pairings will satisfy the law of reflection.
Moreover, the four lines /,,...,/,; are determined by the roots
of a quartic which in general has the maximal Galois group
S,; thus there seems to be no algebraic way to choose the
right pairing.

To overcome this difficulty one must use one’s knowl-
edge of the quadric g, which in ellipsoidal coordinates is the
locus of A, = const. Through a given point on ¢, there must
pass two other quadrics g, ¢ in the same range as ¢, ¢;, 9>,
defined by A, = const and 4; = const. Each of the three pair-
ings of /,,...,1; will satisfy the law of reflection on one of the
three g, G, §. The “right” pairing has its planes of reflection
normal to g, so that they intersect in the normal to ¢,. Now,
the concept “normal” is not projectively invariant, but tan-
gent is, and the normal to g, is also tangent to g and §. Hence,
we may now state our three-dimensional version of Ponce-
let’s theorem.

Suppose that three quadrics, g, ¢, ¢, belong to the same
range R. Suppose that a polygon exists in three-space, in-
scribed in g, and with each side tangent to both ¢, and ¢,,
such that any two successive sides, intersecting at P on g,
determine a plane that contains the common tangent at P to
the other two quadrics of R that pass through P. Then every
point of g, lying on a common tangent to ¢,, ¢, is a vertex of a
polygon of the same order possessing the same properties.

The arguments of Sec. IV suffice to establish this
theorem in real space. Note that in real space the three qua-
drics g, G, g are always distinct; in more general projective
spaces one may encounter degeneracies requiring a special
prescription for pairing the four tangents. Putting this prob-
lem aside for the moment, we now ask whether a finite (alge-
braic or geometric) proof can be found for our three-dimen-
sional Poncelet theorem. Again we find new obstacles in our
way.

Poncelet’s proof, even if rendered algebraic, identifies
the point of tangency to g, with the stationary point of a
moving line. But in the three-dimensional configuration
neither point of tangency (to ¢, or ¢,) is the stationary point.

If we think of generalizing Hart’s proof, we would need
an auxiliary pair of quadrics, g1, ¢; . To make the proof work,
this pair must define the same two-dimensional metric sys-
tem on ¢, as the pair g,,g,; in other words the integrands of
(4.17) and (4.18) must have the same form when g,, ¢, are
replaced by ¢q;, g5 and the Cartesian axes are rescaled to
make g,, g7, g5 confocal. But of course it is also necessary
that g,, g1 , ¢; belong to a single range; otherwise they cannot
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be rescaled to be confocal at all. As shown in the Appendix,
there is only one free parameter (not two) in choosing 41, ¢; .
Therefore if Hart’s construction is to be applied to a pair of
trajectories AB... and A'B'..., then with A given the choices
of A’ that can be handled fall into a one-parameter family.
But such a family cannot in general cover the two-dimen-
sional surface of ¢,. So it seems that Hart’s method will not
suffice to prove the full three-dimensional theorem.

Alternatively one may try to generalize the approach of
Griffiths and Harris, who reformulate Jacobi’s treatment for
two dimensions in terms of the algebraic variety in which
each point is specified by choosing a point on the outer conic
together with a tangent to the inner conic, with the restric-
tion that the latter be incident on the former. Poncelet’s
theorem follows from the existence of an Abelian group of
holomorphic translations on this variety.

We are not sufficiently grounded in pure mathematics
to understand whether this argument is genuinely algebraic,
as it appears superficially to depend on the properties of the
complex field. However, we can elucidate the parametriza-
tion of the corresponding variety in the three-dimensional
theorem.

In two dimensions one may parametrize the variety E
(Ref. 10) by x, y, and p, with the restrictions

X/(A—A)+y/(B—A) =1
and
P% = (a' —/12)/[(14 “/12)(B—/{2)]

{we have omitted the inessential constant a/2) where A, isa
fixed constant, and A, is defined as the other root of the
quadraticx?/(4 — A1) + y*/(B — A) = lafterA — A, isfac-
tored out. Thus x and y determine a point on the outer conic,
and the sign of p, tells which tangent to take.

In parametrizing the (two-dimensional) variety in the
three-dimensional case, one must be careful not to include
too much information. IfA,, 45, p,, p; are all known, then we
can not only identify the tangent we have arrived by as well
as the one we shall leave by, but we can also distinguish
between the other two tangents. This last bit of information is
superfluous to the problem.

Therefore the appropriate parametrization includes x,
¥ 2, p, D3, and p, + p; with appropriate restrictions. Note
that A,, A, are now roots of a cubic of which one root 4, is
fixed; therefore 4,45 and A, + A, are rational functions of
x,y,z. It follows that p3 p3, p3 + p3 are also rational in x, y, z.
The sign of p, p; tells us which of the two legitimate trajec-
tories (plane of incidence must contain a line tangent to both
A, =const and A; = const) we are on; then the sign of
P2 + P tells which direction to choose along that trajectory.
But no direction is specified along the other legitimate trajec-
tory at the point; this would be superfluous.

The differential forms

[dQ'] = P,dA/(a' — Ay) + psdAs/(a’ — A3)
and
[dQ”"] =p,dA/(@" — Ay) + pydAs/(a” — A3)

can be expressed in terms of the above parameters since they
are symmetric in the exchange 2«>3. Since these forms are
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linearly independent in terms of those parameters, it appears
(if we only understood the rules of argument) that a finite
proof might be constructed along these lines. But we leave
this to others more qualified. (We are grateful to Grayson
for some expert advice on these mysterious matters.)

VII. ITERATIVE CONSTRUCTION

We can investigate our model from a different ap-
proach. Instead of solving the trajectory of the Hamilton—
Jacobi method, we can study the trajectory by following the
slope of the ray and the reflection point on the outer quadric.
This is a simple generalization of Birkhoff’s approach.! We
denote a ray by a set of numbers (m,,m,,m,), proportional
to the direction cosines. We denote the point of reflection by
(x,y,2z) and its normal by (#,,n,,1,). To within a normaliza-
tion factor, we can write

n,=x/A4, ny,=z/C. (7.1)

We denote the slope of the subsequent ray by m’, and the
normal of the subsequent reflection point by n’ [see Fig.
6(a)]. It is straightforward to show that with suitable nor-
malization

n2 =y/B,

m =m —2n(m-n)/n?, (7.2)
n =n—-2Qm'(m'-n)/(m'Qm'’), (7.3)
where Q, Qm, and (mQm) are
1/4 0 0
o=| 0 1/B o |, (7.4)
0 0 1/C
Qm = (m,/A,m,/B,m;/C), (7.5)
(mQm) =m3/A + mi/B+ m?/C. (7.6)

Repeated applications of (7.2) and (7.3) generate all the
subsequent m’s and n’s.

Note that Egs. (7.2) and (7.3) are homogeneous in both
m and n. Thus the absolute scales of m and » can be arbitrary
in the iteration equations. From (7.2) and (7.3), we can
construct easily three invariants

m*=m? + m; +m;, (7.7a)

(a) {b)

FIG. 6. For simplicity, we have made these drawings in two dimensions. (a)
The propagation and reflection of a particle inside an ellipse (or an ellip-
soid). Note that m and m’ make an equal angle to the normal n. (b) A
geometrical construction of p and v from m and n. Using the outer auxiliary
circle (or sphere in three dimensions), we can relate v, v' to the points of
reflections on the ellipse (ellipsoid) straightforwardly. Vector p’ makes an
equal angle to v and v'.
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m-n=mn, + myn, + myn,, (7.7b)

and

(nAn) = An? + Bn3 + Cn3. (7.7¢)
Using the definition of nin (7.1), we find that the condition
(nAn) = 1 leads to the equation of the outer ellipsoid.

There is a duality transformation which interchanges
the role of m and n. We define

l-l- = (\/Eml9@m2,\/@m3)’ (78)
v= (nl/@,nz/JQ_z,ng/@), (7.9)

where Q,, @,, and Q; are diagonal elements of Q in (7.4).
Then

uv=mn, (7.10)

ur = (mQm), (7.11)
and

(vQv) = n. (7.12)
In terms of i and v, we have

B =p—2Qv(uv)/(vQy), (7.13)

vi=v 20 (uv)/u?, (7.14)

which are indeed the same as (7.2) and (7.3) with m, n
interchanged. This scale transformation makes the outer
quadric surface into a sphere, as shown in Fig. 6(b). The
new direction cosines of the ray and the normal, u and v,
transform according to (7.13) and (7.14). In this new
frame, v and v’ are pointing along the radial directions. It is
easy to see that they are indeed related by a reflection around
We shall now give an independent proof of Sinai’s
theorem. We begin with a ray with slope m and passing
through x, = (An,,Bn,,Cn;). The equation for the ray is

X = X, + km. (7.15)
The condition that this ray be tangent to a confocal quadric
x? ¥ 2
=1 7.16
A—-A + B—-A + C—A ( )
atxis
mx m,y m,z
+ =0. 7.17
A—A + B—-A4 C-2A ( )

Substituting (7.15) into (7.17) and expressing x,, in terms of
n, we obtain
P (Am,nl Bmjn, " Cm3n3>

A—A B—A C—-A

(G
“Wa=z 32t ca ’
Substituting (7.15) into (7.16) and making use of (7.18),
we obtain an equation in A, m, n,
(An, + km)*>  (Bn, + km,)?

A—A B-A

= An} 4 Bn? + Cnl. (7.19)
Note that we have replaced 1 in the right-hand side of (7.16)

by (nA4n). This makes Eq. (7.19) homogeneous in both m
and n.

+

(7.18)

(Cny + km,)?
C—A
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Even though Eq. (7.19) looks complicated when (7.18)
is inserted explicitly, it becomes quite simple after we multi-
ply it by appropriate combinations of (4 — A1), (B — A4),and
(C — A). The final expression is

m*(nAn)A? —{AB [ (n} + n3)m* — (m;n, — m,n,)?)
+ BC [ (n} + n})m? — (myn; — myn,)?]
+ CA [ (1} + n})m? — (myn; — myny)? ] A
+ABC(m-n)?=0. (7.20)

Itis transparent that the coefficients of A 2 and 1 are invariant
under iterations (7.2) and (7.3). With a little work, we can
also show that the linear term is also invariant under such
iterations. This middle term is an independent quartic invar-
iant which cannot be expressed in terms of the quadratic
invariants. Thus we show that the quadratic equation (7.20)
is invariant under interations (7.2) and (7.3). Since the
roots of (7.13) determine the inner quadrics which are tan-
gent to the rays, these inner quadrics are also invariant under
iterations. This implies the existence of two caustic surfaces
as promised. The reduction of our method and conclusion
from three dimensions to two dimensions is straightforward.
We can obtain equations analogous to (7.1)—(7.14) by treat-
ing m,n as two-dimensional vectors. The two-dimensional
equivalent of (7.20) is a linear equation

m?(nAn)A — AB(m-n)? =0, (7.21)

which implies a single caustic curve. In two dimensions, m?,
(m-n), and (nAn) are the only invariants under iterations
(7.2) and (7.3). There are no independent quartic invar-
iants.

In Secs. III and IV, we have shown by the Hamilton—
Jacobi method that all the trajectories tangent to the same
caustic curves or surfaces have the same period, independent
of starting points. In Secs. V and VI, we have given a projec-
tive geometrical proof of this result for the two-dimensional
model. The existence of a purely geometrical proof showed
that the result is also true in different prime number fields.
Numerically, we can apply the iteration equations in an arbi-
trary number field, and verify that the periods are indeed
independent of the starting point when they are tangent to a
fixed conic. What comes as a surprise is that the same result
appears also to be valid numerically in three dimensions
when the trajectories are tangent to two fixed quadric sur-
faces. At the moment, we are not able to provide a geometri-
cal or an algebraic proof which can be extended into finite
number fields."?

To understand the iteration equations in a finite number
field, we need to examine some singular cases which can
arise in a general field. We consider a finite number field
defined by mod p, where p is a prime. The equation for a
quadric confocal to the outer one is still

x? » 2

41 B_Aitc—ai"

The outer conic is given by A = 0. We can describe a ray as
before by a linear equation. A ray is tangent to a quadric if
they have a double root at their intersection. A quadric is a
caustic to a ray if it is tangent to every segment of a trajec-
tory. We can establish the existence of the caustic quadric

1, mod p. (7.22)
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surfaces in a finite number field, and the associated A obeys
the same equation (7.20). We denote the A associated with
these two caustic quadrics by A4, and A,. For simplicity, we
choose 4, B, C, A,, and A, such that none of 4 — A, B — A,
and C — A is a multiple of p.

In the case of real numbers, n*> and (mQm) are always
positive and nonvanishing. The iterative equations (7.2),
(7.3) are well defined. For a finite field, however, n? or
(mQm) may become zero after some number of iterations
even if we begin with finite 3 and (m,Qm,). Here, we de-
note the m and » associated with the zeroth iteration by m,
and n,. Equations (7.2) and (7.3) are no longer valid when
n?or (mQm) = 0. We need to pay special attention to these
singular cases. Note also that the duality transformation in-
troduced earlier is still valid in a finite field. From an alge-
braic point of view, we can treat the case n’ =0 and
(mQm) = 0in the same way. In the following, we shall con-
centrate on the n? = 0 case. The (mQm) = 0 case follows
with a minimal modification.

The first singular case is

n? =0 but (nQn) #0. (7.23)

Equation (7.2) is not defined when n? = 0. Hence we
first keep n° undetermined and work out the formula for m”
in terms of m and n by applying (7.2), (7.3), (7.2) in succes-
sion. We shall find that m” is given by an expression that
remains well defined when n*> = 0, provided that nQn#0.
Therefore we can simply continue the iteration from m”,
provided we count the “missing” ray m’ when evaluating the
period.

To obtain the formula for m”, we shall use symbols
0[n?], O[n*] toindicate terms of the corresponding order in
a formal power series expansion. This is only a shortcut to
avoid writing the full expressions, which are all rational
functions. The procedure is valid in finite as well as contin-
uous fields.

It is convenient to introduce an /' that is finite at
n’=0,

m'=n’m = —2(m-n)n + O(n?). (7.24)
We can compute easily that
(A'Qm’) = 4(mn)*(nQn) + O(n?). (7.25)
We can now evaluate n’ as
n'=n-2Qm'(m'-n)/(m'Qm')
=n+2Qi’' (m-n)n*/(m'Qm’)
=n— Qnn/(nQn) + O(n*). (7.26)
From (7.26), we obtain both
mn’ = O(n*) (7.27)
and
(n —n")2=n? - 200 + n? = 0", (7.28)
which imply
4+ n?=0m", n/n*=—-140Wt%. (129

Now, it is straightforward to work out m”,
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m’" =m’ —2(m'-n')n'/n?

=m—2(m-n)n/n* —2(m-n)n'/n?

_ . 2(mmmn  2(mn) [ _ QnA? 4 ]
" n? n? " (nQn) + 0
2(m-n)Qn (1 1 ) 2
=m— RN s omenmn| — + —
(n0m (m'n)n p; + e + 0(n*)
2(m-n) 2
=m—"-—"Qn - Cn+ O(n?). (7.30)

(nQn)
It is easy to see from (7.29) that the coefficient C is finite as
n*—0. We can obtain C either directly from (7.26) by keep-
ing the O(n*) terms, or by using the invariant property

2 _ g2 _ Am-n)(mQn)

m
(nQn)
. 2 2
4 Hm QM) |y memyC=m?  (1.31)
(nQn)?
giving
C=2(mn)(1/n* + 1/n'%)
. 2
=2( (mQn) _ (m:n)(nQ ”)). (7.32)
(nQn) (nQn)
It is simple to verify that all three conservation laws
m"2=m? (m"-n)= — (m-n),
and
(n'An’) = (nAn),
are obeyed.
A second, more singular case is specified by
n*=(nQn) =0 but (nQ2n)+£0. (7.33)

Here m’ and m” are undefined but m” is finite. We shall omit
the algebra, and only summarize the results. The proper lim-
its at #2 = 0 are

i =r’m’ = — 2(m-n)n, (7.34a)
n' =n+ Qn(m-n)/(mQn), (7.34b)
B =n'm’ = —2(m-n)n, (7.35a)
n" —n, (7.35b)
m"— —m. (7.36)

It is straightforward to show that the conservation laws
(n"An") = (nAdn),
(mlll'nll) —_ (m.n)

are all satisfied. We believe that (7.34)—(7.36) give the cor-
rect continuation of (m,n) over the singular region defined
by n° = (nQn) = 0 even in finite number fields.

In a three-dimensional space, we do not need to consider
the more singular case of n*> = (nQn) = (nQ>n) = 0.In the
three-dimensional space, Q obeys a cubic equation. If all
three scalar products vanish, we then have (n4n) = 0 which
implies that the outer ellipsoid is degenerate. We shall not
consider such a case here.

Knowing how to continue over the singular m and n’s,
we are able to test numerically over finite number fields what
the caustic surfaces are and what the relations of the caustic

"2 2

m"* = m?,
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quadric with the periods are. Not surprisingly, we verify that
a trajectory is tangent to the same caustic quadric surfaces
after each iteration. As we have mentioned earlier, we are
surprised to find that all the trajectories that share the same
caustic surfaces have the same period independent of the
starting points. We have made an exhaustive search covering
all prime number fields with prime numbers smaller than or
equal to 23, and covering all different and nonzero param-
eters 4, B, C, a’, @". We consider only the nondegenerate
case m*£0, ndn=0. The continuation procedures that we
have introduced to go through singular points are essential
for giving these constant periods. We almost always encoun-
ter these singularities at some point on the trajectory. The
period is always the same whether the trajectory encounters
asingularity or not, as long as it is tangent to the same caustic
quadrics.

Viil. EXTENSION TO n DIMENSIONS AND DISCUSSION

We can generalize many of our results, including Ponce-
let’s theorem, to # dimensions. The family of confocal qua-
drics obeys

n 2

X;
D —1=0.
A, —A

The independent solutions to (8.1), 4,4,,....4,, form
an orthogonal basis and are the n-dimensional elliptical
coordinates. We have verified that all equations in Sec. IV
can be extended to n dimensions. The Hamilton—-Jacobi

(8.1)

equation is separable. The n — | separation constants a’

(i=1,2,..,n — 1) giverise to (n — 1) caustic confocal qua-
drics. We establish the following Poncelet’s theorem in n
dimensions: If one trajectory forms a closed polygon after p
bounces, then all trajectories sharing the same n — 1 caustic
quadrics are also closed after p bounces independent of the
starting point. As a billiard system, the total time period and
length of these trajectories are the same.

We can generalize the iteration approachin Sec. VII ton
dimensions simply by treating m and n as n-dimensional vec-
tors. Equations (7.1)-(7.19) follow with trivial modifica-
tions. To obtain the generalization of (7.20), we begin with
the analogs of (7.18) and (7.19),

A;m;n, m* \!
k= _ H i i 1] 8'2
375 () @2
and
(4n; + km,)?
Y N ARt
Z A—/{ Z lnl
A;mn;
ZA —/1 2"A,-—/l
4+ k2 2 —ZAn =0. (8.3)

By the use of (8.2), we can combine the k and k? terms in
(8.3) into a single k-term, giving
A.n? A,m.n,
i i i k 1 1 i —
S s

Eliminating k between (8.2) and (8.4), we have

(8.4)
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A.n? m? A.m.n\?
/{ i’ j _ i i =0- ]
Sy (59R) -0 e

The coefficients of the double poles in (8.5) all vanish identi-
cally. We can express (8.5) as the sum of single poles,

¢ __y (8.6)
24—1_’ '
where the residuals C; obey
C,= —A;n? z m}
+ mn, — .
g’,A——AA( n; mn)] (8.7)

We can express (8.6) as an (n — 1)th order polynomial
equation which implies the existence of (n — 1) independent
caustic confocal quadric surfaces. These C;’s provide # alge-
braic invariants. The iterative approach is applicable to all
finite number fields.

We have not yet checked systematically whether this
version of the Poncelet’s theorem is valid for n-dimensional
finite number fields.

We can solve the elliptical billiard system both classical-
ly and quantum mechanically. This system may provide us
with a good testing ground for studying the quantum to clas-
sical transition. It may also serve as a starting point for ana-
lyzing nearly integrable systems.

The constancy of the total length for periodic orbits
sharing the same caustic quadrics has important implica-
tions in quantum wave functions. In the WKB approxima-
tion, the phase factor of a wave function is proportional to
the total length of the trajectory divided by #. A resonance
occurs when the phase factor associated with a closed orbit is
a multiple of 27. The constancy of orbital lengths implies
that the WKB wave functions associated with trajectories
sharing the same caustic quadrics become resonant simulta-
neously.
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APPENDIX: CHOICE OF QUADRICS IN HART’S
CONSTRUCTION

Let us first consider two dimensions. We are given a pair
of confocal conics @, = 0 and Q, = 0, where

Q, = x*/A +y*/B—1,

, (A1)
Q, =x/(4—a,))+y/(B—a,) — 1.
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We wish to find a conic Q] = 0 which can be carried
into Q, by arescaling (say x—x/£, y—y/7) that at the same
time renders it confocal with Q. This means that

Qi =£E/(A—a) +17V/(B—a,) —1 (A2)

and the rescaling must carry Q, into Q,, which is confocal
with @, and hence with Q,. Therefore

Q, = x*/AE* + y*/By* — 1, (A3)
where

AE* —~ By =A4—B. (A4)
Then we have

A -1 =B’ — 1) =p (AS)
from which one easily deduces that

a, (@1 — Q) =pu(Q,— Q). (A6)

Therefore Q | belongs to the pencil generated by Q, and Q,,.
Conversely, if Q ; is any member of this pencil, (A6) is
satisfied for some y; and then working backwards one can
derive all the previous equations, showing that Q| satisfies
the initial requirements.
In three dimensions we have

x:  yr 2
=24 X 2,
D 1 + 3 + C
x? ¥ z
Q=7 —a, B—a, C-—a,
x2 y2 22
= + + - 1,
Q: A—a, B—a, C—a,

but now the same rescaling must be applied to all three qua-
drics simultaneously. Hence

0= §2x2 112))2 ;222 _1
A—a, B—a C-—a (A8)
0; = §2x2 N 772y:z N §222 1
2T 4 —a, B—a, C—a,

must share a set of parameters, &, 7, {. Again Q, must be
confocal with Q,, which means it belongs to the same system
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of Jacobi variables. This requires (A4) as well as

an—C§2=B—C. (A9)
Hence
AE*—1)=B(* - 1)=C(*—1) =y, (A10)

which shows as before that Q |, @} belong, respectively, to
the two pencils generated by Q, and @, and by Q, and Q,.

However, (A10) also shows that @, Q4 are simulta-
neously determined by a single parameter u. The initial re-
quirement, then, will not be satisfied if they are chosen inde-
pendently from their respective pencils.
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A new, geometrical account of the existence of alternative (s-equivalent) Lagrangians is given
for a particle moving in three-dimensional Euclidean space under the influence of a central
force. The fact that the Lagrangian for this familiar problem is not unique was pointed out by
Henneaux and Shepley [J. Math. Phys. 23, 2101 (1982) ]: the present analysis makes the
reasons for the phenomenon more transparent than theirs.

I. INTRODUCTION

Ina 1982 paper Henneaux and Shepley' showed that the
Lagrangian describing the classical motion of a particle
moving in three-dimensional Euclidean space under a cen-
tral force, that is to say, a force derived from a spherically
symmetric potential function, is not unique. The usual free-
doms of multiplication of the Lagrangian by a constant and
the addition to it of a total time derivative are not at issue
here. Rather than the trivial equivalence thus defined we
shall be concerned with what Henneaux and Shepley' (and
others) have called solution equivalence or s-equivalence:
Two Lagrangians, not trivially equivalent, are said to be s-
equivalent if their Euler-Lagrange equations have the same
solutions. The existence of s-equivalent Lagrangians has
been a topic of some considerable interest over the last few
years and has led to the publication of quite a number of
papers.” However, it remains true to say that there are no
known necessary and sufficient conditions for a dynamical
system to admit s-equivalent, but not trivially equivalent,
Lagrangians. One case, which might be described as the de-
composable case, has been completely analyzed by Marmo
and his co-workers.? The case of the spherically symmetric
potential may perhaps be considered as being at the opposite
end of the spectrum. Our excuse for revisiting this problem,
and presenting a new solution, is that we believe that our
geometrical constructions, while clarifying what happens in
this particular case, also contain indications of how the gen-
eral problem might be tackled.

Henneaux and Shepley' showed that the essential free-
dom in the Lagrangian is a function of two variables, which
upon examination of their paper, is revealed to be a function
on the unit sphere. The term to be added to the standard
Lagrangian to obtain an s-equivalent one is determined from
this function by quadratures. One example in which the new
Lagrangian can be given explicitly is

L'=L+yJ/P,
where L is the usual Lagrangian, L’ is the new one, y is a
constant, and J is the magnitude of the angular momentum.
These results follow from the application of Henneaux’s'

method of tackling the inverse problem of Lagrangian dy-
namics, which uses the exterior calculus but is basically alge-
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braic and analytical. Qur approach in this paper is, by con-
trast, geometrical, in the sense that it is concerned with
geometrical features of the velocity phase space of the sys-
tem.

We have shown in a previous paper* that the Lagran-
gians of the class displayed above are the only ones that are
themselves spherically symmetric; our argument, not sur-
prisingly, was concerned with the action of the rotation
group on the system. Group theory will play a much less
prominent role here, but it will become apparent how that
result fits in with the more general picture to be painted
below.

Il. BACKGROUND

We shall need the following general results® concerning
the differential geometry of Lagrangian systems.

The velocity phase space of a Lagrangian system is the
tangent bundle TM of a differentiable manifold M, the con-
figuration space of the system. A tangent bundle is equipped
with two natural geometric objects: a type (1,1) tensor field
called the vertical endomorphism, denoted S and given in
adapted coordinates by S = d /du” ® dx*; and a vector field,
the dilation field, denoted A and given in coordinates by
A = u® 3 /0u°. Conversely, a manifold, necessarily of even
dimension, which carries a type (1,1) tensor field with the
same properties as S and satisfies some appropriate topologi-
cal conditions is affinely equivalent to a tangent bundle®;
when a choice of vector field with the requisite properties to
play the role of A is made it becomes equivalent linearly to a
tangent bundle.

A vector field I' on 7M is called a second-order differen-
tial equation field if it satisfies S(I") = A; this is a necessary
and sufficient condition for the projections onto M of its
integral curves to be solution curves of a system of second-
order ordinary differential equations X° = F“(x,x).

A Lagrangian is simply a smooth function L on a tan-
gent bundle TM. We shall have to deal with functions de-
fined not on the whole manifold TM, but only on an open
submanifold of it; however, we shall use the same terminol-
ogy. The Cartan form @, of L is the two-form given by
@, =d(S(dL)) and the energy function of L is given by
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E, = A(L) — L. The Lagrangian is said to be regular if o,
is symplectic, in which case there is a unique vector field I’
suchthati.w, = — dE,; (whereidenotes the interior prod-
uct) and T is a second-order differential equation field, the
Euler-Lagrange field of L. Any Cartan form satisfies
isnwy = —S(ixw,) for any vector field X on TM. The
map L—w, is linear over the reals and its kernel consists of
functions of the form 7 + k, where 71is a total time derivative
and k is constant.

The inverse problem of Lagrangian dynamics (or of the
calculus variations) is the problem of stating necessary and
sufficient conditions for a given second-order differential
equation field I to be the Euler-Lagrange field of some regu-
lar Lagrangian. A partial solution consists of giving neces-
sary and sufficient conditions for a two-form £ to be the
Cartan form of some Lagrangian for which I is the Euler—
Lagrange field. Such conditions have been given in various
differing ways by several authors, including Henneaux.' We
give them here in the form most suitable for later use.” The
two-form (Q is (locally) a Cartan form for I if and only if it
satisfies the following three conditions: (i)  is closed, (ii)
1 is zero when both its arguments are vertical (with respect
to the tangent bundle projection), and (iii) .~ Q = 0.

We shall also need one particular result of Henneaux’s'
analysis: The Lagrangian for nonradial motion for the cen-
tral force problem in two dimensions is unique up to trivial
equivalence.

lil. SPHERICALLY SYMMETRIC POTENTIALS

The velocity phase space for the particular problem at
hand is 7%}, where % is the three-dimensional Euclidean
space with its origin removed. We consider T'%’; as the set of
pairs of vectors (x,u). Let &3 * be the open submanifold of
T%} consisting of those points for which xXu0; then
there is a smooth map J of T#3* onto the unit two-sphere
5% defined by

J(x,u) = (xXu)/|xXu|.

Then J defines a fibration of T3+ over %2 in which the
individual fibers are the tangent bundles of two-planes in

3, the two-planes of constant direction of angular momen-
tum. For any spherically symmetric potential function ¥ on
. the Euler-Lagrange field I' of the Lagrangian
L(x,u) = l]u]2 V(x) is everywhere tangent to the fibers
of J, in fact, for any function fon %2 the function J *fis a
constant of the motion. In geometrical form this expresses
the usual reduction of a three-dimensional central force
problem to two-dimensional considerations familiar from
elementary orbit theory.

The ambiguity in the choice of Lagrangian for motion
under a spherically symmetric potential is a direct conse-
quence of the existence of this geometrical structure asso-
ciated with the dynamical system.

Proposition I: Let o be an arbitrary two-form on B
then J*wis a (necessarily degenerate) Cartan form for I,

Proof: We have to show that ) = J*w satisfies the con-
ditions stated in Sec. II.

Closure: Since @ is a two-form on a two-dimensional
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manifold dw = 0, therefore d = d(J*w) = J*dw = 0.

Evaluation on vertical vectors: Consider the vertical sub-
space of Ty, TE3™ for (x,u)eT#3+. The kernel of J,
restricted to this subspace is two-dimensional: It consists of
the vertical lifts to 7€} * of vectors tangent to the two-plane
of constant direction of angular momentum determined by
(x,u). Let w be a vertical vector at (x,u) complementary to
the kernel of J . Then any vertical factor ¥ may be uniquely
written ¥ = u, + kw, with J uy, =0 and k some real num-
ber. Thusifv = v, + lwis also vertical and similarly decom-
posed, then

Q(u,v) = Q(ug,v) + kQ(w,w) = Q(ue,v) + kQ(w,v,);

however, (} = J*o vanishes if one of its arguments lies in the
kernel of J

Vamshmg Lie derivative: Since T is tangent to the fibers
of J, J I' = 0 and therefore i Q = i J*w = 0. It follows
that

LrQ=irdQ+d(ir Q) =0.

In fact, I is a characteristic vector field for © and it is well-
known that the Lie derivative of a closed form with respect
to any characteristic vector field is zero. [

Thus given a two-form w on . we can obtain a degen-
erate, possibly local, Lagrangian for I, namely the function
from which the Cartan form J*w is derived. Then the sum of
this and the standard Lagrangian is an alternative Lagran-
gian for I". The freedom in the choice of a two-form on .#? is
essentially the same as the freedom in the choice of a func-
tion on .#?, namely the coefficient when the two-form is
expressed as a multiple of the volume two-form.

Note that the new Lagrangian is defined only for nonra-
dial motion. In fact, if one calculates @, + J*o explicitly
one sees that it can never be extended smoothly to the whole
of T#} (unless w = 0). It is clear from the same calculation
that the new Lagrangian may very well fail to be regular at
points of T3+,

The relation between the construction explained above
and the spherical symmetry of the system, in the sense of its
invariance under rotations, may be seen as follows. The rota-
tion group SO(3) acts on &} in the usual way; this action
extends to an action on 7%; via the complete lift and T3 *
is invariant. The map Jis equivariant under the action of
SO(3) on T&32* and the usual action on % For any
geS0(3),

Jog = goJ.

Thus the two-form J*o (on T#3*) is invariant under
SO(3) if and only if @ (on .¥?) is also invariant. However,
this is so only if @ is a constant multiple of the volume two-
form on 2. It is this case that leads to the Lagrangian
L+ yJ/P.

The converse, that every alternative Lagrangian for a
spherically symmetric potential can be obtained in this way,
follows, of course, from the analysis of Henneaux and
Shepley.! It is, however, instructive to rederive this result
using the methods adopted here. Our argument takes advan-
tage of the fact that one can specify the fibration on which
our construction depends in another way, without appealing
directly to angular momentum. Consider the vector fields
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x*—, u , X , u—

ox*° ox° du® du°
on T3 : They are linearly independent (over the algebra
of functions) and annihilated by J, . In fact, these vector
fields span a distribution & that is integrable in the sense of
Frobenius’s theorem and whose leaves are the fibers of the
fibration J: T€3+ — .%2. This distribution 2 has two signif-
icant properties (in addition to being integrable): It contains
the Euler—Lagrange field I and it is invariant under the ver-
tical endomorphism S. In fact, provided the force is nowhere
vanishing, & may be specified as the smallest integrable dis-
tribution containing I" invariant under S.

In order to derive our result we shall have to assume that
the energy associated with the alternative Lagrangian is
smooth everywhere on T&}, in particular on the zero sec-
tion: However, this appears to be assumed implicitly in the
work of Henneaux and Shepley! in any case. We assume also
that the potential function never vanishes.

Proposition 2: Let L' be an alternative Lagrangian for I’
such that E, . is smooth on T%3. Then, up to trivial equiv-
alence,

le =a)L +a)*

where L is the standard Lagrangian and o* is the pullback to
T#3+ of a two-form w on the leaf space 763 /9 = 72

Proof: 1t follows from the fact that the Lagrangian for
the two-dimensional central force problem is essentially
unique that the restriction of L' to any leaf of & is of the
form kL + 7, where k is constant and 7 is a total time deriva-
tive, both on the leaf. Thus there are functions, still denoted
kand 7, on T#3* such that L’ = kL + 7, with k constant
and 7 a total time derivative on restriction to any leaf of &.
Now A = S(T") belongs to & and therefore A(k) = 0 since
k is constant on each leaf, and A(7) = 7 because 7, being a
total time derivative, is linear in the fiber coordinates on each
leaf. The energy associated with L’ is given by

E,. =KkA(L) + LA(k) + A(r) — kL — 7= kE,.

Now E; and E; . are smooth everywhere on T4} and E, is
nonzero on the zero section, so k is smooth in some open
neighborhood of the zero section. However, A(k) =0; it
follows that k is independent of the fiber coordinates on
T# 3. Furthermore, since both E; and E, . are constants of
the motion, sois &, so that I' (k) = 0; however, from this and
the independence of k of the fiber coordinates it follows that
k is constant. By invoking trivial equivalence we may there-
fore, without loss of generality, take k£ to be 1. We therefore
havew, . =w; + w.and E,. = E, . Now L 'isaLagrangian
for T, so

ira)Lr + dELr = ira)L + dEL = O;
this means that
iro, =0.

Thus the characteristic distribution of @, contains I'. How-
ever, w,, being a Cartan form, must satisfy isx, o,

= — S(iyw,) for any vector field X, as we pointed out ear-
lier; in particular, this means that the characteristic distribu-
tion of @, is invariant under S. Furthermore, o, is closed,
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from which it follows that its characteristic distribution is
integrable. Thus the characteristic distribution of @, is inte-
grable, contains I', and is invariant under S; however, & is
the smallest such distribution and so the characteristic dis-
tribution of @, contains &J. Finally, since the Lie derivative
of a closed form by a characteristic vector field is zero, the
Lie derivative of @, by any vector field in & is zero. These
are just the conditions which ensure that @, passes to the
quotient T¥3+ /& = #2 [ |

It is interesting to note that the dimension of & drops
from 4 to 2 when one goes outside 7’3 * . Also, the action of
SO(3) leaves & invariant and therefore permutes its leaves;
in fact, each leaf of & is a section of the action of SO(3) in
the sense defined in our earlier paper.*

IV. TOWARD GENERALIZATION

It seems clear from the foregoing analysis that the ana-
log of the distribution & has an important role to play in the
problem of ambiguity of Lagrangians. In general, for a given
second-order differential equation field I" on a tangent bun-
dle TM, the distribution & (the smallest integrable distribu-
tion on TM which contains I" and is invariant under S') will
be the whole module of vector fields on 7M. However, there
are certainly cases of interest in which & is smaller: The
extreme case occurs when I is a spray, in which case & is
spanned by I" and A.

To conclude this paper, we therefore prove some results
about & that should be relevant to this problem.

Proposition 3: Each leaf of &, if it projects onto a
smooth submanifold of M, is the tangent bundle of its projec-
tion.

Proof: We show first that, for every vertical vector field
Ve, thereis a vector field Xe< such that V = S(X). Since
Vis vertical it satisfies S(¥) = 0 and .Z ~.S(¥) = V. Thus

V=I[LS(MN] =SV =SV,

and we may take X = [V, ]eZ.

The restriction of the tangent bundle projection 7 to a
leaf £of & is a submersion of it onto its image, which by
assumption is a submanifold of M. The restriction of S to £ is
an integrable almost tangent structure by the result first
proved. We may therefore identify ¢ with the tangent bun-
dle of the leaf space of the kernel distribution of the restric-
tion of S to ¢ once a zero section of £ has been chosen. How-
ever, the intersection of #with the zero section of TM gives a
zero section for £and the quotient space may be identified
with 7 (¢). |

Proposition 4: If the distribution & is invariant under a
type (1,1) tensor field T then it is invariant under . . T. In
particular, & is invariant under %S, k= 1,2,.....

Proof: By assumption , T(X)eZ for every Xe<&. Thus

ZLrT(X) =[I,T(X)] - T([T,X )eZ

and so & is invariant under % T.. |

Proposition 5: If ¢ is a diffeomorphism of M for which
the complete lift ¢ to TM is a symmetry of T, then é per-
mutes the leaves of Z. If G'is a group of Lie symmetries of T,
then there is an action of G on the leaf space TM /< which
makes the projection TM —» TM /& equivariant.
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Proof: Consider the distribution ¢, & : It contains T" be-
cause ¢ is a symmetry, it is invariant under S because ¢ is a
complete lift, and it is integrable because ¢ is a diffeomor-
phism. Thus & Cé, Z; however, since ¢ is a diffeomor-
phism, & = ¢, P . Theresults for Lie symmetries follow. W
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N = 2 supertori (N = 2 super-Riemann surfaces of genus 1) are classified according to their
superconformal equivalence classes. A detailed description of the corresponding supermoduli
space is based on this classification. Superelliptic functions are constructed and used for
representing the supertori as algebraic varieties in projective superspace. The boundary of

N =2, genus 1 supermoduli space is discussed.

I. INTRODUCTION

The theory of Riemann surfaces has become a natural
framework within which (bosonic) string theory is formu-
lated.! Its counterpart in superstring (fermionic string)
models is the theory of super-Riemann surfaces (SRS’s),
whose rich structure is only beginning to be explored, both
by physicists and mathematicians.”~> SRS’s enter the phys-
ical theory as the world sheets of a closed oriented super-
string, and in order to sum over all superstring configura-
tions we have to integrate over the corresponding
supermoduli space,® describing superconformally inequiva-
lent SRS’s. Much work has still to be done before our under-
standing of the structure of supermoduli spaces is complete.
In addition, the representation of SRS’s as algebraic curves,
besides the pure mathematical interest in it, may be appro-
priate for application of algebraic or number-theoretic meth-
ods in the context of superstring theory. Such methods are
desirable as offering a hope for nonperturbative superstring
calculations.”

The present work is concerned mainly with genus 1,
N =2 SRS’s (N = 2 supertori), where N is the number of
fermionic (anticommuting) coordinates that join the single
bosonic (commuting), complex coordinate describing an
underlying ordinary RS. Just as ordinary tori, supertori are
obtained by taking the quotient of the superplane by the ac-
tion of a supergroup generated by two commuting super-
translations. We work out in detail the supermoduli space
and use superelliptic functions for representing the supertori
as algebraic curves, following the approach of Refs. 3 and 4
where the N =1 case is treated. The & = 2 case does not
exhibit merely the features of a “product” of two N =1
cases. There is now an interplay not only between each one of
the two fermionic coordinates and the bosonic one, but also
an interplay among the two fermionic coordinates them-
selves. This new feature manifests itself in the U (1) symme-
try present in the N = 2 superstring®; in superstring models
with ¥V = 2 SUSY on the world sheet such symmetry is used
for achieving space-time-supersymmetric compactifica-
tions.>!% As a result we get a bosonic supermodaulus, in addi-
tion to two fermionic ones and the ordinary bosonic modulus
(genus 1), representing the freedom to rotate the fermionic
coordinates one to another as we go along a cycle of the
underlying ordinary torus.” This freedom also enables a
smooth transition between all the different spin structures
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that are embedded in the N = 2 supertori, by going along
continuous paths in the supermoduli space. It may be useful
for studying the N = 1 superstring as embeddedin the N = 2
supermoduli space.’

In Sec. Il we discuss N = 2 SRS’s in general and find the
generic form of a superconformal transformation that can be
used to define their transition functions. Section III concen-
trates on N = 2 supertori and their superconformal equiv-
alence classes. The technical tools needed for the classifica-
tion are described in Appendix A. In Sec. IV we describe the
genus 1 super-Teichmiiller space, and use the supermodular
group in order to obtain from it the supermoduli space. A
discussion of the embedded spin structures concludes this
section. Superelliptic functions, meromorphic superfunc-
tions that are defined on supertori, are constructed in Sec. V
for the various supertorus classes. We find sets of them that
are complete, in the sense that any meromorphic superfunc-
tion on a supertorus can be rationally expressed in terms of
the functions in the corresponding set. Rational equations
involving superelliptic functions enable us to embed the su-
pertori into projective superspaces, where the image of the
supertori is obtained as the locus of points satisfying a set of
polynomial equations. The embeddings, discussed in Sec.
VI, allow us to study the compactification of the super-
moduli space by adding to it points at infinity, corresponding
to singular, pinched supertori. Section VII is devoted to con-
clusions and open problems. Subtleties that arise from the
use of rigorous supermanifold theory'' were deferred to Ap-
pendix B.

Il. N=2 SUPER-RIEMANN SURFACES

A N =2 SRS is described locally by one complex bo-
sonic coordinate z and two complex fermionic coordinates
@' (i = 1,2), lumped together to form one superspace coor-
dinate Z = (z,0) = (2,0 ', %), with superconformal transi-
tion functions between overlapping coordinate patches. A
gansformation from one coordinate patch U(Z) to another
U(2) is superconformal if the following condition holds in
the overlap region®”:

Dz=0'D8'+ 62 DB?, (2.1)
where D is the two-component covariant derivative whose
components are
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(2.2)
(ij=1,2).

By solving the condition (2.1), one can show that any super-
conformal transformation is of the form

2(2,0) = f(2) + h(2)[0T O(2)¥(2)]

T
— 0'6%(det 0)[flﬁ_e¢(z)],
dz
z T ) d¢
6(z,0) = ¥(z) + h(2)07(2)0 + 602 (det O)e ——

where the bosonic analytic functions f(z), 4(z), and the col-
umn vector ¢(z) of two fermionic analytic functions satisfy

Y hrz + 8 ¢ W(2). (2.4)
dz

Here O(z) is an arbltrary bosonic, analytic O(2) matrix,

OT(z)O(z)=1=<(l) ?) detO(z) = +1, (2.5)

and € is the antisymmetric 2 X 2 matrix (°., §). Hereandin
what follows @is treated as a two-component column vector.
The Lie superalgebra of this supergroup of transformations
is the NV = 2 superconformal algebra (SCA) in two dimen-
sions (one complex dimension).?

As an important special case of these transformations
we have the supergroup SPL, _ , (2,C) of superconformal
automorphisms of the N = 2 super-Riemann sphere SC¥
(we follow the notation of Ref. 3),

2(z2,0) = (az+ b)/(cz+ d)
+ (cz+d)"HOTO(yz + 86)(1 +16™)
— 0'0%(det 0) [6Tey(cz + d)
+ 2 dy, v,z — 2¢6,5,1},

0(z,0) = (yz+8)/(cz+ d)

+ (cz+d) 711 + 167y + 1117,6,6,)0 70
+ 0'6%(det O)(cz + d) %e(dy — ¢b), (2.6)

where a, b, ¢, d are bosonic constants (normalized so that
ad — bc = 1), v and 6 fermionic constant column vectors,
and O a bosonic constant O(2) matrix. The corresponding
Lie superalgebra osp(2,2) is a subalgebra of the N = 2 SCA,
generated by the four bosonic and four fermionic generators
L,,,L,T,G",,,Gi, (i=1,2).° Notice that if we allow
O tobezdependent, (2.6) is still a superconformal automor-
phism of the supersphere, but we lose the closure of the
whole family of these transformations. This can be seen
more easily from the algebra point of view [where such z
dependence implies the joining of all T,,, (meZ) to the above
set of generators ], from the commutation relation

[T..G] =ie,Gl\n (hi=12, meZ, nej+2).
(2.7)

Assuming a uniformization theorem holds, as was
proved to be the case for N = 1,> every N = 2 SRS M is the
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(2.3).

quotient of SC¥, SC, = C'?, or SH, (the N = 2 super-Rie-
mann sphere, superplane, or upper half-superplane, respec-
tively) by a discrete group G which is a subgroup of
SPL,(2,C). The group G must act properly discontinuously
on the Riemann surface M, which is the body of M (i.c., the
surface described locally by the ordinary complex coordi-
nate z,, the non-nilpotent part of z). This ensures that M can
be endowed with the DeWitt topology (trivial in the soul
directions) which is necessary for physics applications. Fur-
thermore, as in the N = 1 case,® we demand that G leave the
“metric” defined on the covering space invariant (the “me-
trizability” condition). We will be interested only in SC, as
the covering space, and the metric (more precisely, the norm
of the even component of the supergravity frame field) in
this case is

ds=|dz+07d8)|. (2.8)

The group G is isomorphic to (M) = m,(M,) and is
unique up to a conjugation G ~G=h-" 'Gh, where h is an
arbitrary superconformal transformation such that G still
satisfies the above conditions imposed on G.

lll. N=2 SUPERTORI

We now concentrate on supertori, N = 2 SRS’s of genus
1. Every supertorus can be obtained as the quotient of SC, by
an Abelian group G, generated by two transformations of the
form (2.6). The metrizability condition, i.e., the invariance
of (2.8) under G, requires both generators to have ¢ = 0, a/
d = 1 = ad, and y = 0. Without loss of generality we can set
a = d = 1,since the other choicea = d = — 1 accompanied
by certain b, §, and O, is equivalent to havinga = d = 1 and
— b, — 6, — O instead [this is true due to the fact that
det O = det( — O) in our N = 2 case, contrary to what one
has when N = 1, for example]. We further want G to act
properly discontinuously on the body of the supertorus and
so b must have a nonvanishing body, b,#0. We conclude
that each one of the two generators of G induces a transfor-
mation of the form

2(z,0) =z+ b+ 0706
8(z,0) =076 + 5,

(bo#o)y (3.1)

which is a N = 2 supersymmetry transformation (“‘super-
translation”) accompanied by a global rotation in the &
plane, with or without reflection. The Lie superalgebra of
the supergroup of transformations of the form (3.1) is gen-
erated by L_,, T, and G _ ,,, (i = 1,2). Notice that z-de-
pendent rotations were excluded here also by the metrizabi-
lity condition, since by (2.5) O(z) is either of the form

R(r(2)) = (Cf)s r(z) —sin r(z))’ detR= + 1,
sin 7(z) cos r(z)
(3.2)
or of the form
M(r(2))=R(r(2))],
1
where][:( 0 ), detM = —1, (3.3)
0o —1
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and so
dz+07d0—»(1 +20’02§)dz+0Td0 (3.4)
Z

under (3.1).

Representing the transformation (3.1) by an ordered
triplet (0,b,8), the commutator of two generators
A= (0,b,8) and 4’ = (0',b",8") is given by
A'7'4A7'4'4

=(00'070'"6"(14+0T+0'—0'07)§

+ 8708 — §70'8,0'[00'"s
+ 08 = 86) —81). (3.5)

The & term of the resulting transformation is a pure soul
(nilpotent), showing that if 4 and 4’ do not commute the
DeWitt topology would be violated. [Since the commutator
(3.5) belongs to the group G by which we take the quotient
of the superplane, we are led to identification of points whose
z coordinates differ only in soul. This implies a nontrivial
topology in the soul directions as opposed to the trivial, non-
compact DeWitt topology. ]

In order to find and classify all the commuting gener-
ator pairs we have to distinguish between four different gen-
eral cases. First, without loss of generality, we order the pair
(4,4") in such a way that

Im7+>0,7r=b/b". (3.6)

We now employ the following notation’: we say that the
supertorus that is the quotient of SC, by G generated by
(4,4") is of the type

UUifdet O=1landdet O' = 1;

UTifdetO=1anddet O’ = — 1; U, Untwisted,
TUifdetO= — landdetO’'=1; T, Twisted,
TTifdetO= —landdetO'= — 1. (3.7)

For ensuring commutativity of 4 and 4 ' we need first of
all

00'070'"=1. (3.8)

Equation (3.8) is automatically satisfied in the UU case be-
cause SO(2) is Abelian, and so in this case O and O are of
the form R(r) and R(r) [see (3.2)] with r, ' arbitrary
bosonic constants. In the UT case we have O = R(r) and
O’ = M(r') [see (3.3)], and (3.8) holds only when » = Q or
m, i.e., O = + 1, while 7 is arbitrary. Similarly, in the TU
case O = M (r) with arbitrary r while O’ = + 1, and finally
in the TT case O = M(r) with arbitrary r and we must have
O’ = + O. The other two commutativity conditions, name-
ly,
§T(14+07+0"'—0'0M& +8708 — 670’6 =0,
(3.9)

00’78+ 08 —868) -8 =0, (3.10)
will be studied below separately in each case.

We now use conjugations by superconformal transfor-
mations in order to bring the pair of generators in each case
to a canonical form. This will allow us to classify all the

superconformally inequivalent supertori and so describe the
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super-Teichmuller space ST, _, y_, of N =2 SRS’s of ge-
nus 1. Details about the specific conjugations used can be
found in Appendix A; here we only refer to their types as
listed there. We start with the simpler cases where at least
one of the generators in the pair is “twisted.”

UT case: We have to distinguish once more between two
different subcases.

(I) If 0= — 1 we can use conjugations of the types
(A2) and (A3) to get a pair of the form 4( — 1,7,0) and
A’(1,1,8’), whereupon (3.10) requires &’ = 0. The canonical
form for the generator pair in this case is therefore

UTI: A( — 1,7,0) and 4 '(1,1,0),

where Im 7> 0, otherwise 7 arbitrary.

(II) If O = 1, conjugations (A2) and (A3) bring the
pair of generators to the form 4 (1,7,(2')) and 4 '(L,1,(5)
with §,8] = 0, as required by (3.9) and (3.10). Applying a
conjugation (A4) to this case we get the canonical form

UTIL: 4 (1,7,(})) and A4'(L1,0), (3.12)

with arbitrary 7 (Im 7> 0) and & (one fermionic constant
here, and not a column vector). Conjugations (A2) or (A3)
show that (3.12) with the parameters (7, — §) or the pa-
rameters (7,0) gives rise to equivalent supertori. We express
this fact by writing § ~ — &, for this UTII case.

TU case: Similarly to the UT case we get two possible
canonical forms:

3.11)

TUIL: A(I,7,0) and 4’ ( — 1,1,0), (3.13)

TUIL: 4(I,7,(§)) and A4'(1,1,0), (3.14)
with arbitrary 7 (Im 7>0) and §~ — §in (3.14).

TT case: Here we get

TTI: A(L,7,0) and 4 '( — L,1,0), (3.15)

TTIL: A (1,7,(§)) and A4'(1,1,0), (3.16)

with arbitrary 7 (Im 7>0) and §~ — §in (3.16).

The above three cases are trivial generalizations of what
one has in the N = 1 case.? They can be thought of as “tensor
products” of the different cases found there (see discussion
on the embedded spin structures in Sec. IV). “New” features
are found only in the following tase.

UU case: We start with a generator pair of the “raw”
form A4 (R(r),b,8) and 4 '(R(7'),b',5'). Here we treat  and 7
as ordinary complex numbers and refer the reader to Appen-
dix B for a discussion of the complications that arise if we
allow them to have nilpotent parts.

(I) If r and ¥ are not both zero (mod 27) then we can
always bring either § or &' to zéro by conjugation (A2), and
then (3.10) requires also the other to vanish. Conjugation
(AS5) enables us now to get the canonical form

UUIL 4 (R(r),7,0) and 4'(1,1,0), (3.17)

with arbitrary 7 (Im > 0) and » (including r = 27m, meZ).
Conjugation (A2) shows the equivalence (7,7) ~ (7, — r).

We remark that by using a “complexified” basis for the
(already complex) & plane, 8 * = 8! 4 i62, the action of
the transformation 4 on a superspace coordinate
Z = (2,0 *) takes the diagonalized form
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6 et .
(3.18)

This form suggests the terminology U(1) supertori that is
also used to describe the UUI type of supertori.” However,
one should not be misled by this terminology to think that »
is necessarily real.

(II) If r = ¥ = 0 then by conjugation (A6) we get the
canonical form,

UUIIL: 4(1,7,6) and 4 '(1,1,0), (3.19)

with arbitrary 7 (Im 7> 0) and 8 = (' ). Conjugation (A2)
shows the equivalence (7,8) ~ (7,08) for arbitrary OcQ(2).

The UU case is the only one where the two I and II
subcases cross. Namely, the supertori, UUI with r=0
mod 27 are equivalent to the supertori UUII with § = 0, for
the same 7.

AR(),70): z-oz+7, 8T —e "9,

IV. SUPER-TEICHMULLER AND SUPERMODULI
SPACES

We are now at a position to describe the super-Teich-
miiller space ST, _ y_,. It consists of seven disconnected
pieces, which we denote by ST, ST}, ST1,,, ST,
STTP™, STT™, and ST}, , corresponding to the various types
of supertori discussed in the previous section. The three
pieces representing the UTI, TU]I, and TTI types are each a
copy of the upper half-plane H with the coordinate 7, i.e.,
three copies of the ordinary Teichmiiller space T of ordi-
nary tori. The three pieces representing the UTII, TUII, and
TTII types are each a copy of the disconnected piece ST} *
of ST,_, y_, representing tori with the trivial spin struc-
ture?; it is obtained from C"' with coordinates (7,5) by re-
stricting 7 to lie in H and identifying the points (7, — §) with
(7,6). The seventh piece can be thought of being composed
out of two different pieces that cross each other. The first,
representing the UUI type of supertori, is obtained from C>°
with coordinates (7,7) by restricting 7 to lie in 4 and identi-
fying (7,7) ~ (7, + r + 2rn) for any neZ. This identification
gives this piece the topology of T, X (Z,-orbifold of a cylin-
der) =T, X (C*/Z,), where C* = C — {0}; the coordinates
on T, X (C*/Z,) are (1,p=¢") and the Z,-orbifold structure
is obtained by identifying (7,0~ ) ~ (7,p). The second piece,
that corresponds to UUII supertori, is obtained from C'*

with coordinates (7,6,,6_), where §, =6, + i6,, by re-
stricting 7 to lie in H and identifying
(r6.,.,6_)~(1,6_,6,)~ (kb .,k ~'5_) for any invert-
ible bosonic constant k. The two pieces are connected
through the identification of points (7,7 =0) of the first
with points (7,6 . = 0,6_ = 0) of thesecond, for the same 7.

Note that the Grassmannian nature of § ,, § _ makes it
difficult to analyze the topology of the fermionic piece of
ST}y and find admissible coordinate charts on it. Such anal-
ysis is essential for endowing this space with a supermanifold
structure, which one expects it to have. Were 6, 6_ ordi-
nary complex numbers, this sector would have been C?/ ~,
where ~ is the above equivalence relation. Now, C?/ ~ is
isomorphic to the complex plane with an additional point P
“above” the origin; the open sets (in the topology induced
from the standard one on C?) are the usual open sets in C,
and also PU[N(0) — {0}], where N(0) is any open neigh-
borhood of the origin in C. This result is obtained by noting
that two pairs of complex numbers are equivalent under
~ iff the products within each pair are equal, unless they
both vanish. For pairs of fermionic numbers this statement
holds in one direction only, because of the noninvertibility of
such numbers. Here C2/ ~ is a non-Hausdorff manifold of
one complex dimension, a dimension smaller by one than
that of C?, the space we started with. This last feature does
not seem to be carried on to the Grassmannian case, where
we deal with C*?/ ~.

In order to find the supermoduli space SM, _, y_, of
N = 2 supertori we have to describe the action of the super-
modular group on ST, ,. The supermodular group is genera-
ted by two transformations that can be realized as acting on
generator pairs (4,4 ') that characterize supertori,

§:(4,4")~(44",4"), T:(4,4")~(4'""4). (4.1)

Starting from a canonical pair (4,4 '), that corresponds to a
point of ST ,, we transform it according to (4.1) and conju-
gate the resulting generator pair to bring it back to a canoni-
cal form, from which the transformed point of ST, , can be
read off. It turns out that S sends the 7 coordinate to 7 + 1,
leaving unchanged all other coordinates (when present).
However, in some cases it transfers points from one discon-
nected piece of ST, , to another, according to the following
assignment:

]
UTI (IH-TTI (II), 7741, (6-6);
TUI ()-TUI (II), 7-7+1, (8-68);
S TTI (ID-UTI (II), 7741, (6-6); (4.2)
UuUIl-UUI, 741, r-or
UUII-UUII, ro74+1, (8,.,6_)-(8,,6_).
In a similar notation
UTI (ID-TUI (1), 7o —1/7, (8§—-772/%8);
TUI (I1)->UTI (1), 7- — /7, (8-7%%6);
T: TTI (I)-TTL (I), 7- — /7, (8—-772%8); (4.3)
UUI-UUI, 7 —1/1, ror/z
UUII-UUII, T — /1, (8,,6_)-7%(8,.,6).
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The sign ambiguity in 773/2

identify — & with 6.

SM, , is obtained by taking the quotient of ST, ;, by the
supermodular group, generated by S and 7. The resulting
space consists of three disconnected pieces which we denote
by SM!,, SMiL, and SMY'.

SM1, is a three-sheeted cover of the ordinary g=1
moduli space, ie., of M,=H/SL,(Z)={reH|—}
<Re 7<}, |7|>1} with the standard identification of the
edges (a point in SM!, is therefore specified by one bosonic
supermodulus). The edges of the covering sheets are identi-
fied according to the scheme shown in Fig. 1.

SMY, is obtained from the product space SM}, X C*,
which is a trivial fiber bundle of fiber coordinate § over
SM1,, by identifying § ~ i§ in each fiber. This last identifica-
tion, which extends § ~ — & that we had already in the su-
per-Teichmiiller space, can be inferred from the action of 72
on ST ; it gives the fiber a structure of a Z,-orbifold which is
singular at § = 0. On SM}, we have two supermoduli, one
bosonic and one fermionic.

SMYY consists of two connected pieces originating from
the two pieces of STY,". A point in the first piece is specified
by a pair of bosonic supermoduli (7,7), where 7€M, and in
addition to the identification (7,7)~ (7, +r+ 27n) we
have also (7,7) ~ (7, + r+ 2wn7) for any neZ. The new
equivalence arises from the old one when combined with two
T operations: (r)~(—Vrr/t)~(=1/1, ¢/
T+ 27wn) ~ (1, + r + 27wnr). We conclude that for a given
T, r lies on the Z,-orbifold obtained by taking the quotient of
a torus of periods 27 and 277 by the equivalence relation
r~ — r. This orbifold has the topology of a sphere with four
singular points [at r =0, 7, 77, and 7(1 + 7)] where the
curvature diverges.'?> We can arrive at the same result taking
an algebraic point of view.”> The UUI supertori can be
thought of as a pair of conjugate line bundles [of fiber co-
ordinates @ * and @ “—see (3.18) ] over an ordinary torus,
which are both of zero degree since their transition functions
e * 7 are constants.'> Therefore, r is essentially a coordinate
on the Picad torus Picy(7°(7)) of the torus characterized by 7,
which is indeed a conformally equivalent torus of the same

is immaterial since we anyway

N

1 4 [
ut TU

FIG. 1. The construction of SM}, from three covering sheets of M, with

identifications of their edges (Sec. IV). Notice, in particular, the resulting

identifications of the points 1 ~3~4~6~7~9 and 2~5.
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period ratio, in our g = 1 case (our discussion actually con-
stitutes an alternative derivation of this classical result in
algebraic geometry). However, since the order within the
pair of conjugate line bundles characterizing a UUI super-
torus is immaterial, basically because @ * and € ~ are inter-
changeable [e.g., via conjugation (A2) ], we have to take the
above Z, quotient of Picy(7°(7)) in order to get a description
of inequivalent supertori. The second piece of SMYYV can be
written as M, X (C**/~), where ~ identifies points
(6,,6_) in C® according to (8,,0_)~(5_,6,)
~i(8,,6_)~(kb,,k'6_) for any invertible bosonic k.
The second equivalence was obtained by considering the ac-
tion of T2on ST}y . The connection between the two pieces of
SMYY is induced from the connectedness of ST},". One can
think of the continuous transition from the first piece to the
second as being accompanied by a trade in of the bosonic
supermodulus 7 by two (not completely independent) fer-
mionic supermoduli (§_,6_).

We close this section with a discussion of the relation
between N = 1 and N = 2 supertori. N = 1 supertori are nat-
urally described by spin bundles of fiber coordinate @ over
ordinary tori,®> having one of four possible spin structures.
The spin structures specify the way by which a fiber above a
point of the torus is identified with itself after being trans-
ported back to the same point along the two cycles of the
torus. In terms of the fiber coordinate 6, they specify
whether it changes sign or not when we go along each cycle.
In the N = 2 supertori a two-dimensional fiber of coordi-
nates @' (i = 1,2ori = 4, — ) replaces the one-dimension-
al spin bundle. One can contemplate eliminating the two 8
coordinates one at a time in order to find the “embedded spin
structures” in the N = 2 supertori. For this procedure to
make sense, the elimination must leave a single 8 that does
not mix with the one we eliminated under translations along
the cycles of the torus, i.e., we must perform the elimination
using supetori that are described by a “‘diagonalized”’ basis of
the & plane. The generator pairs (4,4 ') in their canonical
forms (3.11)-(3.16), (3.18), (3.19) give us precisely the
desired representation, if we use the @ "2 basis in (3.11)-
(3.16) and 8 * in (3.18) [either basis in (3.19)]. We get the
following embedded spin structures for the various types of
N = 2 supertori (the pairs of signs specify the sign flips of the
remaining @ coordinate under translations along the 1 and 7
cycles, respectively):

- Embedded spin structure

Type eliminating 82 (§ ~) eliminating 8' (8 *)
UTI + — - —
TUI -+ - -
TTI -+ + —
UTII + + -+
TUII + + + -
TTII + + - =
UUI (r=0) + + + +
UUI (r=mn) + — + —
uun + + + +

(4.4)

Ezer Melzer 1559



Note that the notion of embedded spin structure makes sense
in the UUI case only when » = O or 77 [see (3.18) ]. Different
spin structures can be “connected” by moving along contin-

J

uous paths in SM, ,, the parametrization space of N = 2 su-
pertori. In this way we find the spin structure content of the
three disconnected components of SM, , to be

SM!, SMY SMYY 45
spin structure content: 4+ — |, — 4+, — — 4+ 4,4 —, — 4, — — 4 4,4+ — (4.3)
r
In the N = 1 case, it is possible to connect only the nontri-  where p,(z;7) =1 and
vial spin structures + —, — +, — — , whereas the trivial N - -
one + -+ is isolated. We see that the presence of two fer- p.(z7) _‘/p (z7) — plo;m)
mionic coordinates and the freedom to rotate one to the oth- (07T, (z;7) ( 12.3) (5.4)
= r=12.3). .

er, that we have in the V = 2 case, enables one to connect all
the possible spin structures (in the SM15 piece of the super-
moduli space).

V. SUPERELLIPTIC FUNCTIONS

In this section we construct meromorphic functions on
the supertori. They correspond to meromorphic functions
on the covering space C!* that are invariant under the gener-
ator pair (4,4 ') characterizing the supertorus in question,
and we shall refer to them as “superelliptic.” We have to
consider each type of supertori separately.

UTI: Any meromorphic function on C"?, depending im-
plicitly on 7, can be expanded in the form

R(Z;1) = Fo(z;r) + 0'F,(z;7)
+ O%F,(z;T) + 0'6%F,(z;7), (5.1)

with F, (i =0,1,2,3) meromorphic functions on C"°. For
being superelliptic in the UTI case, R (Z;7) must be invar-
iant under both transformations (3.11),

A zoz47, 8'-5—0! 6%- —08%
A z-z+1, 6'-6' 0*- -—62
Therefore, the functions F; must change sign when translat-

ed along the two cycles of the underlying ordinary torus in
the following way:

(5.2)

z-z+1 z-z+47T
F, + +
UTL: F, + —
F, — —
F, - +

We see that F,, must be an ordinary elliptic function, whereas
F,, F,, and F; are meromorphic sections of the spin bundles
over the torus, with + —, — —, and — + spin struc-
tures, respectively. Using the results obtained in Ref. 4 we
conclude that these functions can always be written in the
form

UTL: Fy(z;7) = po(z;7) - (an arbitrary elliptic function),
F,(z;7) = p,(z;7) - (an arbitrary elliptic function),
F,(z;7) = p,(2;7) - (an arbitrary elliptic function),

F,(z;7) = p,(z;7) (an arbitrary elliptic function),
(5.3)
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Here p (z;7) is the Weierstrass function of periods 1 and 7,
andw, =}, w, = 7/2, w; = (1 + 7)/2; the J functions (not
to be confused with the fermionic coordinates @) are as in
Ref. 14.

UTII: Here it is more convenient to write the generic
superelliptic function in the form

R(Z;7,6) = E, (2,8 ';1,6) + 0°E, (2,0 ";7,6). (5.5)
Then the invariance under the pair of transformations
(3.12),

A: zoz4+ 74015, 6'-60'+68, 0?-03
9 1 - 0 1 6 2 o — 0 2
forces E, to be a N = 1 superelliptic function (of the trivial

spin structure + + ),* that can be expressed as a rational
function of

Ry_1(2,0"1.8) = p(z;7+ 6'8) (5.7)
and the two derivatives D,R,, DR, = dR,/3z. E, can be
expressed as p,(z;7 + 6 '5) times some N = 1 superelliptic
function.

A similar treatment of the TU and TT cases brings us to
the following summary of superelliptic functions for the
twisted supertori:

1 subcases: R(Z;7) = Fy(z7) + 6 'F,(z;7) + 0%F,(z7)

5.6
A': z-z41, ( )

+ 0'0°F,; (7). (5.8a)
II subcases: R(Z;7,6) = E,(2,0";7,8) + 0°E,(2,6 ';7,5),
(5.8b)
with
Fi(z7) = p,(z7) fz7), (5.8¢)
E(2,0";7,6) = p,(z;7 + 6'8)-Sf(2,0 ';7,6)
=R,,(2,07.6) Sf(z,0",7,8), (5.8d)

where f(z;7) is an arbitrary elliptic function, Sf(z,0 !;7,8) an
arbitrary N =1 ( + + ) superelliptic function, and the val-
ues for 7 and s are assigned according to the following tables:

r assignment s assignment
i UT TU TT J Ur TU TT
0 0 0 0 1 0 0 0
1 1 2 2 2 2 1 3
2 3 3 1
3 2 1 3
(5.8¢)
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In the I subcases the functions g, p’,and p, (r = 1,2,3)
form a complete set of superelliptic functions, in the sense
that all the functions appearing as coefficients of 1, 8, 62,
and 6 '8 7 in the generic form (5.8a) can be expressed as ra-
tional functions of them. Similarly, the functions ®,, D,R,,
JR,/0z, and one appropriate R, [according to (5.8¢)],
form a complete set of superelliptic functions for the IT sub-
cases.

UUI: In this case we write the superelliptic functions in
the form

R(Z;7,r) = Fy(z;1,r) + 8 TF_(z;7,r)
+ 8 F, (z;r,r) + 070 " F(z7,0r), (5.9)

and then the invariance under the two transformations in
(3.17), namely,

A z-z4+7, OV se "0, @ —etVO,
A" zoz+1, 0+L0%, 00", (5.10)
implies that
Fy(z + Vyr,r) = Fy(z;7,r) = Fy(z + 1y7r),
F,(z+ Lirr)=F, (zr,r)=e*"F (z+ 7;1,0),
(5.11)

F_ (z+ lir,r)=F_(z;1,r) =e~ "F_(z + 7;1,1),
Fy(z+ L;nr) = F3(z;7,r) = F5(z+ 137,r).

Thus F, and F, must be ordinary elliptic functions (possibly
r dependent), whereas F , although unchanged under
z—z + 1, gain constant phases under z—z + 7. The latter
are therefore meromorphic sections of line bundles of zero
degree over the torus, and we can construct them by taking
the quotient of two theta functions' with displaced argu-
ments. A particular form, which will be used later, for the
desired F is

S (zr,rY=Hz + r/2m7) /9 (Z7), (5.12)

and for F_ we take ®(z;7, — 7). Any other F_ (or F_)
satisfying (5.11) can be expressed as the particular choice ¢
multiplied by some elliptic function. This ®(z;7,7) has sim-
ple poles and simple zeros at z=0 and — »/27 mod(1,7),
respectively. When rapproaches 27 (m + nt) (m,neZ) (the
lattice points defining the Picard torus) the poles and zeros
cancel each other and ¢ becomes entire:

Sz;rr=2r(m+nn))=Hz+m+ nr;7)/Hz;7)
— ( _ 1)m+ne-m‘n21’e—21rinz.
(5.13)

Only for these special values of 7 do there exist entire func-
tions F satisfying (5.11), namely (5.13) up to a constant.
Notice also that as r varies from O to #, ® interpolates
between 1 and p,(z;7) (up to constants), which are sections
of the trivial line bundle and the ( + — )-spin bundle over
the torus, respectively.!®> Together p, p’, and ®(z;7, + r)
form a complete set of superelliptic functions on the UUI
supertori; ¢ can be thought of as the ‘“supersymmetric
partner” of the Weierstrass function p in this case.

UUII: The superelliptic functions in this case naturally
generalize those of the N =1 ( + + ) supertori. The typical
function is

R(Z;1,6,,6,) = p(z;7+ 6 8, (5.14)
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which is clearly invariant under the two transformations in
(3.19). All the covariant derivatives of &, obtained by apply-
ingD; = 3/30" + 0'(3/3z) (i = 1,2) toit, are superelliptic
as well. The first few examples, with their expansions in the
fermionic coordinates 8, are listed below:

R=p +076p —0'0%5,5,p, (5.15a)
DR =6p + (p' — 6,6,p€)0 + 6'0%(e8) p’

(matrix notation!), (5.15b)
D\DR=665,p+ (87e8)p +0'6%p”, (5.15¢)

R=DIR=DIR=1p" 4+078p'—0'0°5,6,§,
(5.15d)
where the prime and the dot denote partial differentiation
with respect to z and 7, respectively, and on the rhs’s p and
its derivatives are always evaluated at (z;7). It is shown in
Appendix B that %, D,R, D,R, and ' form a complete set of
superelliptic functions for the UUII supertori.

VI. SUPERTORI AS ALGEBRAIC CURVES

In this section we derive differential equations, relating
superelliptic functions to their derivatives, and use them to
embed the N = 2 supertori into projective superspaces. In
addition to the two UU cases we treat only the UTI and
UTII cases as representing the twisted sector (the other
cases can be handled in similar ways).

UTI: This case is very similar to that of N = 1 supertori
with the nontrival spin structures (namely + — in ' and

~ — in 6?). The final result is obtained immediately from

Ref. 4. The supertorus, characterized by the single bosonic
supermodulus 7, is embedded into the projective superspace*
P2 by the map

(2,0',0%) - [x.9,1;6,91,81:83,¥3,63]
= [p(2),p'(2),1;0'p,(2),0 9} (2),0 'pp,(2),
0%p4(2),0%p3(2),0°pp,(2) ]. (6.1)

The image of the supertorus is described by seven polynomi-
al equations

Y =4x—gx — g, (6.2a)
2(x—e)yy =y, 2(x—e)¢; =g, (6.2b)
Y =2(x—e)) (x — e3)¢y,

YW =2(x—e)(x — &) s, (6.2c)
Si=x¢y, &3 =x¢s, (6.2d)

where e, = p(w,;7), £,(7) =60%"(m+n7)~*, g5(7)
= 140%'(m + n7) ~® are 7-dependent constants [Z' de-
notes summation over all integer pairs (m,n) # (0,0) ]. They
satisfy the relations

e, #e, for r#s (rs=1273), (6.3a)
e, +e+e;=0, (6.3b)
g = —4(ee; +e.e5 +eje) =2(&8 +¢é +62), (6.3c)
83 =4e ee;. (6.3d)

Equations (6.2c) are necessary only for the embedding of
the points z = @, (r = 1,3), forcing ¢, to vanish there; Egs.
(6.2b) fail to set the constraints which are required by (6.1).
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Notice that the points z = 0 are embedded according to
(0,6',6%)-(0,1,0,0,0, — 6'/2,0,0, — 6%/2).  (6.4)

The superconformal structure of the supertorus can be speci-

fied by a rational, meromorphic one-form on P> that agrees

with the “metric” dz + 6 Td0 on the image of the super-
torus. One such one-form is
dx | $idp | 4,44,
y xX—e XxX—e
UTII: Asin the previous case, we make small variations
on results that were obtained in Ref. 4 in order to get the
differential equations relating different superelliptic func-
tions that are used for the embedding. The supertorus is em-
bedded this time into P> via the map

(2,0 1,0 2) - [x)yyu,1;¢:¢’§’7],§]
= [R,%,%2,1,D,R,,D,%;,
0*R,,,0°R,,60%(R,,) R, ], (6.6)

where R, R, , [givenby (5,7), (5.8d), and (5.4)] and their
derivatives are all evaluated at (z,6 '), and they depend im-
plicitly on the two supermoduli 7,6. When embedding the
points z = @, one must take care and expand all the superel-
liptic functions in the fermionic coordinates before taking
the limits z— w,. In particular

E=0%p —e,(1 +10'8(p — &)/ (p —e)), (6.7a)
n=0%(p —e)(p —e) [1+40'8((p — &)/ (p —e,)

(6.5)

+ (P —e3)/(p —ey))l, (6.7b)
§=%02p’\/p—e2[1+%915
x(@“é‘ f28=by @’_é3)]. (6.7¢)
P —e P —e P —e;

The image of the supertorus is defined by the equations

Y =4x> — gox — g, + 249, (6.8a)
Y= (12x* — g,)¢ — 8(x + &), (6.8b)
2[(x — &)y + 091 = y*¢, (6.8¢)
2[(x — €) (&2x + &3) + 220917 = y(&x + §5)6, (6.8d)

P =2{(x —e))(x — e3)y — Sd[&,(x + 2¢,) — 12,136,

(6.8¢)

Y(@x + g =2{(x — e,) (x — €3) (&:x + &5)
— [2&,(x + 2¢,) — %gzl¢¢}§’ (6.8f)
u=Xx° (6.8g)
§=4y5. (6.8h)

Equations (6.8a)—(6.8c), (6.8g), and (6.8h) are sufficient
for the embedding except at the points z = w, (r=1,2,3).

They fail at these points since they admit solutions (e.g.,
x=e,y=0,u=¢e, ¢=e¢,05, ¢=k5 with arbitrary k, ¢,
and 7 arbitrary, £ = 0) that are not the image under (6.6) of
any point on the supertorus. Equations (6.8c), (6.8¢) are
analogous to (6.2b), (6.2c) of the UTI case, and can be
obtained from the latter by the “supersymmetric continu-
ation” 7—7 + @'6. In the derivation we used the relations
(6.3) and the identity

6'6 = (D,R,/R])6. (6.9)

Equation (6.9) is in fact the source of the problem we have at
the points z = w,, where y = 0, because of the y = R in the
denominator. Equations (6.8d), (6.8f) are obtained from
(6.8c), (6.8¢) using (6.8b). They “cure” the problem at
z = w, but are not sufficient by themselves because they in-
troduce new (noncoincident!) problems at points where
(£,x + g5) vanishes. The points z= 0 are mapped by the
above embedding into

(0,6',60%) - (0,0,1,0;0,66 ,0,0, — 6?). (6.10)

A rational, meromorphic one-form on P> that agrees with
the metric dz + 8 T d6@ on the image of the supertorus is

ydx + ¢ dg yede
V+ oy (x — &)y + &,6¢

UUI: In addition to p and p’ we want to use ¢ [defined
in (5.12)] and possibly its derivatives for embedding UUI
supertori into projective superspace, and so we need equa-
tions that relate these functions. The theory of elliptic func-
tions enables us to derive such equations (we use the nota-
tion and conventions of Ref. 14). Starting from the more
symmetric function (whose pole structure, however, is not
appropriate for the embedding purpose)

& (z;7,47u) =D (z — w;r,470)

(6.11)

=Nz + w;7)/Hz — wyr), (6.12)
where we set u = r/44r, we get an elliptic function
Pzramu) _d, o __a_ln,y
(D(Z;T,47Tu) 9z z+u o0z z—u
=—Ino —29,(z+u)
Z zZ4u
d
—|=Ino -2 (z—u)]
az z—u g

=¢(z+wr) —{(z—u;T) —4nu
=20(w7) — (9" (w;7) /(P (z7)

— p (7)) — 40, (6.13)

where 7, = £ (J;7).'® For getting an equation that involves ¢
we translate z in (6.13) by -+ u, and then use the addition
formula for the Weierstrass function p and its differential
equation (6.2a), to obtain

' (zTdmu) 2 () — dnu — ’ : p'(u) .
@ (z;7,47u) ip'(2) — ' () (p(2) — p(w))]* — p(2) — 2p(u)
20" (W) [p(2) — p(u)]?
=2 —4nu — , (6.14)
S A = @ — P ] — p W) P D —p (W]
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suppressing the 7 dependence of the rhs. A few observations are in order: (1) ¢’/® has simple poles at z=0 and — 2u
mod(1,7), and accordingly both sides of (6.14) are infinite there. (2) As it stands, the rhs of (6.14) is not well-defined for
r = 4ru = 0 mod(4w,4sr) because the functions {(u), p (), p’(u) diverge there, but in the limit # —0 we get a meaningful
result and (6.14) still holds. (3) A similar problem is encountered at z =« mod(1,7), for a fixed 470 mod(1,7), because
both the numerator and the denominator on the rhs vanish there. At these points the polynomial version of (6.14), when used
as an embedding equation, would not put any constraint on the projective superspace coordinates, and we will have to
complement it by an additional equation. As the source of the problem lies in the singularity of the addition formula for
# (z + u) at the points where it degenerates into the “duplication formula” p (2u) = 1[p" (4)/p (u) 1>—2p(u), weusea

different version of it which does not have this flaw,

p2(2) + p(2)p(u) + p°(u) — g,
p'(2) + p’(u)
(it is obtained from the original formula by noting that

p(z+u)=4

2
] —p(2) —p(u)

(6.15)

[P’ DP—[p' WP =4[p(2) —p(W)][p*(2) + p @) p(u) + p*(u) — 1g,]).
Equation (6.14) can now be rewritten in a form nonsingular at z = u mode (1,7) (singular, however, at some other points),

Z___((ZZ::::)) =24 (u) — 4nu
B 1p' (W p'(2) + p' )] . (6.14)
p" (W) [p*2) + p(2)p (1) + p2(u) — 18] — p' (W) [p(2) +2p (W) 1P’ (2) + p'(4)]
I

Ignoring for. a moment the points z=0, a UUI super- (2,0 7,0 ) > [xy,Lé, ¥ 6 & ]
;c;ill;seii cilzlzt;aétffl;;d by the bosonic supermoduli 7, r) is em- = [p(2),p'(2),1;0 *®_(2),
(2,6 *,0 7) - [xyd 0.9, ] OO @67 p0- (0,070, ()

— [P0 (20D _(2),0 40" (2), 07, 2.07pP. (D], ©19

0-0,(2),0~ 9, (2], (6.16)

where @, = ®(z;7, 4 7). The derivatives ®’, are neces-
sary for embedding the points z= Fr/2r= F2u
mod(1,7) where @, vanish, for 70 mod(27,277). When
r =0 mod(2m,27m7) we can avoid using them, and in fact
embed the supertorus minus the points z = O into the smaller
space C>2, by

(2’0 +,0 —) — [x’y;¢+’¢_]
= [P[(Z),IP'(Z);H +e21'rinz’0 —e—21rinz]

for r = 2w (m + nt); m,neZ]. (6.17)
The embedding equations are in general
}"2 =4x> — gx — 2s (6.18a)

+2p"(u)[x — p() %P ..
={y, + [2{(u) —4nuld_ }
x{p" (W) x—pw)] +p'(W)y+ p'(w)l}

(6.18b)
P Wy F ',
={¢, +[25(u) —4nuld }
X{p" (1) [x* + p(u)x + p>(u) — 1g,]
+ o' (W) [x+2p(W) Iy F p' ()1}, (6.18¢c)

where u = r/4, as before. If (6.17) is used for the special
cases r = 27 (m + nr), then only (6.18a) is needed. In order
to embed the points z = 0 as well, we have to add two fer-
mionic coordinates and go to P*¢
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and in addition to (6.18), the image of the supertorus obeys
L =xd .. (6.20)
The points z = 0 are embedded by (6.19) according to
(0,6 *,6 7)—(0,1,0;0,0,[ F(2u) /24 (0)]18 *,0,0,
— [3(2u)/28'(0)]16 7). (6.21)

Equation (6.21) is singular for the special cases
r=4mu = 2m(m + nr), because the theta function vanishes
at m + n7. What happens is that ®, which generally has a
simple pole at the lattice points, becomes analytic there when
r=2m(m + nr), and the additional coordinates needed for
the embedding into projective superspace must be obtained
from 6 *®_ by multiplying them by an elliptic function of
higher singularity at z = 0. Since we are forced to use a dif-
ferent form for the embedding of supertori with the special r
values, we might as well extend the simpler form (6.17),
instead of (6.16), to projective superspace [in these cases
¥, areproportionalto¢ , in (6.16)]. We get a nonsingular
embedding into P** by

(2,9 +’0 _) nd [X,y,1;¢+,§+,¢_,§_]
— [p(z),[p’(z),l;e +eZ1rinz’
0 +e21rinzpl(z)’0 e~ Zm'nz’a —e~ Zwinzp:(z)]

[for r = 27w (m + nw),m,nell, (6.22)

with the equations
P4 g g, (623a)
§.=)b,. (6.23b)
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As a side (nonsupersymmetric) result of the above dis-
cussion we get an explicit algebraic embedding of zero-de-
gree line bundles over the torus into projective space. It is
obtained by ignoring one of the & * coordinates and treating
the remaining one as an ordinary, complex local coordinate
on the fiber. Nontrivial line bundles [r527m(m + nt)] are
embedded into P° and trivial ones into P*, where the embed-
ding equations are easily obtained from (6.18)-(6.20) and
(6.23), respectively.

A one-form on P>® that reduces to the metric on a super-
torus that is embedded by (6.19) is

[1+ [a'(O) ]2 ¢+¢_+¢_¢+]d_x

d2u)l 2[{x—pQRu)] ] y
(8O p.db_+¢_d, (6.24)
32u) 2[x — p(2u)]

for its derivation we used the relation

?Qu)

., (DP_(2) = - | o)

2
] [p(2) — pQu)].
(6.25)
A one-form on P>* that plays a similar role for the embed-
ding (6.22) is
(1+ 4ming , ¢_)(dx/y) + (P, dp_+$_do,), (6.26)
where n is the integer such that /27 = n7mod 1.

UUIL Following the N=1 ( + + ) case we embed a
UUII supertorus (characterized by the supermoduli 7, §,,
8,) into P>* by
(219 1902) - [x’y’u’1;¢1’¢2r¢l:¢2]

= [R,% %% 1.D,R,D,R,D,R' . D,R'], (6.27)

_J

WP (ydx+¢7dp) + (& + £):4,(8"€ db) + h(x)8,5,(8"€ dg)

where R(z,60 ',02,7,8,,8,) is defined in (5.14). The embed-
ding equations

V(P — 4+ gx + g3 — 20™Y)

+ 6:6.0162(82x + £3) =0, (6.28a)
y(2pp — 12X°¢ + g0 + 68,% + 625)

— €[8,6,(8:x + 83)¢ — 68,6.,6,] =0, (6.28b)
() — 43> + gox + g3 — 26")5 =0, (6.28¢)
u=x (6.28d)

can be obtained from (5.15), using the Weierstrass equation
(6.2a) and its derivatives [see also (B9), (B10)]. Notice
that Eqgs. (6.28b), (6.28c), are written in matrix notation.
Equation (6.28c), obtained from (6.28a), is needed for re-
moving the arbitrariness that is encountered when y = 0. It
is redundant, however, in the trivial case 6 = 0 for which we
have to use different embedding equations [obtained from
(6.28) by setting 6 = 0 and cancelling all overall y factors],
or use an altogether different embedding into a smaller space
as in (6.22). It seems, without any obvious reason, that we
cannot avoid using exceptional embeddings for both the
UUTI and UUII cases at the trivial point where they cross.
The points z = 0 are embedded by (6.27) according to

(0,6',6%) - (0,0,1,0:0,0,60 ',662), (6.29)
as can be seen from
(DR'/R?) |,_o0 = 66. (6.30)

A rational, meromorphic one-form on P>* that reduces to
the metric dz + 6 7 d6 on the image of the supertorus is

(6.31)

2y3(y2 + ¢T¢') + (&x + g3)¢1¢2(5T6¢) + h(x)61(52(¢T6¢)

where 4 is the rational function such that
h(p) =2[p(p")? —2pp'p" + 9°p"]. (6.32)

The rhs of (6.32) is clearly even in z, and the fact that it is an
elliptic function can be verified directly by using

AN d \r A%
() el =(5) el (5) 01

-50)G) (=5)ere e

Finally we discuss how the compactification of SM, , is
achieved by adding to it points with 7 = i o0 . The SM], piece
is compactified by adding only two distinct points, one for
each of the UT and TU covering sheets of M, (see Sec. IV).
The point at infinity of the TT sheet is identified with that of
UT under the action of the generator .S of the supermodular
group. For the compactification of the SM1; piece we use the
embedding equations of the corresponding supertori to find,
asin Ref. 4, that only two points have to be added also in this
case. Recall that SMY, is a Z,-orbifold of SM}, X C*!, and
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the compactification is achieved by compactifying the SM!,
component as described above and identifying all the points
along each C®' fiber over the two additional points at
T = ioo. We arrive at this result by noting that the fermionic
supermodulus § disappears from the embedding equations
[see, e.g., (6.8)] in the limit 7— i, and so there are only
two singular supertori in that limit (once more the UT and
TT ones are identified) and not two families labeled by &.
Essentially the same thing happens when we compactify the
SMYP™ part of SM},’; the (8, ,6_) dependence disappears
from the embedding equations as 7-+ic and only one point,
or a fiber with all its points (6, ,56_) identified, has to be
added at 7 = ieco. The compactification of the SMYU! part
has not been worked out yet.

Vil. DISCUSSION

In this paper we have studied N = 2 supertori and some
of their algebro-geometric properties. Superconformal
equivalence classes of supertori were characterized by a total
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number of four parameters (supermoduli), two bosonic and
two fermionic. Some parameters vanish identically in each
piece of the parameter space which therefore does not con-
tain a four-dimensional component (excluding the possibil-
ity of having nilpotent bosonic supermoduli). Most notably,
in the presence of two nonvanishing bosonic supermoduli all
the fermionic ones can be “gauged away,” and the resulting
configuration corresponds to a special family of ‘““‘untwisted”
supertori. Spin structures of the ordinary torus were seen to
be naturally embedded in N = 2 supertori, and all the four
different spin structures were shown to be continuously con-
nected along paths in the supermoduli space.

Results in the theory of superelliptic functions were ob-
tained. We found sets of a small number of functions in terms
of which one can rationally express any meromorphic super-
function on a supertorus of any type. In particular, in the set
related to the special untwisted supertori, the fermionic su-
perelliptic functions that join the bosonic Weierstrass func-
tion and its derivative were constructed from the ratio of two
displaced theta functions. The superelliptic functions were
used for embedding the supertori into projective superspace
where their image was written as the locus of zeros of sets of
polynomials. The superconformal structure on the super-
torus was encoded in a rational one-form on projective su-
perspace that reduces on the image of the supertorus to the
even component dz + 6 7 d6 of the supergravity frame field.
The embedding equations facilitated the study of the com-
pactification divisor of the genus 1 supermoduli space.

Some mathematical points have still to be clarified.

(1) How can we define admissible coordinate charts, if
such exist, on the untwisted sector of super-Teichmiiller
space. This is important for understanding the supermani-
fold structure of the supermoduli space and for defining an
integration measure on it.

(2) Straighten out the discrepancy between the two ap-
parently different descriptions of the untwisted sector of su-
per-Teichmiiller space, as obtained using the physically intu-
itive approach (Secs. III and IV) and using rigorous
superspace theory (Appendix B).

(3) Complete determining the boundary of the untwist-

ed sector of supermodauli space.
More advanced questions in the theory of N =2 SRS’s are
not likely to be answered before further developments of the
algebraic geometry of SRS’s in the N =1 case are made.
Some of the open problems are the derivation of an addition
law for the superelliptic functions and finding a more natural
way of specifying the superconformal structure on the em-
bedded supertori,* as well as constructing the supermoduli
spaces for higher genera and embedding the corresponding
SRS’s into projective superspace.
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APPENDIX A: CONJUGATING SUPERTRANSLATIONS

In this appendix we summarize the conjugations, by
various superconformal tranformations 4, that are used in
Sec. I11I for bringing generator pairs (4,4 *) of the form (3.1)
to canonical forms

(4,4") > (h ~'Ahh —'4'h). (Al)

The resulting pair is required to have the form (3.1), so that
it also gives rise, like the original pair (4,4 '), to a well-be-
haved supertorus in the sense described in Sec. II1.

The first type of conjugation we consider is performed
by transformations of the form (3.1), for which we use the
notation introduced in the text.

h= (6’()!3): h_l - (6T;Oy_68))
A= (0,b8)-h"'4h
= (0007 + 87(1 + 0)6 — 3708,
0[6—(1—0Nd)), (A2a)
and similary for4 ' = (O’,b",8"). Notice that & changes only
by pure soul terms so that Im(b /b '), remains unchanged,
and we do not have to worry_ about reordering the (4,4"')
pa1r As a special case, when 5=0, we get
= (0,,6) -h ~'Ah = (000 T,b,OzS).
The following observations are important.
(1) Whendet O = 1, i.e., O = R(r) [using the notation
introduced in (3.2), (3.3) ], Ois brought by the conjugation

(A2) either to itself or to its transpose (inverse) R( —r),
depending on the sign of det O. When det 0= — 1, i.e,

(A2b)

O=M(r) =R(r)I, we can choose O=R( —r/2) and
“canonize” Ointo I = " 1) (at the expense of rotating
8).

(2) 6 can be conjugated to zero only if the matrix
1 — O 7is invertible, which is the case only when det 0 = 1
and O # 1 [more precisely, if we allow O to have soul terms,
00 =body(0)#1]. In particular, choosing 0 =1 and

5=(1—-07)7'5, weget
(R(r),0,8)—(R(r),b — 8" [1 — R(—r)]7'8,0)
if r,#0 mod 27 (A2c)

If O =1 [as we saw above, any M(r) can be brought to this
form] then the best we can dois choose 0 =1, 5= (a /2) 5)s
and get

(10(5.))~(2(5))

Now choose /1 to be a transformation of the form (2.6)
withc=0=y=65,0=1,andd = a~' (¢ must be invert-
ible), i.e.,

(A2d)

%2 =a’z,
0 = adb,
and we get

A= (0,b,8)-h '4h = (0,a°b,ad). (A3)

The following conjugations (A4) — (A6) will in gen-
eral spoil the required form (3.1) of (4,4 "), but for certain
commuting pairs of generators that we encounter in Sec. I1I
they are well behaved. Hence we just state the tranformation
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h that is used without the explicit action on a generic gener-
ator.
In(2.6)takea=b=d=1,c=0,6=%,andO0O=1to
get
N {%= (z+ D1+ 60Ty —20'0%,y,),
"l0=0 + (z+ D)y + 6'0%y,
pos o200 2062 — 1,
" 10=0—2(y + 2y,7,€0) — 6'60%y.
Taking I instead of 1 we get a slightly different form:
) [2: (z+ 11+ 0TIy +26'0%y,7,),
"16=16 + (z+ 1)y — 8'6%,
. [z =2(1 - Ty —20 '79271,;/2):},
" O=1[0 — 2(y + 2y,7,€0) — 6'0%y].
For treating the UU case we need conjugations by trans-
formations that are not elements of SPL, (2,C), namely ones
that involve rotations in the @ plane whose angle is linear in z

(the corresponding generator is T, ). The simplest such con-
jugation makes use of

Z2=z
h: [é = R(t2)6,
with ¢ a bosonic constant. A more complicated one is defined
through exponentiation of elements of the N =2 SCA (we
could not find an explicit expression for the corresponding
supergroup element),
h=exp(it,T, + ¥'G.,,), (A6)

where t, and y; (i =1,2) are constants (bosonic and fer-
mionic, respectively). For being able to work with this repre-
sentation we note (using the Baker-Campbell-Hausdorff
formula!”) that

A (R(r),b,6)

= exp{[b + (7/3)sinc™2(7/2)6,8,]1L _, + irT,

(Ada)

(A4b)

(AS)

+ sinc™1(r/2) [67R( — r/2)G_, 1}, (A7)
where
) n2n]—1
sinc_lrz .r =[ (—_1.)___’2__] N (As)
sinr L.Zo (2n4 1)!

What makes (A7) useful is the fact that for nilpotent » both
the sum in (A8) and its inverse are finite! We remark also
that on the ths of (A7) we may have r = 27n + (nilpotent
part) (neZ) without affecting 4, but on the rhs r always
stands for the nilpotent part only. The conjugation is done in
the “algebra level” using the expansion

e X'F —exp{Y + [V.X ]+ (1/2)[[V.X].X] + -},
(A9)

and the (anti-) commutation relations of the N = 2 SCA.®

APPENDIX B: RIGOROUS SUPERSPACE THEORY

In this appendix we study the consequences of employ-
ing more rigorously the Rogers supermanifold approach to
our discussion, and also use it for carrying out a proof that
was omitted from the main text. Basically, we introduce an
underlying Grassmann algebra generated by some large
number (but finite) of anticommuting elements, and consid-
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er all the coordinates and parameters involved in the discus-
sion as being valued in it. For more details the reader is
referred to Ref. 11. The main difference between this ap-
proach and the more intuitive, physical one is that bosonic
variables are not treated as ordinary complex (or real)
numbers but as possibly having additional nilpotent parts
(“‘souls”). This allows us to have consistent, direct interpre-
tation of expressions like those appearing in (3.1), for in-
stance, where we add a nilpotent term 8 708 to the bosonic
coordinate z.

Most of our results in the main text remain unchanged;
we need only change the interpretation of the variables in-
volved. New features appear, however, in the treatment of
the UUII type of supertori in Sec. I11, where we bring gener-
ator pairs that characterize this type of supertori into a ca-
nonical form. More explicitly, we have to consider supertori
whose generator pair is of the form

A(R(r),n,6) and A'(R(7),1,§)

with 7, =r{ =0 mod 27, (B1)
i.e,, r and ¥ are both pure soul instead of being simply zero
(mod 27). The commutativity conditions (3.9), (3.10) re-
quire in this case

ST[8' + R(rY(8 —8)] =0, (B2a)
R(N[1—-R(¥)16=R(X)[1—-R(N]S, (B2b)
which can be shown to be equivalent to
S"R((r —1)/2)8 =0, (B3a)
rsinc™ l(L)R (1)6' =/ sinc™ 1(L)R (L)é . (B3b)
2 2 2 2

Here 7 and 7 are pure souls, any 27m terms having been
removed, and the sinc™! function is defined in (A8). As-
suming (B3) to hold we can use conjugation (A6) with

1 /2). r
ty=7rV—|—+4+— smc"(—)&'&’,
! (2 *3 2/ '

Y= sinc“(i)R (L)S’,
2 2

which brings &’ to zero without changing the form (3.1) of
the generator pair. Now conjugations (A3) and (AS5) are
used for bringing ¥ to zero, and we arrive at the canonical
form

A(R(r),r,0) and 4'(1,1,0). (B5)

Here r, =0 mod 27, Im 7> 0, and & is an arbitrary fer-
mionic column vector; the conditions (B2) are automatical-
ly satisfied and do not impose further constraints. Conjuga-
tion (A2) can be seen to give rise to superconformal
equivalences within the family of supertori described by
(B5), namely,

(1,7,8) ~(7,(det 0)r,06 + rd), (B6)

where O and 3 are arbitrary, and 7 differs from 7 only by a
nilpotent term depending on r, §, O, and 6. We could not find
a way to use (B6) nor find some other conjugations that
further simplify (B5) and avoid the “gauge freedom” ex-
pressed in (B6). An even more disturbing problem is the fact
that the bosonic parameter r is restricted to have a vanishing

(B4)
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body, and as such it cannot play the role of a coordinate on
the super-Teichmiiller space, which is expected to have the
structure of a supermanifold. It would be nice to be able to
conjugate r to zero, hence reproducing the result of the main
text, or conjugate it to be proportional to 6,6, through an
unconstrained bosonic constant. Finding the necessary con-
jugations or proving that they do not exist is difficult, be-

S: UUII-UUII T—>T+l r-r,86-6;

T: UUII-UUIK ,_,:[, - L sinc‘2(%)5152],

T 3r
PR si.n(r/ZT) 5
L sin(7/2)

where T2 sends (7,7,8) to (r, — r,i8). Notice that when
6 =0o0r r=0 (B7) reduces to (4.2),(4.3) for the UUI or
the UUII case, respectively. We have not worked out the
superelliptic functions nor the embedding into projective su-
perspace of the UUII supertori described by (B5).

We turn now to a proof of the completeness of the set of
superelliptic functions &, D, R, D,R, and R’ in the UUII case
with r = 0 mod 27. We use the same method used in Ref. 4
for proving that the set #,, D,),, and R is complete for
N=1 (+ + ) supertori. An arbitrary superelljptic func-
tion is expanded in the form (5.1),

f(2,6:1,6) = Fy(z;7,6) + 0 'F,(z;7,6)
+ 0°F,(z;7,6) + 6 '0°F;(z7,6), (B8)

and we express 8 ', 82, 6102, and the functions F; in terms of
R, DR, D,R, and R’ up to terms of higher order in the
generators of the underlying Grassmann algebra. This is
doneby first noting that the bodies F;, of F; (i = 0,1,2,3) are
all ordinary elliptic functions that can be written as rational
functions of p and p’, and replacing the latter by R and &',
respectively, we get superelliptic functions F, that differ
from F,, only in soul. Next we use the identities

oD% _5 6 " + I[aT( )] b DR (B
ml pll ml
-~ 2
enaz=£@_,2%$__£_(0 b 65)+5]52(L),
(m) P’ m pl
(B10)
for writing
~ DR~ DR~ DRDR -
f=F,+=—F + s;' F,+ (m)i F+f.
(B11)

Thefunctions f‘, depend on (z,0) only through # and %',
and f is defined to be the function that satisfies (B11) and so
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cause it is hard to sort the conjugations that do not spoil the
form (BS5) of the generator pair out of the vast number of
superconformal transformations (2.3).

Replacing the UUII canonical form (3.19) by (B5) re-
quires a revised form for the action of the supermodular
group on the corresponding piece ST ™ of the super-Teich-
miiller space, which can be shown to be described by

(B7a)

L PR CR L P24 P

(B7b)

is necessarily superelliptic. It can be expanded once more in
the form (B8) where this time the expansion functions are at
least of first order in the Grassmann generators. We repeat
the above process inductively to fully express the (z,0) de-
pendence of f through R, D,R, D,R, and R’, which proves
our claim.
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Transversality theory is used to study the curvature of generic space-times in general relativity
and some applications to unique determination of the metric by the curvature are given.

1. INTRODUCTION

In general relativity the physical space-time metric can
only be measured with finite accuracy. Thus, as pointed out
by Hawking,' when proving theorems it is sufficient for
physical purposes to show that they hold generically, i.e.,
that they hold for almost all metrics in an appropriate sense.
This can be formulated mathematically by defining a proper-
ty to be generic if it holds for an open dense subset of the
space of all Lorentz metrics on a given manifold in a suitable
topology. In this paper the Whitney C * topologies are used.
The relative merits of this choice and others are discussed in
Refs. 1-3.

The main results in this paper are concerned with cer-
tain generic properties of the curvature of space-time. Prop-
ositions 6.1-6.3 discuss the Riemann tensor, energy-mo-
mentum tensor, and Weyl tensor, respectively. Section II is
concerned with matrices that represent the components of
the curvature at a point of space-time. It is shown that the set
of matrices of a given algebraic type is a regular* submani-
fold of the relevant matrix space and a method is given of
calculating the dimension of such a submanifold. In Sec. III
the maps sending a metric to the various types of curvature
are studied. The methods used are local, working in Rie-
mann normal coordinates. Section IV presents some results
on transversality required in the main proofs. The idea is to
identify natural submanifolds of the bundle J *L of two-jets of
Lorentz metrics defined by conditions on the curvature and
compute their codimensions. It is then possible to define a
generic set of metrics by requiring them to be transverse to
these submanifolds. This transversality condition ensures
that the subset of space-time on which one of these curvature
conditions is satisfied is a regular submanifold and that its
codimension is the same as that of the corresponding sub-
manifold of J2L. In Sec. V this procedure is carried out using
the information obtained in Secs. II and III In Sec. VI the
main results are stated together with some corollaries on the
determination of the metric by the curvature and on holon-
omy groups.

{l. SOME RESULTS ON MATRICES

A. The Riemann tensor case

Consider the action of the Lie group
G = GI(6,R) X Gl(6,R) on M (R), the space of real 6X6

) Present address: Max-Planck-Institut fiir Astrophysik, Karl-Schwarzs-
child-Strasse 1, 8046 Garching bei Miinchen, Federal Republic of Ger-
many.
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matrices, given by ¢((P,Q),X ) = P ~'XQ. The orbit of a ma-
trix X under this action consists of all matrices with the same
rank as X. Let . be the set of symmetric matrices in M (R)
and let H be the subgroup of G consisting of elements that
map % onto itself. The transformations arising from the
action of H include all congruence transformations (i.e., the
case P~ ' = QT) and so the action of H on .# has only finite-
ly many orbits. In each one finds a diagonal matrix each of
whose entries is + 1 or 0, i.e., the Sylvester canonical form.
It will be shown that each orbit is a regular submanifold of
 and that these manifolds “fit together nicely.” To make
the latter precise some definitions are required.

Definition 2.1: Let C be a closed subset of smooth mani-
fold X. A finite set A,...,4, of regular submanifolds of X is
said to be a stratification of C if

(i) Z,.H \4;,; C4,U---U A4, foreachi,

(ii) dim 4, <dim 4, ;, foreachi,

(iii)) 49U --U4, =C.

Definition 2.2: A stratification Ag,-.., A, of Cis said to be
smoothly locally trivial if given xe 4, there is an open neigh-
borhood U of x, manifolds Y and Z, astratification 4 §,...,4 a
of a closed subset C’ of Y and a diffeomorphism f: Y X Z - U
so that

Y AC'XZ)=CNUT,

(i) {4 X Z) = A,NU, foreachi,

(iii) 4 ] is a single point.

Intuitively this says that near x the given stratification looks
like the product of 4; with a stratification of lower dimen-
sion.

Now let J be the matrix
diag{l,‘;l.. 1, — 1,.1.,;z —1}

and consider the orbit & in % containing the matrix
X, = [3 0]-If P(¢) is a path in G1(6,R) with P(0) = I, de-
fine X(¢) = P(£)X, P7(¢). Then

dPT

r 0).

Let I be the plane through X, that is the union of the vectors
(dX /dt) (0) for all such paths. Let IT* be the plane through
X, that is the orthogonal complement of IT with respect to
the inner product (X,Y ) = tr(XY) on &. Here IT* consists
of all matrices of the form [} & | where S'is symmetric. Then
X, is the only matrix of rank p, 4 p, in IT'. Let K be the
subgroup of H that fixes X, and let ¥ be a submanifold of H
with the property that T,H = T,K + T, V.* Define a map f
from ¥V X I1*to & by f(v,X) = ¢(v,X). The Jacobian of fat
(e,X,) is nonsingular. It follows by the inverse function
theorem that there are open neighborhoods U, of ¢ in ¥ and

dX dP
— (0) =— (0) X, + X,
dt() dt()°+°
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U, of X, in IT* such that the restriction of f to U, X U, is a
diffeomorphism onto an open neighborhood U of X, in ..
Also f~'(Z) = U; x{X,} and so & NU is a regular sub-
manifold of 7. Since H acts transitively on & it follows that
¢ is a regular submanifold of .. By the same token any
other orbit &' is a regular submanifold of .. It follows that
if A, is the set of symmetric matrices of rank i then the 4,
form a smoothly locally trivial stratification of .. To see
this take U, as the manifold Y in Definition 2.2 and let
A} =A; N U, ThentheA ] form astratification of ¥ and all
the conditions of the definition are fulfilled. From the explic-
it form of IT* that is the normal plane to the orbit at X, it can
be seen that for p, + p, = 5, 4, and 3 the codimension of the
orbit (i.e., dim ¥ — dim &) is 1, 3, and 6, respectively.

The normal space of & at X, (i.e., the plane through the
origin parallel to I[T") contains no matrices of rank 6. Using
the action of H it follows that the normal plane of £ at any
point contains no matrices of rank 6. Thus if Z, = [ _% ],
where [is the 3 X 3 identity matrix, Z,is never normal to any
orbit except the trivial orbit {0}. This fact will be important
later.

B. The energy-momentum tensor case

Let 7 be the matrix diag { — 1,1,1,1}. A 4 X4 matrix X
will be called self-adjoint if X = X "5. The self-adjoint ma-
trices form a ten-dimensional linear subspace T of M,(R).
Let .¥ = { PeGl(4,R): P "ypP = 5}. Here .% is the Lorentz
group and it acts on 7" by similarity: (P,X)—-P ~'XP. All
matrices in a given orbit of this action have the same eigen-
values.

If p is a point of space-time and we choose a coordinate
system so that the matrix of components of the metric at p is
77 then the matrix of components 7,° of the energy-momen-
tum tensor at p is self-adjoint. Hall® has given canonical
forms for 7T, under the action of the Lorentz group. His
results are expressed in terms of a null tetrad. If we trans-
form to an orthonormal tetrad we obtain canonical forms for
self-adjoint matrices under the action of . by similarity.
There are four cases corresponding to Egs. (3)-(6) in Hall’s
paper:

[+ 1 +1 0 0
¥l pp¥F1 0 O ’ 21
0 0 p, O
L 0 0 0 ps
5, 0 —1 0
0
¢ : (2.2)
1 1 p O
0 0 0 p
-Pl —-p, O 0
A 2.3)
0 0 p O
o 0 o0 p,
diag{p,,p;,p3.04} - (2.4)

Each orbit under the action of .¥" on T contains at least one
matrix in one of the canonical forms (2.1)—-(2.4).
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Following Ref. 5 the set of matrices in 7 of a given Segré
type’ will be called a bundle. It is a union of orbits. For X,eT
let II be the tangent plane at X, to the orbit & containing X,
and let IT* be the normal plane to & at X, with respect to the
inner product (X,Y) = tr(XY 7). Suppose that X, is in one
of the canonical forms introduced above and let H be the
subgroup of .# that leaves X, fixed. If ¥ is a submanifold of
L with T,.¥ = T,Ve T,H then as in Sec. I A there are
open neighborhoods U, of e in ¥ and U, of X, in IT* and a
diffeomorphism f from U, X U, onto an open neighborhood

Uof X,

Here X, is block diagonal with blocks of order n,,...,n,,
where n,+ - ' -+ n, =4. Identify the vector space
M, (R)e - oM, (R) with the linear subspace of

M,(R) consisting of block diagonal matrices with blocks of
these orders. It is possible to express X,as X; @ - - - @ X,
where, for each i, X; has only one eigenvalue and X; and X;
do not have the same eigenvalue unless i=j. Let T,

=TN M, (R),let &, be the set of matrices in 7, similar to
X, and let B, be the set of matrices in T; with the same Segré
type as X;. It can be shown® that the normal space to & at X,,
is the direct sum of the normal spaces to the &, at X;. Also if
Y=Y,® - - - @Y, belongs to a sufficiently small neigh-
borhood of X, then Y is similar to X,, if and only if ¥, is
similar to X; for each i = 1,...,k.

Let T'{ be the matrices of trace zero in T; and let Z; be
the scalar multiples of the identity matrix of order n; so that
T,=T!eZ,. Then B, = (B, N T])XZ, because adding a
scalar multiple of the identity to a matrix does not change its
Segré type. Now B, N T/ consists of a single orbit [except in
the case of the canonical form (2.1) where it may consist of
two orbits corresponding to the two choices of sign in the
canonical form]. It can be shown by a case by case check,®
using the canonical forms given, that there is an open neigh-
borhood of a matrix in the normal plane to B; N T'; at that
matrix that only intersects B, M T/ at a single point. Thus
the normal plane to &, at X; intersects B, precisely in the set
X + Z,,ie., {X; + Y: Ye Z,} within some neighborhood of
X;. The conclusion is that there is an open neighborhood U,
of X, in II' such that U,NB=U,N(X,

+ (Z,8" - - oZ,)). It then follows from the existence of
the diffeomorphism from U, X U, to U constructed earlier
that B is a regular submanifold of T. In fact the union of the
bundles of a given dimension is a regular submanifold of 7T
and as in Sec. II A it follows that these submanifolds form a
smoothly locally trivial stratification of 7.

The above argument also gives a method of calculating
the dimensions of the bundles. Consider the Segré type
{1,1(11)}. This means that the canonical form is (2.4) with
Ps = ps- By direct computation the Lorentz matrices that
leave this fixed are those of the form

+1 0 0
0 +1 0],
0 0 4

where 4 is a 2 X2 matrix with 4 7”4 = I. Thus H is one di-
mensional in this case. Thus the dimension of the orbit is
dim & — dim H = 5. Since there are three independent
eigenvalues and hence three blocks in the decomposition of
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X,, dim B= 75 + 3 = 8. For Segré type {1,(111)} the ca-
nonical form is (2.4) with p, = p, = p,. In this case H con-
sists of all matrices of the form [ %, §], where 4 isa 3 X3
matrix with 4 74 = I. Thus H is three dimensional and the
dimension of the orbit is 3. Since there are two independent
eigenvalues the dimension of the bundle is 3 + 2 = 5. This
method can be used to calculate the dimension of any of the

other bundles.

C. The Weyl tensor case

Consider the set Z of symmetric complex 3 X 3 matrices
with zero trace. An argument similar to that of Sec. II B, this
time making use of the Petrov canonical forms, shows that
the bundles of matrices of given Segré types in Z (which
correspond to the Petrov types) form a smoothly locally
trivial stratification of Z. We regard Z here as a real ten-
dimensional manifold. More details can be found in Ref. 3
where it is shown that the bundles of matrices of types I, II,
D, and I1II are of dimensions 10, 8, 6, and 6, respectively.

Ill. THE DEPENDENCE OF CURVATURE ON THE
METRIC

A. The Riemann tensor

Let M be a fixed four-dimensional manifold and let J L
be the bundle of two-jets of Lorentz metrics®. The Riemann
tensor of any Lorentz metric has the symmetries

Rabcd = —Rbacd ’ (3-1)
Ripca = Regas » (3.2)
Rpa1=0, (3.3)

where square brackets denote antisymmetrization. Equation
(3.3) is the algebraic Bianchi identity. Let K be the bundle of
tensors with the symmetries (3.1)—(3.3) over M. The com-
ponents of the Riemann tensor at a point depend only on the
components of the metric and their first and second partial
derivatives at that point. This means that the map sending a
metric to its Riemann tensor arises from a map R: J°L - K.
The aim is to show that R is a submersion.

Let £ be the vector space of sets of components with the
symmetries (3.1)—(3.3) and let £ be the vector space of sets
of components with the symmetries

Qabcd = Qbacd ’ 3.4)
Qabea = Qedas » (3.5)
Qa(bcd) = 0 £} (3.6)

where round brackets denote symmetrization. Define a lin-
ear map ¢: # - 2 by P(R,;q) =3 (Ryepa + Raase) and a
map V: 2% by \I’(Qabcd) =’_2§(Qacbd - Qadbc)'lo Then
@ o Wand ¥ o P are the identity maps on £ and #, respec-
tively, and hence ® and ¥ are isomorphisms.

Now let (M,g) be a space-time. Given peM, we can set
up Riemann normal coordinates in a neighborhood of p.
Then'' g, s belongsto 2 atpand R,,.; = — 3V (&.p.q) at
that point. The given coordinate system on a neighborhood
U of p identifies the parts of J2L and K over U with open
subsets of Euclidean space and it is sufficient to check that
the coordinate representative of the map is a submersion.
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The formula for R, shows that by leaving the components
8., and g, . at p unchanged and altering g, ., at p the com-
ponents R, at p can be changed in any desired direction.
More precisely, given any vector Vat R, (p), there exists a
curve of two-jets of metrics (g, 8us.c» 8up.ca (£)) Such that the
resulting curve of Riemann tensors R ., (¢) has tangent vec-
tor v at ¢ = 0. It follows that R is a submersion.

B. The energy-momentum tensor

Let S be the bundle of symmetric second-order covar-
iant tensors over M. Then the energy-momentum tensor in
the form T, is a section of this bundle. The map sending a
metric to its energy-momentum tensor arises from a map E:
J2L - S. This map is a submersion. For working in Riemann
normal coordinates as in Sec. III A it is clear that by chang-
ing g, .4 at p in an appropriate way the components T, at p
can be changed in any desired direction.

C. The Weyl tensor

The corresponding discussion for the Weyl tensor is a
little more complicated and will be left until Sec. V.

The point of these results is that in what follows we need
to know, for instance, that if 4 is a submanifold of K then
R ~'(A) is a submanifold of J2L. It is a consequence of the
theorems quoted in the next section that this follows from
the fact that R is a submersion. On the other hand, the in-
verse image of a submanifold under an arbitrary smooth map
may be very complicated and is not, in general, a submani-
fold. For example, if £ R°->R? is defined by
fey) = (xx(y —x?)) and 4 = {(x,p)eR* y =0} then
S 1(A4) is not a submanifold of R

IV. REMARKS ON TRANSVERSALITY

Definition 4.1: Let X,Y be smooth manifolds, f: X— Y a
C*map, and Y, a regular submanifold of Y. Here fis said to
be transverse to Y, if at each point peX one of the following
conditions holds:

(i) flp)aY,
or

(ii)f*»P(TPX) + Tﬂp) Y,= Tf(p) Y.

(Here f, , denotes the differential of fat p).

A fundamental property of transverse maps is the fol-
lowing.'?

Theorem4.1: Let X, Y, £, Y, beas above. Thenf ~'(Y,) is
a regular submanifold of X and its codimension in X is equal
tothatof Y, in Y.

In what follows it will be necessary to consider maps
that are transverse to several submanifolds. In order to dis-
cuss this situation another definition is required.

Definition 4.2: A stratification 4,,...,4, is called a sub-
manifold complex'? if given a sequence {x, } in 4, converg-
ing to yed; there is a sequence {E,} of d planes
(d =dim 4;) with £, C T, A, converging to T, 4.

It is not difficult to show that a smoothly locally trivial
stratification is a submanifold complex; the converse is not in
general true. If A,...,4, is a submanifold complex and fis
transverse to each 4, then f ~'(4,),..., f ~'(4,) also form a
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submanifold complex.'? There is an analogous definition for
subbundles.

Definition 4.3: Let E be a fiber bundle over a manifold X
with projection 7 and typical fiber Y. Submanifolds 4,,...,4,
of E are said to form a subbundle complex of E if there is 2
submanifold complex Z,,...,Z, of Y with the following prop-
erty: given xeX there is a neighborhood U of x and a diffeo-
morphism £ 77 (U) - U X Y such that f(4,) = U X Z, for
each i and the projection of f(e) on U coincides with 7(e) for
each eer— 1 (U).

A subbundle complex of a jet bundle J “E is called natu-
ral if for each x the map fin Definition 4.3 can be chosen to
be the trivialization of J “E associated with a trivialization of
E. The following jet transversality theorem for bundles has
been proved in Ref. 3 by modifying arguments from
Hirsch.'?

Theorem 4.2: Let £ be a fiber bundle over X and 4,,...,4,
a natural subbundle complex of J*E. Let I'"E denote the
space of C” sections of E with Whitney C " topology. Then
for r>k + 1 the set of C "sections of E whose k-jet prolonga-
tions are transverse to 4,,...,4, is open and dense in I[''E.

V. GEOMETRY OF THE ALGEBRAIC TYPES OF
CURVATURE

A. The Riemann tensor

It was shown in Sec. II A that rank gives a smoothly
locally trivial stratification (and hence a submanifold com-
plex) A,,...,A¢ of the space % of symmetric matrices. It was
also shown that Z, = [ _° {] isnever normal to any nontri-
vial orbit. Thus if %’ is the orthogonal complement of Z, in
% the inclusion map ¥’ — . is transverse to 4,,...,4¢. It
follows that 4,N.7",...,A¢N.%"’ form a submanifold com-
plex in .. If K is the bundle (introduced in Sec. III A) of
tensors with symmetries (3.1)-(3.3) then a coordinate sys-
tem on an open subset U of M gives a correspondence
K|U-U X .%”". [ Taking the orthogonal complement of Z,
corresponds to imposing the algebraic Bianchi identity
(3.3).] In this way a submanifold complex of K |U is deter-
mined. This is independent of the coordinate system chosen
and so a submanifold complex of X is determined. The mani-
folds composing it have the same codimensions in K as
Ag,...,Ag have in Z. If R: J?L K is the map introduced in
Sec. I11, then, since R is a submersion, it is transverse to each
of these manifolds. It follows that their inverse images under
R, callthem B,,...,B,, form a submanifold complex of J >L. In
fact, because of the way they were constructed, By,...,Bs form
a natural subbundle complex of J L. From Theorem 4.1 the
codimension of B, in J 2L is equal to the codimension of 4; in

S

B. The energy-momentum tensor

Now let L, be the set of 4 X4 symmetric matrices of
Lorentz signature and let " be the full set of symmetric
4% 4 matrices. Consider the set of elements (g,7) of
Ly X 7" for which T has a given Segré type (where 7 is as
in Sec. II B). This is a product of a bundle (in the sense of
Sec. IT) with L, and so is a regular submanifold of Ly X .#".
Furthermore, the collection of such manifolds form a sub-
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manifold complex. Fix goeL,. Choose a neighborhood Y of
8o in L, and for geY let X(g) be a matrix that maps the
standard basis of R® to a g-orthonormal one and that de-
pends smoothly on g. (The possibility of doing this follows
from the fact that the Gram-Schmidt orthogonalization
process is smooth.) Let ¢ be the map sending (g,7) to
(g.X T(g) TX(g)). It is a diffeomorphism from ¥ X %" to it-
self. Also g~ 'T has the same Segré as 7.X 7(g) TX(g). Thus
the set {(g,7): g~ 'T has a given Segré type} is a regular
submanifold of ¥ X .*” and these manifolds form a subman-
ifold complex of ¥ X " It is then easily seen that the same
is true for the whole of Ly X .#".

Let .S be the bundle of symmetric second-order covar-
iant tensors as in Sec. III B. A coordinate system on an open
subset U of M gives a correspondence S |U—- U X .*" and C”
Lorentz metrics on U are in one-to-one correspondence with
C " maps U— L. Let Fbe the typical fiber of J°L. Then the
restriction of the map E: J 2L — S of Sec. II to the part of J 2L
over U corresponds to a map from U X F— U X .#" that is
actually of the form (Id,,E '), where Id; is the identity map
on U. Since E is a submersion, E ' is also.

Let p be the natural projection of F on L, and consider
the map pXT: UXF-Ly,X.”" that sends (x,e) to
(p(e),E’(e)). Then pX T'is transverse to the submanifolds of
L, X 7" defined by the Segré types. It follows that the sets of
two-jets of Lorentz metrics whose energy-momentum ten-
sors have the various Segré types form a submanifold com-
plex B§,...,B in JL |U. Since the definition of the Segré
type for the energy-momentum tensor is coordinate inde-
pendent this defines a submanifold complex of J 2L, which
we also denote by B ,...,B o~ In fact because of the way these
manifolds were constructed they form a natural subbundie
complex. The codimension of B} inJ L is equal to that of the
corresponding submanifold of self-adjoint matrices in 7.

C. The Weyl tensor

Let ¥'=R* and let  be as above. Let C be the linear
subspace of V® V'*® V' * @ V' * obtained by raising the first
indexwithofallmembersof V*@ V* @ V' * ® V *satisfying
conditions (3.1)-(3.3). Let C, be the subspace of C for
which contraction on the first and third indices gives zero.
Thus if p is a point of space-time and we choose a coordinate
system in a neighborhood of p so that the matrix of compo-
nents of the metric at p is 77, then the components of the Weyl
tensor at p belong to C,. If Z is the set of 3X3 complex
symmetric matrices then it is well known'? that there is an
isomorphism C, — Z. From Sec. II C the sets of matrices in
Z of the different Segré types form a submanifold complex in
Z. This gives rise to a submanifold complex in C, via the
above isomorphism. In this case the various bundles (in the
sense of Sec. II) correspond to the Petrov types.

Again let L, be the set of symmetric 4:X 4 matrices of
Lorentz signature. Given geL, construct a vector space C, in
the same way as C, was constructed from 7. Then thereis a
naturally defined vector bundle over L, whose fiber is C,. To
demonstrate this it suffices to construct trivializations for it.
As in Sec. V B define a function X on some open neighbor-
hood Y of g,€L,, with the property that X(g) takes the stan-
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dard basis of R* to a g-orthonormal one. Then foreachgin ¥
themap X(g): V- Vinducesamapfrom Ve V*e V*e V*
to itself that restricts to an isomorphism 4, : C, — C,,. Define
a map

¢ gLejy({g}XCg)—> Y XC, by #(g.x) =¢,(x) .

Then ¢ is the required trivialization. The collection of such
¢’s forms a vector bundle atlas for a bundle E over L. More-
over if ¢,,6, are two such maps then ¢, ' © 4, preserves Pe-
trov type. Thus there is a submanifold complex of E corre-
sponding to the Petrov types.

Let Ube an open subset of M covered by a single coordi-
nate system. As in Sec. V B let F be the typical fiber of J2L.
Given a coordinate system on U, a Lorentz metric on U
corresponds to a map U— L,. The Weyl tensor of such a
metric can then be regarded as a map from U to E. The map
sending a metric to its Weyl tensor is then induced by a map
C: U X F— E. By asimilar argument to those of Sec. IIl it can
be shown that C is a submersion. It then follows that there is
a natural subbundle complex of J 2L representing the Petrov
types. It will be denoted by Bj,....B .

VI. CONCLUSIONS

Proposition 6.1: Let M be a four-dimensional manifold,
T'’L the space of C " Lorentz metrics on M with Whitney C”
topology. Then there is an open dense subset W of I'"L
(r>3) such that if ge Wits Riemann tensor has rank 6 every-
where except possibly on a three-dimensional regular sub-
manifold of M where it has rank 5 and a one-dimensional
regular submanifold where it has rank 4.

Proof: Let B,,...,Bg be the natural subbundle complex of
J2L constructed in Sec. V A and let W be the set of C” met-
rics whose two-jet prolongations are transverse to By,...,Bs.
Then it follows from Theorem 4.2 that W is open and dense.
If ge W then applying Theorem 4.1 and using the codimen-
sions of B,,...,B, gives the desired result.

This proposition has interesting consequences relating
to work of Hall'* concerning the following question. Given a
tensor R 7, that is the Riemann tensor of some Lorentz met-
ric on a manifold M is there any other metric with the same
Riemann tensor? In Ref. 14 sufficient conditions on the Rie-
mann tensor are given to ensure that the only such metrics
are those related to the original metric by a constant confor-
mal rescaling. In particular, it is shown that if the Riemann
tensor has rank of at least 4 at every point of space-time then
the metric is determined up to a constant factor. Thus we
have the following corollary.

Corollary 1: InT'"L (r>3) itis generic for a metric to be
uniquely determined up to a constant conformal factor by its
Riemann tensor.

Remark: Hall and Kay'® have shown how the property
of unique determination of the metric is closely related to the
holonomy group of space-time. It turns out that Proposition
6.1 also has consequences for the holonomy group, namely
that for a generic metric the local holonomy group at each
point of space-time is equal to the full identity component of
the Lorentz group. More details are given in Ref. 15.

Proposition 6.2: Let M and I'"L be as in Proposition 6.1.
Then there is an open dense subset W' of I'"L (r>3) such
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that if geW: (i) its energy-momentum tensor has Segré type
{1,111} or {zZ11} on an open dense subset of M; or (ii) if its
energy-momentum tensor satisfies the weak energy condi-
tion'® then the Segré type is {1,111} at all points of M except
possibly on some two-dimensional submanifold where it is
{11 }.

Proof: Let B,...,B  be the natural subbundle complex
of J2L constructed in Sec. V B and let W' be the set of C"
metrics whose two-jet prolongations are transverse to
B,,....B . Then it follows from Theorem 4.2 that ¥’ is open
and dense.

Suppose now that ge W'. The only Segré types for which
the corresponding bundles of matrices are of maximal di-
mension are {1,111} and {zz11}. Thus B/ consists precisely
of those two-jets of metrics whose energy-momentum ten-
sors are of one of these types. Part (i) of the proposition now
follows from Theorem 4.1. Now suppose that the energy-
momentum tensor of g satisfies the weak energy condition.
Consider a Segré type whose corresponding bundle B of self-
adjoint matrices lies in the closure of the set of matrices
whose eigenvalues are not all real. Then the energy-momen-
tum tensor of g never takes on that Segré type. For if it did so
at a point peM the components of the energy-momentum
tensor in a chart about p would give a map into the self-
adjoint matrices whose image intersected B. Since gc W’ this
map would be transverse to B and it would then follow from
the local triviality of the stratification by bundles that the
image of this map also contained matrices with nonreal
eigenvalues. Thus at some point close to x the energy-mo-
mentum tensor would have Segré type {zZ11} or {zZ(11)}
and would necessarily fail the weak energy condition.'® The
only Segré types that do not lie in the closure of the set of
matrices whose eigenvalues are not all real are {1,111},
{1,1(11)}, and {1,(111)}. The dimensions of the corre-
sponding bundles of self-adjoint matrices were calculated in
Sec. II B. Part (ii) of the proposition now follows from
Theorem 4.1.

Proposition 6.3: Let M and I'"L be as in Proposition 6.1.
Then there is an open dense subset W"” of 'L (#3>3) such
that if ge W " its Weyl tensor has Petrov type I at all points of
M except possibly on a two-dimensional regular submani-
fold of M where the type is II and isolated points where it is
III or D.

Proof: Let B(,...,B ! be the natural subbundle complex
of J2L constructed in Sec. V C and let W " be the set of C”
metrics whose two-jet prolongations are transverse to
B{,....B?. Then from Theorem 4.2 the set W " is open and
dense. Now apply Theorem 4.1 and use the dimensions stat-
ed in Sec. II C.

Like Proposition 6.1, Proposition 6.3 has consequences
for the unique determination of the metric by its curvature.
This time, however, the curvature in question is not the Rie-
mann tensor but the sectional curvature function. Recall
that if a non-null two-space is spanned by vectors x?y° then
its sectional curvature is defined to be

Rade xa yb xc yd
(xa xa) (yc yC ) - (xa ya)2 ’
Hall'” has shown that if two metrics have the same sectional
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curvature function and do not have constant curvature on
any nonempty open set then they are conformally related.
Moreover, if the conformed factor is not everywhere equal to
1 then there is a nonempty open set where the Weyl tensors
of both metrics vanish and other special conditions are satis-
fied. On the other hand, if a metric has constant curvature on
some open set then its Weyl tensor vanishes there. Thus if
any metric is not uniquely determined by its sectional curva-
ture function then its Weyl tensor must vanish on some non-
empty open subset of space-time and the Petrov type is O.
Comparing with Proposition 6.3 we obtain the following
corollary.

Corollary 2: InT’L (r>3) itis generic for a metric to be
uniquely determined by its sectional curvature function.

In view of the present interest among physicists in high-
er-dimensional space-times it is interesting to ask whether
the corollary to Proposition 6.1 is valid for Lorentz metrics
on manifolds of dimension greater than 4. The author has
shown that in fact this is true but the techniques used in this
paper are not directly applicable in that case. The proof will
be given in a future publication.
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GH ~-de Witt supermanifolds were recently introduced by Rogers [Commun. Math. Phys.
105, 375 (1986) ]. It is shown that these supermanifolds correspond to objects in a specified
category of extended graded manifolds (subject only to the condition L > 2¢), and some
conclusions are drawn about their structure. In particular, it is shown that a GH *-de Witt
supermanifold is always a vector bundle over its body. Finally it is shown that extended graded
manifolds are always trivial extensions of ordinary graded manifolds. This means that all

GH *-de Witt supermanifolds are in fact > .

I. INTRODUCTION

This is the first of two papers describing the structure of
de Witt supermanifolds, i.e., Rogers supermanifolds with
ground ring B, (L < «) and trivial topology in odd direc-
tions."? _

The machinery described in Ref. 3 is used to relate
GH ~-(de Witt) supermanifolds to ‘“extended” graded
manifolds (these are essentially graded manifolds with coef-
ficients in a certain Grassmann algebra B, . ). As predicted in
Ref. 1, this relationship can be put on a formal footing as an
equivalence of categories. The points made here are that (i)
the definition of an “extended graded manifold” should in-
corporate a B, . -module structure; (ii) since extended grad-
ed manifolds of dimension (p,g) are (ordinary) graded
manifolds of dimension (p,q + L '), the geometrical struc-
ture of a GH ~-supermanifold S (in particular, the existence
of a vector bundle structure) can be dAerived by embedding it
in an associated H~ supermanifold S; (iii) Sitselfis = as
soon as it corresponds to a trivially extended graded mani-
fold; and (iv) Batchelor’s theorem* can be adapted to show
that extended graded manifold transition functions can be
continuously deformed into ordinary graded manifold tran-
sition functions; i.e., every extended graded manifold is the
trivial extension of some graded manifold having the same
dimension.

. THE GH~ CONDITION

The GH =-supersmoothness condition was introduced
by Rogers' in order to give a simple resolution of some diffi-
culties of a technical nature that arise in G ®-theory. The
GH= condition is defined as follows.

Let L denote a finite integer (considered to be sufficient-
ly large that accidental cancellations in practical calcula-
tions are avoided) and L’ = [L /2] the largest integer no
bigger than L /2. Let B, (resp. B, ) denote the Grassmann
algebra on L (resp. L’) real variables: B, = AR" with its
fine ( = vector space = Banach algebra) topology. Here B,
isa B, . algebrathroughi,.,: B, . —» B, givenby extendinga
set of generators for B, . to a set of generators for B, .

Rogers observed that provided 2¢ < L (which will in-
variably be assumed in what follows) the z expansion

Z:C*(RP)® AR ®B, -G~ (BT
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is an isomorphism onto its image, which we denote
GH ~(B%7) .

Here Z is the restriction of the map that realizes the full
algebra C *(R”) ® AR ?® B, as an algebra of functions on
B2%and G * (B%17) is the algebra of functions B 47— B, that
are supersmooth (i.e., G* ).°> Loosely speaking, G* means
smooth as a map between super-Banach spaces.

Here Z is defined®® by sending the standard projections
X1X3,.%,: RP= R to the corresponding even projections
B%%— (B, ), elements ,,7,,...,7, of abasis for A'R ?to odd
projections B?7— (B, ), and simple multiplication by ele-
ments of B, ..

Assuming 2g < L, L' is the largest integer for which this
trick works. To be more precise, Z is injective whenever
g + L’ < L and this condition is equivalent to the condition
2g < L as a simple check reveals (do even and odd L sepa-
rately).

Since Z is injective, Der GH* is a free GH* module
that therefore resolves one difficulty that we encounter in
G= theory; see Ref. 7 for an alternative approach.

ReplacingL’' = [L /2] by L’ = Ointheabovediscussion
defines the H> class discussed in detail in Ref. 3. The prob-
lem now is that constant B, -valued functions fail to be su-
persmooth in the H* sense. In GH* this problem is circum-
vented by allowing some supersmooth constant functions
(but not too many); GH ©(B#%?) is a B, . algebra whereas
H = (B%27) isjust an R algebra. Hence GH™ has the practical
advantages of G = over H * (for modeling of supersym-
metry transformations) without its technical drawbacks.

In Ref. 1 Rogers remarks that it should be possible to
put the (conjectured) relationship between GH *-(de Witt)
supermanifolds and a category of extended graded mani-
folds—yet to be defined—on a formal footing as an equiv-
alence of categories. This is the first aim of the present paper.

Hl. EXTENDED GRADED MANIFOLDS

Locally, extended graded manifolds are just graded
manifolds sheaves . with a factor B, . tensored on; the glo-
bal conditions were not spelled out in Ref. 1. To motivate our
definition of extended graded manifold we make the follow-
ing remark.
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Let Sbe a GH ~-(de Witt) supermanifold: that is, Sis a
de Witt supermanifold whose transition functions all have
GH ~* components. Here S has a body X (see Refs. 5, 6, and
8) and the structure sheaf of S (i.e., the sheaf GH ¢ of B, -
valued GH *-supersmooth functions on S) is a B, . module.
Then the direct image £, GH § of the structure sheaf along
the body map £: S— Xis also a B, . module. By decree this is
to be an extended graded manifold and hence we demand
from the outset that extended graded manifolds are Z,-
ringed spaces over B, ., i.e., sheaves of Z,-graded-commuta-
tive B, . algebras.

Suppose L is finite and L’ = [L /2] as usual.

Definition 3.1: An extended graded manifold (w.r.t. L)
of dimension (p,q) is a Z,-ringed space over B, ., (X,%),
consisting of a nice (Hausdorff, smooth, paracompact)
manifold X of dimension p and a sheaf % of graded-commu-
tative B, . algebras together with (i) a map of sheaves of
algebrase: # — C § (augmentation), and (ii) an open cover
{U,} of X and isomorphisms of sheaves of graded B, . alge-
bras (local trivializations)

T:%#,y,-C3®AR®B, y,.

For convenience as part of the definition we demand that
L>2gq.

Examples 3.2: (1) If (X,.«/ ) is an ordinary graded mani-
fold® and L is an integer exceeding twice its odd dimension,
one may easily extend the data for the graded manifold
(GM) (X,.7) to the data for an extended graded manifold
over X with structuresheaf % = & & B, .. Such examples of
extended graded manifolds will be called trivially extended
graded manifolds. As a concrete example let ./ be the sheaf
of smooth differential forms on the nice manifold X.

(ii) If §'is a GH* supermanifold of dimension (p,q)
over B, (L > 2q) withbody map £: S— X, thene, GH ¥ isan
extended graded manifold of dimension (p,g) w.r.t. L.

It will be shown eventually that these two examples (si-
multaneously) cover all possible extended graded mani-
folds. That is, every extended graded manifold (X,%) is
trivially extended # = &/ ® B;. and to (X,% ) one can as-
sociate a GH* supermanifold on which the algebra Z (X) is
represented as the algebra of globally supersmooth func-
tions.

The category EGM(L) of extended graded manifolds
w.r.t. Lis the category whose objects are defined as in Defini-
tion 3.1 and whose morphisms are morphisms as Z,-ringed
spaces'® over B, .. The justification for such a choice is to be
found in Proposition 3.3 (iv) below.

Trivial  extension is evidently a
GM,,, ., ~EGM(L).

On the other hand, AR?® B, = AR?* % so that one
can reinterpret each extended graded manifold (X,%) of
dimension (p,q) as an ordinary graded manifold of dimen-
sion (p,g,+L'). This gives a forgetful functor
EGM(L)®? .GM»9+L" (the superscript refers to grad-
ed dimension). The point to make immediately is that if
% (X) is the B, . algebra of global sections of some extended
graded manifold then it is aiso the algebra of global sections
of some graded manifold and thus enjoys all of the algebraic

functor
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properties noted in Ref. 10. In particular, note the following
proposition.

Proposition 3.3: If (X,4) is an extended graded mani-
fold then (i) 4 is a fine sheaf (i.e., it admits partitions of
unity); (ii) the augmentation £: % (X) — C* (X) is surjec-
tive; (iii) % (X) is a graded-commutative B, . algebra whose
augmentation induces a bijection between X and
Alg(Z (X),R); (iv) (X,4#) is a Z,-locally ringed space and
we can identify the stalk &, at a point x in X with the local
algebra B(X)/0,, where O, = {ac % (X): there is b not in
m, with ab = 0}; (v) whenever (C,&,) is an augmented Z,-
graded algebra and a: # (X) — Cis a graded algebra map, a
factors through the stalk map p,: % (X) > #, where x is
the point corresponding to &,-a under the identification of
(i1); and (vi) there is a one-to-one correspondence between
maps (X,%) - (X',4") of extended graded manifolds and
maps #'(X') —» % (X) of graded B, . algebras.

Proof (sketch): The augmentation ¢: % — C 2 has local
sections and it follows that a smooth partition of unity over X
can be lifted to a partition of unity for % (i) and hence that ¢
is globally surjective (ii). Next ker e = %32 ® 4, so every
algebra map a: # (X) - R kills nilpotent elements and thus
factors through ¢. But every algebra map @: C *(X)—R is
an evaluation map, @( f) = f(x) for some x (iii). Write m,,
for the maximal ideal that'is the kernel of the algebra map
b—e(b)(x). Since p,: B (X)— %, is surjective the stalk
% . is determined by kerp, and this is O, (iv). If
a: B (X)-C is a graded algebra map, a vanishes on O,
precisely when a(b) is invertible in C [i.e., £5(a(5))5£0] for
each b not in m,,. This is the case when x is related to a as
indicated (v). Starting from a map of graded B, . -algebras
¥ B'(X')—> % (X) we use the algebraic description of
stalks in (iv) to define an associated map on stalks. This is
enough to determine a map of Z,-ringed spaces from ¢ (vi).

IV. THE EQUIVALENCE THEOREM

Graded manifolds and supermanifolds are related®® us-
ing sets of graded algebra maps with the weak topology.® If
(X,.7) is an ordinary graded manifold of dimension (p,q)
and L > g then the corresponding H *-de Witt supermani-
fold z(X,.«') is given by Alg(.« (X),B, ). The weak topology
is given by pulling back the topology on B, (coarse or fine)
through evaluation maps Alg(</ (X),B.)—B,. This is a
more convenient description of the topology than will be
found in the original presentation® of the coarse case (in
which H* was described as M~ ).

We shall concentrate on Hausdorff supermanifolds
(fine B, ) although completely analogous results may be ob-
tained in the coarse case.5!!

The algebraic properties mentioned in the previous sec-
tions suffice to reduce the problem to a local one where the
following observation is crucial. Recall that there is a natural
homeomorphism® 7: B27- Alg(C (R ”) ® AR %,B, ) that is
a local model for the z functor. In the present case 77 evident-
ly extends to give a natural homeomorphism 7: B%?
—Algy (C*(RP)®AR®B,. ,B; ) (the latter denotes the
set of maps of graded B,. algebras). Here % is given by
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(ns, f) = (Zf,s) whenever secB%?and feC *(R”?) ® AR % or
C*(R?)®AR‘® B, ..

Let GH* dW(B,) denote the category of GH ~-de
Witt supermanifolds whose odd dimension g satisfies 2g < L.
If § is such a supermanifold let £:5— X be its body map.

Our first result is the following theorem.

Theorem 4.1: There is an equivalence of categories
Ez: EGM(L)—-GH® dW (B, ) given by

(X, %) - Algs, (% (X),B,),
(S,GH ) - (X,e,GH ).

Proof: Each acAlg BL,(.% (X),B;) lies inside some
Algy (% (U;),B.) by 3.3 (v). Then 5 and T, combine to
give a local modeling of Ez(X,% ) on some super-Euclidean
space. This gives Ez(X,% ) a GH -de Witt supermanifold
structure. Conversely, if (S,GH °) is a GH ~-de Witt super-
manifold, the evaluation map

S—Algy (GH *(5),B,)

has an inverse found by reducing to the local case through
3.3 again. It follows that the indicated evaluation map is a
natural homeomorphism.

The functor property depends on the fact that GH =-
supersmooth maps $—S' are precisely maps of Z,-ringed
spaces (S,GH ) - (S',GH?) over B, ..

Corollary 4.2: The body of § has the algebraic represen-
tation X = Alg(GH= (S),R).

We begin to draw some conclusions about the structure
of GH ~-de Witt supermanifolds from Theorem 4.1.

If we have an extended graded manifold (X, % Yw.r.t. L
of dimension (p,q) then

Ez(X, %) = Algs, (% (X),B,)CAlgg (% (X),B,).

It follows that the GH* supermanifold corresponding to
(X,% YeEGM (L) sits inside the H* supermanifold corre-
sponding to (X, % )eGM 4+ " [(2.15) of Ref. 3 applies
because ¢ + L' < L whenever 2q < L)]. This gives the fol-
lowing proposition.
Proposition 4. 3:/]::very SeGH* dW (B, ) sits as a subvec-
tor bundle of some SeH*dW (B, ) that has the same body.
Proof: Here S and S [defined by considering (X, % ) as
an extended graded manifold and as a graded manifold of
higher odd dimension, respectively] have the same body X
(and thus the same even dimension ). Also.Sis known tobea
strict vector bundle'? but the GH =-transition functions for
S are just restrictions of the H *-transition functions for S. It
follows that the action of transition functions for .S on the
fiber over xeX say is linear provided that this fiber is a sub-
vectorspace of the fiber of S over x. This is a simple check.
One might be tempted also to conclude that the (H* )-
transition functions on S restrict to H *-transition functions
on S. The following example warns against this temptation.
Example 4.4: Assume L > 2 in the following brief dis-
cussion. Let S be the GH =-supermanifold B}' so that
S = B '+ % considered as an H* supermanifold. Then the
GH® map of B}! (£ some odd Grassmann number)
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x-x+£0, 6-0-+¢,

may be interpreted as the restriction to B ;' of the H* map
on B'+L given by adding trivial relations £,—&,, etc. to
the above.

The indicated map (a primitive analog of a supersym-
metry transformation) is not H* since it is parametrized by
the odd Grassmann number . The rather trivial observation
that S'sits inside some S'is the global analog of a familiar trick
from supersymmetry; namely, one can regard the param-
eters of a supersymmetry transformation as additional odd
coordinates.

One consequence of the fact that graded manifolds and
exterior vector bundles are equivalent (Batchelor’s
theorem) is that every H “-de Witt supermanifold with
body X can be reconstructed as a vector bundle over X pulled
back via zX— X (Refs. 3 and 12). Here zX is the z extension
zX (Ref. 12) of X, the supermanifold of dimension
(dim X,0) associated with the graded manifold (X,C3),
namely zX = Alg(C *(X),B,).

Although a similar statement is not possible for GH ~-
de Witt supermanifolds (or rather those that are not trivially
extended) we do have the following proposition.

Proposition 4.5: If Sis a GH *-de Witt supermanifold its
body map ¢: S—X factors through the natural projection
zX-X.

Proof: The algebra GH*= (S) is the algebra of global sec-
tions not only of some extended graded manifold [dimen-
sion (p,q) say] but also of some graded manifold of dimen-
sion (p,g+L’'). Recalling that § has body
X =Alg(GH* (S),R), consider the map Q:GH =(S)
— C = (X) simply given by (Qg,x) = (x,g). Thisis the grad-
ed manifold augmentation map and Batchelor’s theorem en-
sures that Q has a section j: C * (X) - GH = (S).

Here j gives rise to a map j*: Algy (GH “(S),B.)
- Alg(C ~(X),B, ) through which the body map ¢ factors.
(Despite the fact that there is no sense in which a canonical
choice for j can be made, j* is a completely natural map since
it can be identified with the projection arising from the 6
foliation'® whenever this is regular.®)

Let (X, ) be the extended graded manifold associated
tothe GH ”-supermg\nifold S(3.2ii). Thenz(X,% ) (i.e., the
H ~-supermanifold S of 4.2) is constructed as the vector
bundle E(B)* ® B, pulled back to zX where E(B) denotes
the vector bundle over X corresponding to the C g-module
N /N2, N the sheaf of nilpotents in 4. It can be shown that
(unless Bis trivially extended) the image of Ez(X, % ) under
the natural projection A: z(X,% ) - E(B) ® B is not a sub-
bundle of E(B)* @ B,.

Suppose that & is trivially extended, # = &/ ® B, ..
Then if E(A) is the vector bundle over X constructed from
the nilpotent sheaf N(4) of « in the same way as above, the
image under & of Ez(X, %) is E(4)*® B, and Ez2(X, %) is
indeed the pullback of this bundle under zX— X. This is a
consequence of the following proposition.

Proposition 4.6: Suppose Sis a GH <-de Witt supermani-
fold whose associated extended graded manifold (X, &) is
trivially extended. Then S'is H~ .
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Proof:

S=Ez(X,%) = Algs (% (X),B,)
= Algp, (& ®B,.,B;)
=Alg(#,B,) =z(XA)

and this is H* .

It follows from this easy proposition that in order to find
GH ~-de Witt supermanifolds that are not H * we must look
for extended graded manifolds that are not trivially ex-
tended. We show that this is not possible in the next section.

V. TRIVIALITY OF EXTENDED GRADED MANIFOLDS

In this section we will consider the structure group of
extended graded manifolds over X (w.r.t. L) of odd dimen-
sion ¢ and compare it with the structure group of graded
manifolds over X of the same odd dimension.

There is a one-to-one correspondence between isomor-
phism classes of graded manifolds over X with odd dimen-
sion ¢ and elements of the first Cech cohomology set
H'(X: AUT[C 3 ® AR?]). That is the structure group for
ordinary graded manifolds is AUT[Cg ® AR ?], the sheaf
of automorphisms of C3 ® AR ? as a sheaf of Z,-graded R
algebras. We recall the main result of Ref. 4.

Theorem 5.1 (Batchelor’s theorem): If Gl[¢;C %] is
identified with the sheaf of automorphisms of C3 ® AR
that respect both the C3-module structure and the Z grad-
ing then we have a bijection of cohomology sets

H'(GAUT[C3®AR]) =H'(X;Gl[¢;Cx]).

Corollary 5.2: Every isomorphism class of graded mani-
folds contains an exterior vector bundle. In particular, for
every graded manifold (X,.2/), the GM augmentation
g o (X)-C* (X) has a section j.

Turning to extended graded manifolds we find that the
relevant structure groupis AUT, [C3 ® AR?® B, . ] (the
set of automorphisms that respect the B, .-module struc-
ture). Clearly isomorphism classes of extended graded man-
ifolds are in one-to-one correspondence with elements of the
Cech cohomology set H'(X;AUT, [C3@AR‘®B,.]).
The problem is to identify this set with each of the cohomo-
logy sets in 5.1.

The unit map j and the exterior augmentation
&4 B, —» R induce group homomorphisms

AUT[C~(X)® AR 7]
2AUT, [C=(X)®AR®B;.].
The claim is that these maps j and £§ are quasi-inverses.

Theorem 5.3: Here j and £ induce inverse bijections on
cohomology

H'(X;AUT[Cx ® AR?])
=2H'(X;AUT, [C7®AR‘®B,.]).
Proof: Since £} -j = id on automorphism groups we have

H'e}-H'j = id on cohomology sets. It follows that
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H'j: H' (X;AUT[Cz ® AR 1)

—»H‘(X;AUTBL, [C2e®AR®B,.])
is injective.

The idea is to use Batchelor’s theorem (for odd dimen-
sion ¢ + L) to see that H '/ is also surjective.

Define Bl[g;L";C3] to be the set of invertible

(g + L") X (g + L") matrices with values in C§ that has the
following block form:

[X Y
o I
where X is an invertible g X ¢ matrix, XeGl[¢;C 3 ] and Y'is

some g X L' matrix.
Observe that

Blfg,L,C3] =Gl[¢+L"Cx]
NAUT, [C3®AR®B,.] .

More explicitly let ..., be generators of AR? and
S Jr generators of B;.. Then the automorphism of
C 2 ® AR ?® B, . associated with the matrix [{ [] is genera-
ted (in matrix notation) by

T-Xmr+ Yf, f-f.

These are the most general (B, . linear) automorphisms of
C s ® AR?® B, . that are automorphisms of CZ ® AR 9+ L'
and respect both the C § module structure and the Z grad-
ing.

Batchelor’s theorem applied in odd dimension ¢ + L'
implies that we can make the identification
H'(X;AUT, [C3®AR‘®B,.])

=H'(X;Bl[g;L';Cx]) .
This is the content of Proposition 4.2.

What remains is to show that the Y part of the automor-
phism group is contractible. As far as the manifold X is con-
cerned the generators f;,..., ;.. of B, . are constants and we
can premultiply them by any scalar factor. The effect of the
change of B, . generators is to absorb a scalar factor into the
definition of Y. It follows that we can make this as small as
we like by choosing a suitable scalar factor. By smoothly
varying the scalar factor one shows that indeed the Y part is
contractible. To be slightly more rigorous one needs to con-
sider the kernel K of the sheaf -epimorphism
Bl(q;L ';C $)—Gl(q;C ) and observe that K (the matrices
[§ 7] with Y an arbitrary ¢ X L' matrix) is a fine sheaf. Also
conjugation by any element of Bl(g;L ';C $) maps K onto
itself so 3.8 of Ref. 4 completes the proof.

We have shown that there are identifications

H'(XGl[¢g;C3]) =H"(X;Bl[gL"C%])
= H'(X;AUT, [C3®AR®B,.].

The result now follows from a direct application of Batche-
lor’s theorem (in odd dimension ¢q).

The implication for the structure of GH *-de Witt su-
permanifolds is the following corollary.

Corollary 5.4: Every GH *-de Witt supermanifold over
B; (whose odd dimension ¢ satisfies 2g < L) is H =.

Proof: See 4.6.
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It is known that there is no way of finding a canonical
choice of vector bundle in the isomorphism class of a given
graded manifold—or section j of e—in Corollary 5.2. Simi-
larly there is no canonical way of choosing new coordinates
on a GH =-de Witt supermanifold that exhibit its A * struc-
ture.

If we choose to work in the holomorphic category there
will of course be the usual cohomological obstructions to
results in this section [even when (p,g) = (1,1)].

In fact the super Riemann surfaces' of Crane and Ra-
bin provide examples of GH ~-de Witt supermanifolds
(with complex coefficients). The canonical super-Riemann
surfaces arising from (trivially extended) graded Riemann
surfaces'” are the only super-Riemann surfaces that are ho-
lomorphic vector bundles over their bodies.

To each super-Riemann surface M with body X we can
associate an extended holomorphic graded manifold (X,% )
using the sheaf of superanalytic functions on M [ see example
3.2 (ii) ]. This is a trivial extension only when M is canoni-
cal.

VI. CONCLUSIONS

We end with a few remarks assessing the possible signifi-
cance of the results in this paper.

The GH = concept is not redundant. First, not all super-
manifolds are of de Witt type. Second, the special features of
GH - that led to its original introduction are still important
whether we are talking about de Witt supermanifolds or not.

Our results do not just tell us about the structure of
GH ~-de Witt supermanifolds over a fixed B, . It is now
possible to compute the direct limit of these categories as L
goes to infinity: it was precisely this (formal) limit that Rog-
ers introduced in Ref. 1. The result is the following theorem.

Theorem 6.1: The Rogers direct limit of the categories
GH>dW (B, ) is GM (or any category equivalent to it).

Here GM really does mean the category of all graded
manifolds: the condition 2¢ < L becomes vacuous as L tends
to infinity. Especially interesting is the observation® that
GM is equivalent to the category of H ~-de Witt supermani-
folds over the formal Grassmann algebra B_ = AR =. This
means that the limit category in 6.1 can be represented as a
category of supermanifolds over an infinite-dimensional
ground ring.

We emphasize that GH * makes no sense when L is
taken to be o (for then L’ is ill defined). However in this
case the need to use GH = is lost because the technical blem-
ishes of the full G ~ theory disappear. Indeed the category of
G ~-de Witt supermanifolds over B_ can be shown to be
equivalent to a category of “fully extended” graded mani-
folds (defined by 3.1 with L' = ).
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Theorem 5.3 is an important step in analyzing the struc-
ture of G ~-de Witt supermanifolds over B, since the com-
putation of the cohomology sets in 5.3 is actually indepen-
dent of the specific choice L ' = [L /2]. This suggests that all
de Witt supermanifolds over B; (L < « ) are H *. We have
recently shown'® that this is indeed the case: the crucial ob-
servation being that we can identify AUT[ G ~ (B47) | with
AUT[C>(R*) @ AR ?® B, ] despite the lack of injectivity
of the G * z expansion.

Because in the G case we can no longer use an embed-
ding S .5 of the form employed here (see 4.3) some way of
bypassing this step needs to be found (see Ref. 16 for de-
tails). This means that we can even omit the minor restric-
tion 2¢ < L from results in this paper.
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Invariants for the time-dependent harmonic oscillator
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A systematic method is presented for the construction of invariants for the damped oscillator
under the action of a driving force and for the N-dimensional isotropic or anisotropic
oscillator. Invariants for time-dependent oscillators are obtained by canonical transformation.
The treatment holds in both classical and quantum mechanics.

I. INTRODUCTION

Variable-mass and variable-frequency oscillators'? are
important in quantum optics,>® as well as in many other
fields, such as quantum chemistry. First integrals (referred
to as invariants) are needed for systems such as the damped
weakly pulsating oscillator described by a Kanai-Caldirola
Hamiltonian with mass

€£1. (1.1)

Second-degree energylike invariants can effectively replace
the Hamiltonian in the seeking of solutions of the Schro-
dinger equation.”

Any time-dependent oscillator (TDO) may be reduced
to a simple harmonic oscillator (SHO) with Hamiltonian

H(q,p) =1 p*/my+ imw}q?, (1.2)
by a generalized canonical transformation.’® In principle,

therefore, all possible first integrals of TDO are known in
terms of the fundamental SHO invariants,

m(t) = mg exp(2yt + 2€ sin vt),

I(q,p,t) = qcoswyt —psinwyt (P =p/Mmywg), (1.3a)

J(g,D,t) = g sin wyt + P cos wgt, (1.3b)

or, alternatively, in terms of the complex invariant
C(gpt) =1+ iJ = (g +ip)e™ (1.3¢)

Here Cand C* (C'in quantum mechanics) are Dirac vari-
ables with evolution in negative time, which evaluates them
at a previous time f = 0. In the present paper we shall extend
this simple idea in a number of ways. We shall consider the
N-dimensional oscillator and extend (1.3a) and (1.3b) to
the case when a periodic driving force is applied to a damped
oscillator. Bohlin’s integral® will be found in a natural way.
Invariants to first order in € will be found for the system with
mass given by (1.1). We shall concentrate on finding explicit
forms for invariants.

Some previous work on the damped harmonic oscilla-
tor* is extended. The hierarchy of invariants introduced by
Colegrave et al.’® are seen very simply for the SHO (or for
the damped oscillator) in terms of the complex invariants
(1.3c¢) in Sec. III, where we construct all possible first inte-
grals for the N-dimensional simple harmonic oscillator.
Constants of the motion, consisting of angular momenta and
elements of the Fradkin tensor,''~'* are obtained as special
time-independent combinations of complex invariants.
Again, damping is easily included. The anisotropic oscillator
is discussed in Sec. IV.
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First integrals derived from the SHO by transforma-
tion'® are expressed in general in terms of an auxiliary func-
tion p that satisfies an equation of the type, cf. (2.18) or
(2.21) in Ref. 4,

prao’(p=p > (1.4)
However, in addition to the case of the damped oscillator,
explicit forms for invariants can be found for the strongly
pulsating oscillator'>'® as shown in Sec. V. Some further
cases listed in Ref. 1 would also lead to explicit invariants.
The Lewis invariant,'”'? which is not in general explicit, is
obtained in Sec. VI and agreement is obtained with Ref. 4 in
the case of variable-mass and variable-frequency systems.
Finally, in Sec. VII, we consider invariants to order ¢ for the
important case of variable mass given by (1.1).

The connection of invariants with symmetries of the
Hamiltonian is discussed by many authors, including Eliezer
and Gray,”® Leach,'*?'° Lutzky,”® and Prince and
Eliezer.”” A group-theoretic treatment of invariants for the
damped harmonic oscillator is given by Cervero and Villar-
roel.?®

Our treatment holds equally well in classical mechanics
and in the Heisenberg picture of quantum mechanics. In
Secs. II-IV to avoid cumbersome equations, we give a classi-
cal discussion, indicating the translation to quantum me-
chanics only when necessary. In Secs. V and VI we employ
quantum-mechanical notation.

Il. FUNDAMENTAL INVARIANTS FOR THE DRIVEN
DAMPED OSCILLATOR

It is more instructive to begin not with the SHO, but
with the more realistic problem of a damped oscillator with a
driving force. We shall obtain the fundamental first-degree
invariants for this system, together with a complex combina-
tion analogous to (1.3c).

An oscillator of mass m, with damping ¥ ( < w,) acted
on by a force f(¢) per unit mass is described by the Kanai—
Caldirola Hamiltonian, 162932

H(gpt) =1p°/m(t) + im()wdq® — m()f(t)q, (2.1a)
where the mass is increased according to
m(t) =mgyexp(2yt) (y>0). (2.1b)

The elimination of p from the Hamiltonian (or Heisenberg)
equations
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Our present purpose is to solve (2.6a) and (2.6b) for Jand J as

== ) (2.2a) urpos
dp  m(1) fundamental invariants:
p= =22 _mwig+ mofn) (2.20)  @I@Pp1) = (wcos ot — ysinwt)ge™ — wosin wipe '
9q . . — (fo/?)e" [w cos awxt cos(At + ¢ — ')

leads to the correct equation of motion, ]

. ., — (P + A1) sinwt

4+ 2v§ + wpq =f(1). (2.3) o
We write, as in Refs. 4 and 10, Xcos(t — ¢ —¢' + ¢, (2.72)

0® =0} — 9, (2.42) wJ(g.p,t) = (wsin ot + ¥ cos wt)ge” + w, cos wipe ™

B = p/ (mowy) = 4" Ja, (2.4b) ~ (f/2)e" [w sinwt cos(At + ¢ — ¢')
and apply the periodic driving force + (P + 422 cos ax

S(t) = fycos(At + @). (2.5) Xcos(At—¢ — '+ ¢")], (2.7b)
Then, solving (2.3) with (2.2a) and (2.4b) gives where the phase shift ¢” is given by
g=-e " "(Icos wt + Jsin wt) + ( fo/Z*)cos(At + ¢ — &), ¢" =arctan(A /y). (2.7¢)

(2.6a) A complex invariant C(g,p,t) is given by

P = ("/wy) [(wJ-yI)cos wt — (@] + yJ)sin wt ] oC=w(I+i])

— [Afy/ (@2?) Isin(AL + ¢ — '), (2.6b) =e“ {(w + iy)ge" + iwope "

_ AW A
where I and J are arbitrary, expressible in terms of ¢(0) and (fo/z)e" [w cos(At + ¢ — ¢')
p(O),and +l(’}’2 +/12)]/ZCOS(At+¢-—¢'+¢")]},
& = arctan(2yd /&%), @ =wd — A% £ = +4PA% (2.7d)
(2.6c) A second-degree energylike invariant is
)
Imyw?| C |? = o g* e + L (p*/my)e ~*" + ygp — ( fo/22)e" {my[@® cos(At + ¢ — &)
+ (P +A) 2 cos(At+p—¢' +8")] ge" + (A2 + )2 cos(At+ ¢ — @' + ¢ )pe~ "'}
+ imy(fo/2) 2" {w? cos’ (At + ¢ — ¢') + (P + A%) cos’(At+ ¢ — ¢ + ¢")}, (2.8)

which reduces to the invariant K (Refs. 4 and 33) when we
put f, = 0. An interesting special case is obtained when
y<wg, A>w, (YA =w?}). Then ¢” =~m/2 and, if we choose
t = 0 so that ¢ = &', we find that

Imwi e’ 4 }(p*/my)e ™" + ygp + (fo/A)psin At
=imyw}q?(0) + 1 p*(0)/m, + yg(0)p(0)
— imo( fo/A)?e* sin” At. (2.9)

The quantum theory of the damped driven oscillator is
discussed by Um ez al.>?

Bohlin’s integrals: Gettys et al® write (2.3) with
S(t) = 0in the form

G+ A, +1)¢+A,A,g=0 (2.10)
and discuss the invariants

D, =e*(g+A,9), D,=e"(g+,9), (2.11a)

F=D D, (2.11b)

B =D*/D,". (2.11¢)

Here B is Bohlin’s integral,* rediscovered by Gordon,*® and
D, and D, are discussed from a group-theoretic point of view
by Cervero and Villarroel.”® When y<w,, 4, and 4, are
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complex, so that D, D,, and B are complex invariants. Qbvi-
ously D,, D,, and F can be identified (up to constant multi-
pliers) with the invariants C, C*, and |C |? given by (2.7d)
and (2.8) with f, = 0. When £, 70 the complex invariants C
and C * given by (2.7d) are generalizations of D, and D,.
We return to the damped harmonic oscillator in Sec. V.

tll. COMPLEX INVARIANTS FOR THE N-DIMENSIONAL
SHO

The invariants (2.7a)—(2.7¢) reduce to 1, J, and C given
by (1.3a)-(1.3c) when ¥ = 0 and f;, = 0. Here 0 can be
retrieved by making a simple canonical transformation. All
the invariants found in Ref. 10 can be expressed in terms of /
andJ (orintermsof Cand C *). For instance, the invariants
given by Eqs. (28d) and (28g) of Ref. 10 may be written,
respectively, as

I3(¢) = (¢* + P g sin(wyt + @) + P cos(wyt + ¢) ]
= [CI’I(g.p,t + (¢ — m) /), (3.1a)
I3(#) =Re CYgp.t + 4(¢ — 17 /wy). (3.1b)

We employ classical notation for simplicity. To translate to

R. K. Colegrave and M. A. Mannan 1581



quantum mechanics it is necessary to symmetrize all prod-
ucts of g and p.'*3¢

For extension to the N-dimensional SHO it is conven-
ient to adopt the following notation for the one-dimensional
SHO (n=1,2,...)

C(n,) = (g+ip) exp[i(nwgt +6,)], (3.22)
1,(¢.p.t;$,) =Re[C(ng,)] . (3.2b)
We note the relations
I.(gpt;d, +7/2) = —Im[C(nd,)], (3.3a)

I, (g.p.t;¢,) =I,(q.p.t;0)cos ¢, + I, (q.p,t;m/2)sin @,,.
(3.3b)

The invariants I and J given by (1.3a) and (1.3b) are, re-
spectively, I,(¢,p,t;0) and — I,(q,p,t;m/2), and are related
by

J(g.p,t) = — I(q,p,t + 7/2), (3.4)

showing that there is essentially only one fundamental invar-
iant for the SHO.

Equations (2.7a) and (2.7b) show that the symmetry
(3.4) is preserved when ¥ = 0 and a driving force is present,
but is lost when damping is included. However, under the
canonical transformation Q = ge”, P= pe~ "' (considered
in Sec. V) (3.4) is regained provided f, = 0.

We turn our attention now to the N-dimensional iso-
tropic SHO represented by the Hamiltonian

1 N — -
H=mo} 3 @ +P0), =1 B 35

k=1 moﬁ)o
The linear invariants are simply the sums of one-dimension-
al SHO invariants:

N
J1(q1s-sqnsD 1P rst) = 2 ng)(qk:pk,t)' 3.6)

k=1
Mixed terms enter with the quadratic invariants. For N>2,

J2(q15 G P15 Pnst)

N N
= z Iék)(qk’ﬁk’t) + 2 Iékl)(qkyqla[_’k»ﬁht)’
k=1 KI(> k) =1
3.7

where the 7 {*’ are linear combinations of 7 (g, ,,.t) given
by (Eq. 28b) of Ref. 10 with a suitable shift in phase and
I12(qu,Py) = g+ + P, just as for the one-dimensional SHO
[Ref. 10, Egs. (7a)—(7c)]. The I{*" consist of second-de-
gree terms constructed from the complex invariants

C,(1,0) = (g, +ip,)explimgt) (r=k]l), (3.8)

e.g.,for k = 1 and I = 2, I{'? is a linear combination of the
real and imaginary parts of C,C, and C $C,. However, as in
(3.2b) and (3.3a), the real and imaginary parts differ only in
phase. Thus C,C, gives the explicitly time-dependent first
integral

(919, — D, P2)cos(2wpt + @)

— (41 P2 + ¢, P1)sinQwot + 4), (3.92)

while the real and imaginary parts of C ¥C, give the time-
independent integrals
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Ay, = 4,9, + P, P» (3.9b)
Ly, =q,p,~ 9P (3.9¢)

Here A,, is a Fradkin invariant'>'? and L, is an angular
momentum component. The energy constants

Au =g+ Pi (k=12), (3.9d)

from the one-dimensional parts of (3.7) may be added for
completeness. From (3.9b)-(3.9d) we find Eq. (16) of
Fradkin, '

A%z +L%2 =A11A22‘ (3.10a)
With [g,, p,] = i#fi(mow,) ™6y, and E, = ymew} Ay, the
connection between 4,, and L,, in quantum mechanics is

A% + L% = (mgw}) "*(4E,E, — #w?).  (3.10b)

The third-degree invariants for N>2 are given by (3.7) with
n = 2 replaced by n = 3. For N>3 mixing occurs between
three degrees of freedom,

J3(g1se-sGnsDrse-sDwst)

N N
= Z I$9(qy,pist) + 2

k=1 ki(>k) =

>

ki(>k),m(>1) =

ng[)(qk’qupksﬁht)
1

ngl’") (qk,qqum rﬁk 11_’1’]—’m’t)‘
1

(3.11)
Similarly we may write the nth-degree invariants in the form
N N
J, = I% 4 T4
kz=:l ki(>k)=1
N
+ 0t Ik (3.12)

k(> k),s(> 1) =1

is given by
(3.13)

The nth-degree invariant I ">" is constructed from
all possible products of # complex invariants selected from
the set {C,,C,,...,Cy,C ¥,C¥,...,C %}, making sure that none
of k= 1,2,...,n, is omitted when selecting either C, or C¥.
Explicitly time-dependent invariants result from the selec-
tion of unequal numbers of C’s and C *’s, and time-indepen-
dent integrals (or constants of the motion) are obtained from
equal numbers of C’s and C *’s. For instance with N = 3 and
n =6 we could select for a part of 7{*® the product of
C3}(C#)3C;. The real and imaginary parts of this product
give two functionally related constants of the motion. How-
ever, since the selected product may be factorized into

(C,CHCECy) = (A3 — iL13) (A + iLy3), (3.14)

each invariant is simply a combination of L,, and 4,,, found
already from the two-dimensional SHO. A decomposition of
the form (3.14) occurs with any other selection for 7> 3, but
possibly also including an energy C, C ¥ or an unpaired C or
C*. Thus no constants of the motion can be of odd degree
and no new constants can arise for n>3. We reach the con-
clusion that there are IN(N + 1) constants 4,; = 4, and
iN(N — 1) constants L,; = — L, connected by i{N(N — 1)
relations of the form (3.10). This is in agreement with Refs.
12-14. Furthermore, there are no other independent con-

n, =min(n,N), n=12,.,0.
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stants. Thus for the N-dimensional isotropic SHO there ap-

pear to be JN(N + 1) independent constants of the motion.
However, when N>4, only 2N of the constants can be deter-
mined independently from the initial coordinates and mo-
menta. Hence the number of independent constants is 2NV
except for N =1 or 2 when it is one or three.

IV. THE ANISOTROPIC OSCILLATOR

The two-dimensional anisotropic oscillator has Hamil-
tonian

(4.1)
Let us write , = Awg, 0, = wg, m; = p’mgy, m, = m,. Then
with
Pr=p(A’mewy) ™", Pa = pr(mgwy) ™,
H=mwi [ (q +P) + (@ +F3)].  (42)

Building blocks for the construction of complex invariants
are

H= %P%/ml + %mlw%ﬁ + %P%/mz + %mzaﬁqg-

Ci(1,4) = (g, +ip))exp[i(Auwet + 8)], (4.3a)

C(Ly) = (g2 + i py)expli(wot + ¥) ] (4.3b)
The energy invariants are

E, = imy(Auwy)*C,C¥, (4.4a)

E, = imyw} C,C%. (4.4b)

If Au is rational further time-independent invariants exist.
The case Au = 2 is important in the vibrational motion of
molecules such as CO,.*” In addition to E, and E,, constants
of the motion (symmetrized to apply in quantum mechan-
ics)

K= 41(‘1% —l_’g) + P1(q2 P2 + P29»), (4.5a)

L=p(g —D3) —q,(4, P>+ P-g5), (4.5b)
are found from the real and imaginary parts of
C,(0)[C%(0)]> They are connected by the relation [cf.
(3.10b)]

K2+ L*=(myw}) *[4E,E} + #w} (3E, — 8E,) ],
(4.6)

where we have used [¢,,p,] = i#i(myw,) ~'. No further con-
stants of the motion exist.

The N-dimensional anisotropic oscillator is described
by the Hamiltonian

N 2
- 3 (324 L motat) 47
k=1 2 mk 2
We put =A@, mg=pimg Ne=Aug, D
= p, (N, moa,) ~'. Then (4.7) becomes
1 2 a 2 2 =2
H=7m0a)0 kz Ni(qy +DP0)- (4.8)
=1

All possible integrals of the motion are constructed from the
complex invariants

C. = (g, +ip)exp(iNwt) (k=12,..,N). 4.9)
If the values of m,w? are commensurate, then N,€Z and
(4.9) can lead to strict constants of the motion.
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Let us consider two examples.

(a) N=3 N, =3, N,=N,=1. Besides C,C}
(k = 1,2,3), constants of the motion appear in the real parts
of C,(C#¥)3, C,(C*)’C*, C,C*¥(C*)% and C,(C*)’. The
imaginary parts give further constants that are not indepen-
dent. No further independent constants exist.

(b) N=3: N, =3, N,=2, N, = 1. Again, all possible
constants of the motion, in addition to the energies, are con-
tained in the real parts of C,C¥C%¥, C,(C¥)% and
ci(CH’.

With general sets of integers N,,N,,...,N, the construc-
tion of constants of the motion becomes a complicated com-
binatorial problem which we do not consider to be of suffi-
cient interest to pursue here.

V.COMPLEX INVARIANTS FOR THE TIME-DEPENDENT
OSCILLATOR

The general TDO may be canonically transformed to
the SHO (Refs. 1 and 8) so that our present method pro-
duces all possible invariants. As we remarked in the Intro-
duction it is, in general, impossible to express these invar-
iants explicitly and in this section we restrict our discussion
to variable-mass oscillators for which explicit transforma-
tions are available.

For simplicity we set the driving term in (2.1a) equal to
zero, when we are left with

H(gp,t) =4 p*/m(t) + im(n)wlq’, 5.1
which may be transformed!>~? via
Q= [m(1)/mo]"%q, P=[m(t)/mo]~"?p, (5.2)

to the new canonical Hamiltonian

K(Q.Pt) =L p*/my+ tmwi Q7 + L(rii/m)(QP + PQ).
(5.3)

Leach' lists several masses m(¢) for which explicit transfor-
mations can be found to reduce (5.1) or (5.3) to the SHO
Hamiltonian (see also Wille and Vennik3®). We shall con-
sider the damped harmonic oscillator discussed in Ref. 4
(and in Sec. II of the present paper) and the strongly pulsat-
ing oscillator.

A. Invariants for the damped harmonic oscillator

Damping in the harmonic oscillator may be represented
by an exponentially growing mass as in (2.1b) with > 0.
Colegrave and Abdalla® argued that for application to a de-
caying field in a Fabry—Perot cavity ¥ should be taken nega-
tive and it should be noted that this led to ¥ < Obeing taken in
Ref. 4.

With P = P/(myw,), (5.3) gives the Hamiltonian

K =1mw[(Q3 +TP)*+ (1-TH)P?], T'=y/w,
(5.4)
Making the canonical transformation

qo=Q+FI_)’ P0=P=m0wo? ([g000] = [Q,P]),
(5.5)

the Hamiltonian transforms according to

K(Q,P) - K(go.po) = L(1 — T?)pd/my + smi g
(5.6)
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We write
= (w(z) _ 7,2)1/2 — (1 _ I‘\Z)l/2wo’
then with the further canonical transformation

g, = (0y/®)q0, P = (@/@9)po  ([q1:1] = [GosPo])
(5.8)

(5.7)

the reduction is complete:

K(qo.po) ~K(g,p1) =4 P}/ mo + imer’qs - (5.9)
The classical Poisson bracket, or alternatively the quantum-
mechanical commutator, can be used to keep track of canon-
icity.

From (5.9) the complex invariant is

C(q,pst) = lq, + ip,/ (myw) lexpiwt). (5.10)
The linear invariant
Re C = (wy/@) [ Q cos wt — (¥ cos wt
+ @ sinwt)P/(myw}) ] (5.11)

can easily be transformed to (2.7) with f, = 0 and agrees
with Ref. 4 [Eq. (2.10)] when we change the sign of y.
Higher-degree invariants may be constructed according to
(3.2b). In one dimension the only constant of the motion is
(classically)

Imw’CC* =1 pt/my + imyw’q; =K, (5.12a)
or quantum mechanically
Imy*(CCT + C1C) =K. (5.12b)

A three-dimensional isotropic oscillator with damping
coefficient y can be similarly transformed to a three-dimen-
sional SHO with frequency @ = (w3 — #?)'/? and with the
following six constants of the motion, forming the Fradkin
tensor:

Ay =qtq +pipl/(mew)? (k1=123). (5.13)
Alternatively, the three angular momentum constants

Ly, =4ip} —q\pt (5.14)
may be used to replace the Fradkin invariants 4,, (k #£1).

B. Invariants for the strongly pulsating oscillator
We turn our attention to the oscillator with mass
m(t) = m, cos? v, (5.15)

for which (5.2) and (5.3) give'®

K(QPt) =1 P*/my+ imgw?Q? — v tan vt(QP + PQ).
(5.16)

Introducing the dimensionless coordinate and momentum

go = (Muwo/H)'2Q,  po = (mowehi) V2P, (5.17)
followed by the canonical transformation

(@)= @00 (_ s ) (2

D1 —vtanvt @,/ \py
(5.18)

Q2% =l + 1,
we find that the Hamiltonian

K(Q.P,t)—>K(q,,p,) =g} +p?). (5.19)
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Hence the complex invariant is
C(q,,p1,t) = (q, + ip,)exp(i€dt)
= (my/AQ) V[ (Q — ivtan v1)Q
+ iP/mg]exp(iQt), (5.20)

cf. the Dirac operator 4,(¢) given in Ref. 15 by Eq. (6.4a),
but note that 4, (¢) lacks the factor exp(i€2¢) in (5.20). The
Hermitian part of C exp(i@) gives the linear invariant

[Q cos(Qt + @) + vian vesin(Qf + @) ]1Q
—sin(Q + @)P/my, (5.21)
Similarly the Hermitian parts of C" exp(ig,) (n=2,3,...)

give all the higher-degree invariants, except for the special
integral of the motion

HQ(CCT + C1C) = K + ymgy? sec> viQ?,  (5.22a)
which may be expressed in the form
K(t) =K(0) — %mOVZ[Qz(O) —sec2vtQ?(t)], (5.22b)

cf. Ref. 16 [Eq. (55)]). We have used quantum-mechanical
notation in (5.22a) since # has been introduced. However,
this could have been avoided and (5.22b) is equally true in
classical mechanics.

A three-dimensional extension of the Hamiltonian
(5.1) with mass given by (5.15) may be transformed into the
sum of three Hamiltonians of the form (5.19). Besides the
hierarchy of invariants of type (5.21) in each dimension,
there are six independent integrals of the motion given by the
Fradkin tensor

Ay = qiq; +pipi
= (hﬂ)_l[mo(ﬂz + Vz tan2 Vt)QkQ’ + PkP,/mo

— vtan Vt(QkPI+PIQk)] (kl= 1,2,3),
(5.23a)

where (in quantum mechanics)

[@u:Qi] = [PurPi] =0, [Qk,P] =ifiby. (5.23b)

An equation of the form (5.22b) holds in each dimension.
Again, the angular momentum integrals of the form (5.15)
could be used to replace the off-diagonal 4,,.

VI. INVARIANTS FOR THE VARIABLE-FREQUENCY
AND VARIABLE-MASS OSCILLATORS

We illustrate the procedure of canonical transformation
for the two TDO systems discussed in Ref. 4: the variable-
frequency oscillator and the general variable-mass oscilla-
tor. Any time-dependent oscillator can be easily expressed as
one or the other of these systems. The variable-mass Hamil-
tonian may be transformed to a variable-frequency form as
discussed by Abdalla.?

A. The variable-frequency oscillator

The system that originated in the slowly lengthening
pendulum® and led to the Lewis invariant’ is represented by
the Hamiltonian

H(gp,t) =1p*/mo+ Yme*(1)g*. 6.1)
We make the canonical transformation (cf. Ref. 13)
R. K. Colegrave and M. A. Mannan 1584



172 172 172,

@ =my°q/p, pr=mg pp—mypg, (6.2)
where p(¢) isa solution of the auxiliary equation (1.4). Then
with the generating function

Fy(gupt) = —mg Vpg, p+ 4 ppqi, (6.3)
the Hamiltonian (6.1) transforms to
JF. |
K(g,,p1t) =H+7t3=7p g +p), (6.4)
giving the equations of motion
q=p/p b= —q/p. (6.5)

All that is necessary now is a change of time scale® - ¢,(¢),
where

t =f p3(eHdr, (6.6a)
0
which causes
K(guput) = K(q,pt)) = (g} + p}). (6.6b)

Denoting differentiation with respect to ¢, by a prime, the
equations of motion (6.5) become

91 =P» P1= —4q (6.7)
It follows that the complex invariant is
C(gy,p1sty) = (g, + ip)explit (1) ]. (6.8)
The Lewis invariant is
J(CCY 4 CYC)/mo= (g +p?)/my,
= (g/p)* + (pg — pp/mg)>. (6.9)

Additional fundamental invariants are [cf. (3.2b), (5.11),
and (5.21)]

{[Cmexp(ig,) + (CN)"exp( —ip,)], n=12,..
(6.10)

B. The variable-mass oscillator

The Hamiltonian for the variable-mass oscillator is giv-
en by (5.1), which may be transformed to (5.3):

H(g.p,t) =} p*/my + Ymow}q®

+ le(t) (gp + pg), (6.11)

In Ref. 4 [Eq. (2.22)] we have shown that there exists a
Lewis-type invariant

€=1im/m.

19 =¢g/0* + [op/my — (¢ — €0)q]?, (6.12)
where o(t) satisfies
G+ (02 — € —&a=1/0" (6.13)

We make a canonical transformation analogous to (6.2),

g, =miq/a, p,=mg *op—my*(6—e€o)g. (6.14)
Then with

Fy(q,pt) = —mg Yoq,p+1o(6 —€0)qi  (6.15)
we find that

H(gp,H) »K(qup,t) =307 2()(qi +p1).  (6.16)

Again we obtain the complex invariant (6.8) with
t
t, = f o2 (t")dt'.
0
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The Lewis invariant is

ICC + CYC)/my = (g/0)* + [(6 — €0)g — ap/m,]?,
(6.17)

further invariants being given by (6.10). An equivalent
treatment could be based on Ref. 4 [Egs. (2.18) and (2.19)]
(see also Moreira®®).

C. N-dimensional time-dependent oscillators

Invariants for the N-dimensional variable-frequency
and variable-mass oscillators may be constructed in the
manner we have discussed in Secs. III and IV. In particular
the components of the Fradkin tensor, as given in (5.13) and
(5.23), are obtained as integrals of the motion (cf. Ref. 13,
Sec. D, and Ref. 14).

Vil. THE WEAKLY PULSATING DAMPED OSCILLATOR

A TDO of importance in quantum optics>® is described
by the Kanai—~Caldirola Hamiltonian (5.1) with mass given
by (1.1). The equation of motion is

g+ (/m)q + whq =0, (7.12)
with the fluctuation function
i(m/m)y=y+evcosvt (e<£l). (7.1b)

A driving force could be added as in Sec. I, but for simpli-
city this is excluded. With € € 1 the damping acquires a slight
modulation, corresponding to periodic supply and removal
of energy. We must remember, however, that the energy of a
TDO is not represented by the Hamiltonian.

A perturbative solution has been found for (7.1) (cf.
Ref. 40) and this may be inverted as in Sec. II to give the two
fundamental first-degree invariants to first (or higher) or-
der in €. A second-degree energylike invariant may be con-
structed from them which effectively replaces the constant
energy for a system described by a time-independent Hamil-
tonian. Eigenvalues and eigenvectors of such an invariant
are easily found and may be related to solutions of the Schro-
dinger equation.” The canonical transformation

Q= [m(t)/my]"'*q = exp(yt + €sin vt)g, (7.2a)
P=[m(t)/my]~"’p=exp( — yt — esin vt)p (7.2b)
takes the Hamiltonian (5.1) to the new form
K(Q,P,t) =4P?*/my + imuw} Q*
+ 4(y + evcos vt) (QP + PQ) (7.3)

(cf. Refs. 15 and 33). The equations of motion are now

Q= (i) '[QK]1=P/my+ (y +evcosvt)Q, (7.4a)

P=(ih)""[PK]= — muwiQ— (¥ + evcos vt)P.
(7.4b)

We introduce

P=P/(muwy), I=Q(0), J=P0), o=} —p.
(7.5)

Then the first-order solution of Eqgs. (7.4) is (cf. Ref. 15)
Egs. (4a) and (4b) with y— — ¥, and Ref. 1,
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Q=al+b], P=cl+dJ,

a=ay,+e€a, b=by+eb,, c=cy+ €c,
a, = cos wt + (y/w)sin w?t, b, = (wy/w)sin wt,

a, = (2/w)cos(vt /2) (4* — v*) ™!

X {[7(4w? — v*)sin wt — @ (47> + v*)cos wt Isin(vt /2) + 2vw) sin wt cos(vt /2) },
b, = Quy/w) (4w* — v*) " [vsin(vt /2) — 2y cos(vt /2)] [2w cos wt sin(vt /2) — v sin wt cos(vt /2)],
¢; = Quy/w) (40* — v*) " [vsin(vt /2) + 2y cos(vt /2)] [2w cos wt sin(vt /2) — v sin wt cos(vt /2) ],

d, = (2/w)cos(vt /2) (4a* — v*) ™!

(7.6a)

d=d,+ed, (7.6b)
o= — (w/w)sinwt, dy=coswt— (y/w)sin wl, (7.6¢)
(7.6d)

X {[y(40® — V*)sin ot + (49 + v?)cos wt | sin(vt /2) — 2vw, sin wt cos(vt /2)}.
Equations (7.6) represent a canonical transformation for Q(0), P(0) to (), P(t) and consequently the determinant

A=ad-bc =1,

(7.7)

which is easily verified, thus checking the solution to first order in €. Inverting (7.6) we find the fundamental invariants

I(QPt) =d(1)Q — b(t)P, J(QPt) = —c(t)Q+a(t)P.

(7.8)

To obtain an energylike invariant that reduces to K given by (5.4), or by Eq. (5.10b) of Ref. 4 withI'— — 7, when €0, we

take
L(QPY) =1+ 7%+ (p/wo) HT+JD) =T* + T,
I=1+ (/wo), J= (w/wy)Jd.

From (7.6) and (7.9) we find

(7.9a)
(7.9b)

L=[c+d*—2(y/wy)cd 1Q? + [ + b* — 2(y/w,)ab |P? — [bd + ac — (y/w,) (ad + bec) | (QP + PQ) + O(€%)

= Q%+ P? 4 (y/w,) (QP + PQ) + eL(Q,P,t) + O(€Y),

(7.10a)

L(Q,Pt) =2[cye; +dod, — (W wp) (cody + €1d5) Q% + 2[a0a; + bob, — (¥/wg) (agh, + a,by) 1P

—{bod, + bydy + age, + a,co — (Y/ @) [apd, + aydy + boe, + blco]}(st'i‘?Q)-

The result of substituting (7.6¢) and (7.6d) into (7.10b) is
too cumbersome to display here. However, in the undamped
case ¥ = 0 it reduces to

L =[2v/(40} —V*)]
X [ (v sin vt — 2w, sin 2w04t) (Q% — P?)
(7.11)

The resonance case v = 2w (y#0) or v = 2w, (y = 0) leads
to secular behavior which is, however, illusory from a phys-
ical standpoint.*'

+ 2wq(cos vt — cos 2wyt) (QP+ PQ)].

Vill. CONCLUSION

We have presented a new and unified treatment of the
invariants for the SHO and hence for the general time-de-
pendent oscillator. We have shown that the method can be
applied when a driving force is present. An invariant com-
plex combination of the solutions of the Hamilton or Heisen-
berg equations of motion permits the construction of all pos-
sible invariants for the harmonic oscillator in N dimensions.
Two kinds of invariant may be distinguished for the isotropic
oscillator: (a) those explicitly involving the time, formed
from an unequal number of C’s and C*’s, like (3.1) or
(3.9a); (b) those, like (3.9b)—(3.9d), that contain an equal
number of C’s and C *’s. For the SHO these are constants of
the motion and for the time-dependent oscillator they may
be referred to as integrals of the motion. Examples of the
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(7.10b)

r

latter are (5.23) and the Lewis invariants (6.9) and (6.17).
In the case of the anisotropic oscillator the position is com-
plicated by the physically artificial question of the commen-
surability of the numbers m}w,,i.e., of the N, . In principle,
however, there is no difficulty in the anisotropic case, as
discussed in Sec. IV. Unless some of the ¥, are commensur-
ate strict integrals of the motion do not exist.

The invariants of type (a) consist of the homogeneous
invariants I, (g, ,px.t;$,), n=12,.,, as in (3.2), and
their N-dimensional extensions, e.g., the two-dimensional
extension (3.92). The physical significance of these time-
dependent invariants is somewhat obscure.

Type (b) invariants are necessarily of even degree and,
because of factorizations of the form (3.14), those of degree
greater than 2 are combinations of the ILN(N + 1) funda-
mental second-degree Fradkin invariants 4,, associated in
the TDO case with the diagonalized coordinates and mo-
mentaasin {5.23a) (cf. Ref. 14, conclusion of Sec. II1). The
diagonal elements A4,, in the case of the SHO are energy
constants.

The damped harmonic oscillator, represented by a
Kanai-Caldirola Hamiltonian with m = m, exp(2y¢), may
be reduced to a time-free equivalent SHO. This leads to a
particularly simple complex invariant. The strongly pulsat-
ing oscillator is an example of a genuine time-dependent sys-
tem for which the complex invariant may be expressed expli-
citly. The variable-frequency and general variable-mass
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oscillators have been shown to have complex invariants in-
volving an auxiliary function that satisfies an equation of the
type (1.4).
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On the quantization of constrained generalized dynamics

Carlos A. P. Galvao
Centro Brasileiro de Pesquisas Fisicas, Rua Dr. Xavier Sigaud, 150, Urca, 22290, Rio de Janeiro,
Rio de Janeiro, Brazil

Nivaldo A. Lemos
Instituto de Fisica, Universidade Federal Fluminense, 24210, Niteroi, Rio de Janeiro, Brazil

(Received 19 November 1987; accepted for publication 2 March 1988)

A special class of degenerate second-order Lagrangians, those that differ from a nondegenerate
first-order Lagrangian by a total time derivative (or a four-divergence) of a function of both

the coordinates and velocities, is studied in detail. Using Dirac’s theory of constrained systems,
it is shown that the canonical quantization starting from the second-order Lagrangian leads to

the same physical results as those obtained from the nondegenerate first-order Lagrangian.
Then some incorrect results and misleading arguments encountered in the literature on the

subject are clarified.

I. INTRODUCTION

In spite of the fact that most physical systems can be
described by Lagrangians that depend at most on the first
derivatives of the dynamical variables, there is a continuing
interest in the so-called generalized dynamics, that is, the
study of physical systems described by Lagrangians contain-
ing derivatives of order higher than the first.’

Besides its mathematical interest connected with gen-
eral problems in the calculus of variations as first investigat-
ed by Ostrogradskii,” higher-order terms were used in the
past as intended corrections to first-order Lagrangians asso-
ciated with certain physical theories. The attempts were to
generalize them or to get rid of bad properties of those theo-
ries. To the best of our knowledge the earliest attempts in this
direction were those by Weyl and Eddington® who added
curvature squared terms to the Einstein—Hilbert Lagrangian
so as to extend the theory of general relativity. Modifications
to Maxwell’s electromagnetic theory have been put forward
by Bopp® and Podolsky® with the goal of avoiding diver-
gences such as the infinite self-energy of a point charge
(which, in a certain sense, they succeeded in doing). Stimu-
lated by those findings, Pais and Uhlenbeck® investigated
whether the use of higher-order field equations might lead to
the disappearance of the divergent quantities that plague
quantum field theory. Their general conclusion was that it is
impossible to reconcile finiteness, positivity of free field ener-
gy, and causality. In other words, ghost states with negative
norm and possibly unitarity violation are inherent in those
theories and these facts turned out to be serious arguments
responsible for the bad reputation of higher-order theories.

However, higher-order Lagrangians are endowed with
nice properties, too, and they have been the subject of recent
interest for many reasons. It has been shown,’ for instance,
that curvature squared terms show up as small corrections in
the effective action of superstring theories in the limit of zero
slope. The same kind of corrections have been proposed in
the quantum theory of gravitation to improve the ultraviolet
behavior of the Einstein-Hilbert action,® as higher-order de-
rivative terms are known to improve the convergence of
Feynman diagrams. As a mechanism for regularizing the
ultraviolet divergences of gauge invariant supersymmetric
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theories it is the only available method that preserves both
gauge invariance and supersymmetry.’ Just to mention one
more example, higher-order Lagrangians come forth natu-
rally when one looks for a Hamiltonian description of cer-
tain nonlinear physical systems like those described by the
equations associated with the names of Boussinesq or
Korteweg and de Vries.'® Last but not least, the Lagrangian
of one of the most outstanding physical theories of our times,
the Einstein theory of relativity, does in fact contain second-
order derivatives of the metric field. It is then clear that such
theories deserve a deeper investigation.

On the other hand, the kinetic term of any first-order
Lagrangian can be transformed into two terms, one of which
is linear in the “accelerations” and the other is a divergence,
thus generating a second-order Lagrangian. Both Lagran-
gians are naively expected to describe the very same physical
system and should not lead to different results even at the
quantum level. But in the process of passing to the second-
order formulation one necessarily ends up with a degenerate
(or singular) Lagrangian. It was precisely this fact that gave
rise to some controversy in the literature concerning the
quantization of higher-order mechanical systems.

Hayes and Jankowski!! analyzed a second-order La-
grangian that generates the correct equation of motion for a
harmonic oscillator but, they claimed, yields an energy spec-
trum different from the usual one upon quantization. Subse-
quently Hayes'? proposed an unorthodox and peculiar
quantization prescription to circumvent the difficulties en-
countered in his previous work. His quantization procedure
was immediately criticized by Ryan'? and Anderson,'* who,
surprisingly enough, put the blame on the Lagrangian cho-
sen by Hayes because it was singular. As a matter of fact they
entirely missed the point, for the fundamental shortcoming
in Hayes’s approach was his lack of recognition that he was
dealing with a constrained dynamical system to which Dir-
ac’s formalism'®> must be applied. This was perceived by
Tesser'® and also by Cognola, Vanzo, and Zerbini.!” How-
ever, having disregarded the need to substitute Dirac brack-
ets for Poisson brackets before quantizing, Tesser did not
apply in a fully transparent and systematic fashion Dirac’s
theory as developed for systems with second class con-
straints. This was partly done by Cognola et al., who consid-
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ered only a very particular class of one-dimensional Lagran-
gians. Therefore they did not investigate the drawbacks of
Hayes’s treatment in their complete generality, and it is also
worth mentioning that their reasoning did not furnish the
thoroughly reduced phase space as witnessed by the fact that
their Hamiltonian and fundamental Dirac brackets retained
a dependence on an arbitrary parameter. Furthermore, in a
recent paper Tapia'® does not employ correctly Dirac’s for-
malism to constrained generalized mechanics and in his
study of the quantum theory of the harmonic oscillator he
arrives at an energy spectrum that again does not coincide
with the usual one. His case is even worse than that of Hayes
and Jankowski, because the spectrum he obtained is un-
bounded below, not to mention the misleading arguments
that led to the above mentioned spectrum.

It is our purpose in the present paper to provide a gen-
eral explanation why results such as those found by Hayes
and Jankowski'' or Tapia'® for the harmonic oscillator are
wrong, whereas those obtained by Barcelos-Neto and
Braga'® for the Klein—-Gordon field are correct. It is also our
aim to dismiss as unnecessary and groundless odd quantiza-
tion procedures such as the one advanced by Hayes, and
finally to characterize as misleading those arguments'*!* to
the effect that degenerate Lagrangians should be avoided in
generalized dynamics.

The paper is organized as follows. In Sec. I we state and
prove our main result for systems with a finite number of
degrees of freedom, while its extension to field theory is
briefly sketched in the Appendix. Section III is devoted to a
few examples and a general conclusion.

. THE MAIN RESULT

The generalization of Hamilton’s least action principle
and of the Hamiltonian formulation to nondegenerate La-
grangians depending on higher-order derivatives was first
achieved by Ostrogradskii,” and a more modern presenta-
tion of the canonical formalism is available in Whittaker’s
classical treatise.”” With an eye to physical applications, and
for the sake of simplicity, we shall consider only the second-
order case, although our reasoning may be extended in a very
direct way to Lagrangians involving derivatives up to an ar-
bitrarily high order.

Let L (x,x,%,r) be a second-order Lagrangian, where we
are using the notation x = (x,,....xy), X = (X,,...,.Xy ), etc.
The action principle

5S=6 J " L(xx5,0dt =0, 2.1)

where the variation is performed under the condition that
the end points remain fixed, leads to the equations of motion

L_d (o), & (9D

a° —0. 22
ax, dr\dx,) " dr?\o%, (2:2)

For future convenience it will be useful to introduce the no-

tation
V=X . (2.3)

The canonical momenta are defined as
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. oL d (dL
P2 2= 2.4
Py T (ay,) 24
and
. 4L
= 2.5
D> ay’ ( )

Equations (2.5) can be solved for the y; if and only if the
Hessian matrix W, whose elements are
— 2-
I/Vij = (9 L. ’
I, Iy,
is nonsingular. Assuming this is the situation, the Hamilto-

nian defined as (Einstein’s summation convention over re-
peated indices is understood from now on)

(2.6)

H(xpiypst) = yipi + hips — Lxypb) (o))
generates Hamilton’s equations of motion
5= o (2.8a)
ap Ix;
. _6H JH
i = o7 P2 = ——. (2.8b)
ap; Y,

The pairs of canonically conjugate variables are (x,p,) and
(»,p,), the Poisson brackets being defined as follows:

(F.G}y=9F 9G _OF 3G | JF 6G _ oF 3G

Ox; dp\  dp\ Ix; Oy, dpy i Iy,
(2.9)
In terms of these brackets the equation of motion of any
dynamical variable F becomes simply

dF - JdF

—={FH}+—=—. 2.10
dt { at ( )
Suppose now L is of the form

LOopit) = Lixpt) + %f(x,y), 2.11)

where fstands for an arbitrary function and L is a nondegen-
erate first-order Lagrangian, that is, its Hessian matrix W,
whose elements are

_ 9L _ d%L
Yy dy; ax, 9%

is nonsingular. Obviously, L and L generate the same equa-
tions of motion. The explicit form of L is

= ) a af .

L(X,}’,y,t) = L(X,,V,t) + _f:’y, + —jiy, s

Ix; ay;

from which it follows immediately that W = 0 according to
Eq. (2.6), so that L is singular. As a consequence, we are
sure to meet relations of functional dependence among the
canonical variables.

The canonical momenta are easily found to be

(2.12)

(2.13)

i 9L _doL_JOL & (2.14)
dy, dtady, 9y I
. oL af
L A 2.15
P =, " oy, 1)
Define the functions
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JL(x,y df(x,y)

\f)
(X )1) = + (2.16

8 (xy.1) o, o )
and

hy ey = L) (2.17)
Then we have the following primary constraints:

é: =pi — & (xp1) =0, (2.18)

¥, =ps — b (xy,1) =0. (2.19)

The Poisson brackets of the constraints are easily calculated
from definition (2.9). They are

dg; dg 9L d°L

P == — EK-, 2.20
{904,} dx;, 9x; Ox,dy Jx;dy (2:20)
Jh, Jdg, 2
(ppy=rt-Fo OL
ox; a}’j y; ayj
dh. OJh,
{,/,i,,p.} =—J_T_o. (2.22)
gy
It is convenient to define
(/Yl""’)sz) = (¢1"“v¢N!¢l’-'-’¢N) (223)

and agree that lowercase Latin indices from the beginning of
the alphabet always run from 1 to 2¥V. The 2V X 2N matrix
built up with the Poisson brackets of the constraints is, there-
fore,

C=l{xaxs}I = [fy —OW] ’

where W and Y are the N XN matrices defined by Egs.
(2.12) and (2.20), respectively. It is readily shown that C is
nonsingular. In fact,

det||{ x..x» }I| = (det W)?=£0, (2.25)

since L is nonsingular by hypothesis. Thus all of our con-
straints are of the second class, and no linear combination of
the y, can become a first class constraint, so that the ex-
tended Hamiltonian is nothing but the usual one given by
Eq. (2.7).

According to Dirac’s fomalism,'® one must replace the
original Poisson brackets by the new Dirac brackets defined
by

{FGY={FG}—{Fy,} (C"H*{x,,G},

where C™ ! is the inverse of the matrix given by Eq. (2.24). It
is an easy task to construct C~' and check that it can be put
in the form

(2.24)

(2.26)

0 w—!
-1 __
C'= _w- woyw—] (2.27)
The Hamiltonian (2.7) may be written as
= P a af .
H=yp, +yp; —L——’iy,- ——iyi, (2.28)
ox; 9y,

where use has been made of Eq. (2.13). Once we are working
with Dirac brackets, we are allowed to regard the constraints
(2.18) and (2.19) as strong equations. Therefore setting
; _OL 4 -/
p | =— _|_ _f = _f

, =2, 2.29
a, ax 2T (2.29)

i
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and inserting these equations into Eq. (2.28), we are left
with

T JdL

H=x,——L. (2.30)
ax;
By defining
JaL
= (2.31)
Pi=%,

these equations can be uniquely solved for the velocities x;
and Eq. (2.30) ensures that

H=H(x,p,1), (2.32)

where H is the ordinary Hamiltonian corresponding to the
nonsingular first-order Lagrangian L. Notice that the mo-
menta p, and p, have been wholly removed from the theory.
It remains to examine the fundamental Dirac brackets of the
new presumably canonical pair (x,p). Performing a few
straightforward computations one finds successively

{xnpj}* = [x,-, H_L] - {ana} (C™H* [Xb’ 8_L}
8yj ayj
= _{xi’¢k}(cgl)kb[/¥b’i[;]
Yy,
= — 6ik((c—l)kb [Xb’ H_L]
dy;
S (W—')"{w,,@], (2.33)
y;

where we have made use of the explicit form of C™' given by
Eq. (2.27). From Egs. (2.9) and (2.19) it follows at once
that

JL d*L
[1/),,—] = — = —W;, (2.34)
9y; dy, 9y,
whence, after its insertion into Eq. (2.33), one finally gets
{x.p}*=6;. (2.35)

By using a little more effort, a similar kind of calculation
allows us to show that

{xx}*={p.p,}*=0. (2.36)
This establishes unequivocally that at the level of Dirac
brackets (x,p) indeed constitute a pair of canonically conju-
gate variables.

So long as the canonical quantization then proceeds in a
standard manner by requiring that the fundamental commu-
tators be made equal to i#i times the corresponding funda-
mental Dirac brackets, we have proved that the correct way
of quantizing the classical theory associated with the singu-
lar second-order Lagrangian L conduces to the same phys-
ical results as the quantum theory based upon the nonsingu-
lar first-order Lagrangian L.

lll. EXAMPLES AND CONCLUSION
The Lagrangian introduced by Hayes and Jan-
kowski'"!? is

L= — (m/2)xi — }kx?, (3.1

which gives rise to the equation of motion of a harmonic
oscillator:

mx + kx = 0. (3.2)
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The above Langrangian is clearly of the form (2.11) with
L= (m/2)x* — }kx* (33)
and
Sxx) = — (m/2)xx. (3.4)

Thus the correct quantum theory of the harmonic oscillator
based on the second-order Lagrangian (3.1) is the same as
the usual one whose starting point is the first-order Lagran-
gian (3.3). The ambiguities encountered in Ref. 11 are just a
consequence of an inaccurate threatment of the constraints.

Tapia’s approach'® corresponds to taking L of the form
(2.11) with L the same as the one given by the above Eq.
(3.3) and f = 0. His mistake stems from an incomplete treat-
ment of the second class constraints in Sec. 5 of his paper. To
go ahead to the quantum theory it would have been indispen-
sable first to introduce Dirac brackets, which he did not. In
the Appendix he falls into another error because he treats the
canonical variables as independent, paying no attention to
the constraints. Finally, it is not true that his energy spec-
trum differs from the standard one merely by an additive
constant. From his method of obtaining the energy eigenval-
ues E, = nfiw, it is plain to see that # may be any negative or
positive integer, so that his spectrum is unbounded below,
and this is unacceptable on physical grounds.

The resuits obtained for the Klein-Gordon field by Bar-
celos-Neto and Braga'® can also be easily explained as a par-
ticular example of our general result (see the Appendix).
Their Lagrangian is

L = — g0 + V(4), (3.5)
which is of the form (A1) with
=10, 9"¢ + V(¢) (3.6)
being the usual Klein—Gordon Lagrangian, and
Q,=—16d,¢. 3.7

Since they treat the constraints correctly,'? it is no surprise
that they recover the well-known quantum theory of the
Klein—Gordon field.

As a conclusion, let us emphasize that degenerate La-
grangians are not to be rejected in generalized mechanics: all
one has to do is apply correctly the formalism designed by
Dirac to cope with constrained systems. In particular, Dir-
ac’s method can be applied to quantum gravity taking as the
starting point the usual Einstein—Hilbert Lagrangian, it be-
ing apparent, then, that it is not necessary to change the
standard action for the gravitational field through the addi-
tion of a surface term, as is commonly done in quantum
cosmology.”'
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APPENDIX: EXTENSION TO FIELD THEORY

The extension of the results of Sec. II to field theory is
quite straightforward and for this reason we shall only brief-
ly sketch the Hamiltonian approach. We denote a set of
fields on Minkowski space-time by (x)={y*(x)},

1591 J. Math. Phys., Vol. 29, No. 7, July 1988

A=12,.,N, where x={x*}={x°x"}, i=1,2,3, are the
space-time coordinates. Derivatives of the fields will be de-
noted by dy={d,¢*(x) }, 8’¢={3, 9, ¥*(x)}, etc., and,
in particular, =y '=¢".

The analog of the Lagrangian (2.11) in field theory is

Z =L () +39 a#(:ﬁ«?zﬁ)

3r/f‘+

= .7 (0
@ ¢)+ oy a(a w‘)

0. Y.

(AD)

We shall assume that the Hessian matrix associated with .%
is nonsingular:

2 2
W= 63‘5&” = aZA“j;B, det W #0. (A2)
It follows from (A1) that
= _ 9r¥
4B = EYZEYD -

so that .7 is degenerate.
)
The canonical variables of the theory are (¢*,11 ,) and

(2)

¢'=y",11 ,), with the momenta defined?? by

(@) 7 7 17
M, =92 15, (———a’f )—a(,(——ag),

ag* 3(8, 3, ¥ ag*
) &
m,=9Z

dg

Using (A1) we obtain

I s o0°

m,=2L ;2 5 (2 ), A3
STV RN YY "(a(akdf‘)) (A4
@ g0

m, =S5 (A4)

It is worth remarking that only Q°(1,d¢) shows up in the
above expressions. This is to be expected, as one can be easily
convinced by looking at the action functional constructed
with the Lagrangian (Al).

Expressions (A3) and (A4) give us the primary con-
straints

N
n, =11,

—-FA(¢’ak¢’¢’ak¢):0’ (AS5)
(2)
Ay=1,—-G, (4,0, ¢,8,0,6)=0. (A6)
We have, after a straightforward calculation,
dF, 3FA
, —_—= s A7
{n4ms} = pw 31[/8 Ean (A7a)
0’y
{n4As} = — proy il W (A7b)
{445} =0, (ATc)

so that, as in the case of Sec. II, the constraints are second
class. Since the matrix C constructed with the above Poisson
brackets is nonsingular, using its inverse, C™', the Dirac
brackets are now defined as
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{4(x),B(2)}* = {4(x),B(2)} — de dy{A(x),y, (w)}

X(C™HY®(wy) {x,(),B(2)}, (A8)

where v, =(7,,44).
In analogy with Sec. I1, the constraints can be regarded

as strong equations, thus removing from the theory the mo-
1) (2)
menta IT , and II ,. Defining

4L
'’
we find that the Hamiltonian & reduces to the ordinary
Hamiltonian 57 associated with the first-order Lagrangian
2, and it may be easily verified that (¢,IT) constitute a
canonical pair in terms of the Dirac brackets (A8).
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The recursion operator and the bi-Hamiltonian structure for an integrable two-dimensional
version of the Toda chain are algorithmically derived from the corresponding linear problem.
The intimate relation between two-dimensional theories and non-Abelian one-dimensional
theories is emphasized. The analogies and differences between discrete and continuous
integrable two-dimensional systems are pointed out and discussed.

I. INTRODUCTION

In the rich literature on integrable nonlinear evolution
equations, two different, though related, aspects have been
extensively and fruitfully investigated: (i) methods of solu-
tion, like the inverse spectral (scattering) transform for
solving the Cauchy problem or, for instance, the Biacklund
transformation approach to get large classes of special solu-
tions; (ii) algebraic and geometrical properties like the exis-
tence of a recursion operator, bi-Hamiltonian structure, and
infinitely many integrals of motion in involution.

While for integrable systems in 1 + 1 dimensions both
aspects have been satisfactorily understood for a few
years,"? only recently a similar program has been accom-
plished for (2 + 1)-dimensional systems, with a nontrivial
extension of the ideas and techniques previously used. In-
deed, in 2 + 1 dimensions the solution of the Cauchy prob-
lem requires the introduction of the d method, a natural ex-
tension of the Riemann-Hilbert method,> and the
description of the geometric and algebraic structure is
achieved via a suitable extension of the configuration space
and consequently of the notions of gradients, symmetries,
and recursion and Hamiltonian operators.*~® In a previous
paper,” we have shown that the d method can be successfully
used to solve multidimensional discrete spectral problems;
specifically we have investigated the finite-difference equa-
tion

Y(n — 1,m) + B(n,m)yY(n,m) + a(n,m)yp(n + 1,m)

=AY(n,m + 1), (1.1)
first introduced in Ref. 10, which is a natural two-dimen-
sional extension of the well-known linear problem associated
with the Toda lattice and, moreover,’ in a suitable contin-
uous limit, yields the equation oy, + Q¢ + ¥, =0, oeR.
The solution of the spectral problem (1.1) obviously implies
the solution of the Cauchy problem for the associated class
of nonlinear evolution equations in two discrete dimensions,
whose simplest members are

= a(n—14jm—j)
B.(nm) = a - -
jI=Io a(n+ jm—j)
f[ a(n+jm+1—j)

— C _, (1.2a)
o a(n+1+jm+1—j)
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= a(n+jm—j)
a,(n,M) = n, ) . .
Alnm jgo a(n+1+jm—j)
= (n+jm<+1—7
el (n + l,m) @ ’
o ,-l;Io a(n+1+jm+1-j)
(1.2b)
B,(n,m) =0, (1.3a)
= a(n+14jm—j)
[(n,m) = a(n,m) - -
* jl=-[0 a(n+2+4jm—j)
_pyen—1—jm —f)] (1.3b)
=0 aln+jm—j |

Here we consider the second aspect of the theory of inte-
grable systems and investigate the algebraic properties of the
flows associated with the problem (1.1). Namely, we show
that the notions of recursion operator and bi-Hamiltonian
structure, first introduced for continuous systems in two
space dimensions by Fokas and Santini,*> have a natural
counterpart in the corresponding discrete case. Our ap-
proach is based on the following two main points.

(i) The first point is the crucial role played by spectral
problems for deriving, through an algorithmic procedure, all
the relevant algebraic properties of the associated class of
evolution equations. This algorithmic derivation, in many
respects similar to the analogous one holding in the contin-
uous case, presents, however, relevant and intriguing com-
plications, which are peculiar to finite-difference problems.

(ii) The second point is the intimate connection be-
tween (2 + 1)-dimensional theories and non-Abelian one-
dimensional ones, already established in the continuous
case.%’ Indeed, we will show that the evolution equations
associated with (1.1) can be obtained as “‘reductions” of
those associated with an appropriate (singular) limit of a
matrix one-dimensional spectral problem.

In Sec. II, we show that our discrete non-Abelian spec-
tral problem yields the eigenfunctions of the recursion oper-
ator and, algorithmically, the operator itself; moreover, the
knowledge of such eigenfunctions leads to a definite pre-
scription for identifying the bi-Hamiltonian structure from
the compatibility condition.

In Sec. I1I, we perform the reduction procedure to get
the class of evolution equations associated with (1.1) togeth-
er with their recursion and Hamiltonian operators.
Throughout this reduction, the notion of “extended” sym-
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metries and gradients, as well as the proper operations on
them, are naturally introduced.

Il. SPECTRAL PROBLEM, RECURSION OPERATOR,
AND HAMILTONIAN STRUCTURE

A. The spectral problem

We consider the following linear problem:

€ 'Y= (Q+ i)Y, (2.1a)
—B -4 g 0
Q=( I 0 ) a=(0 o)’ (2.10)
where € is the shift operator
(“F)(n):=F(n+ k) (nkeZ), (2.2)

A is the spectral parameter, the fields 4 and B depend on the
integer variable n (and possibly on the continuous variable
t) and take values in some associative algebra ./’ with unit
element J, and o is a constant invertible element in the alge-
bra. The fields A4 and B fulfill the following boundary condi-
tions:

im A(n) =1,

(1] =

lim B(n) =0.

[n|— o

Note that one recovers the well-known spectral problem for
the matrix Toda lattice'" if the algebra is gl(N,C) and o = I
the spectral problem (1.1) for the two-dimensional Toda
lattice is instead obtained by considering matrices of infinite
rank of the form

(2.3)

A(nymymy) =6, . a(nm,), (2.4a)
B(nmy,my) =6, .. B(n,m,), (2.4b)
o(my,my) =8, 4 1m» (2.4c)

where 8, is the Kronecker symbol and m, and m,, the in-
dices of the matrices, in this infinite rank limit behave as
lattice variables. Here the connection between one-dimen-
sional matrix problems and two-dimensional scalar ones is
particularly simple and direct.

B. Gradients and compatibility: Discrete versus
continuous

For our purposes, it is convenient to introduce also the
linear problem

eV = ¥(Q + Aa), (2.5)
which is the adjoint of (2.1a) with respect to the natural

bilinear form (we assume the algebra .« to be endowed with
a trace form)

+ o

> FmG(n).

n= — o

(F.G) =Tr (2.6)
An elementary variational calculation yields the following
expression for the gradient VA4 of the spectral parameter 4
w.r.t. the field Q:

A= — (¥¥,50), (2.7)
whence
Vo A= — (¥9),. (2.8)

The evolution equations associated with (2.1) are ob-
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tained, in a standard way, as compatibility conditions be-
tween (2.1) and

W, (n) = V(n+ 1)¥(n). (2.9)
Then they are embedded in the equation
Q,(n) =V(n)Q(n) —Q(n)V(n+1)
+A[V(n)ya—aV(n+1)], (2.10)
and arise by expanding V in powers of A:
V=Y AV®. (2.11)
x>0

We can assert that the evolution equation (2.10) is a
Hamiltonian system if it can be cast in the form

Q,(n) = (6y)(n), (2.12)

when 6is a Hamiltonian (or Poisson, or cosymplectic) oper-
ator and y is the gradient of some functional of the field Q,
namely,

0* = — @ (skew symmetry), (2.13a)

(7,0'[67,]7;) + cyclic permutation =0 (closure),
(2.13b)

(Y[F1,G) ={yY[G],F) (irrotational property).
(2.13¢)

In the above formulas, and everywhere in the following, an
asterisk denotes the adjoint w.r.t. (2.6) and a prime denotes
the directional derivative:

F'{G] =-§;F(Q+tG) (2.13d)

t=0

In order to recognize the Hamiltonian structure of
(2.11) we have torelate V to the gradient (2.8). To this aim,
we notice that a simple calculation shows that the quantity

O(n) =¥ (n— 1)¥(n) (2.14)
fulfills the following ‘‘eigenvalue” equation:
0=®(n)Q(n) — Q(n)P(n+1)
+ Ald(n)a —aP(n+1)]. (2.15)

The function @, though not itself a gradient, is, however,
related to V,4 by the simple formulas

®(n) =(Q(n) + Aa)(Voi) (n)
= (Vod) (n — 1)(Q(n — 1) + Aa). (2.16)

Moreover, a comparison between (2.10) and (2.15), once
both ® and ¥V are expanded in powers of A,

D= z DRk (2.17a)
k>0

V=3 V®ik (2.17b)
k>0

shows that, up to boundary terms, ®* = ¥ ® for k strictly
greater than zero.

It is interesting to compare this situation with the analo-
gous but simpler one, characteristic of the continuous case:

¥ =(0+4a)¥, —V¥ =¥(Q+1a), (2.18a)
¥, = V(A)V. (2.18b)
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Here we have
Vod = — WY,

and moreover (the symbol [ -,- ] denotes the commutator)
Q. =V.+[QV]I+AlaV] (2.192)
0= (¥Y¥), + [Q¥Y¥] + A [a,¥V]. (2.19b)

Formulas (2.19) imply that the coefficients of the expan-
sions in powers of A of ¥W (the “squared” eigenfunction)
coincide, for k> 0, with the homologous coefficients of V,
which are themselves gradients: accordingly, Eq. (2.19a) is
already written in bi-Hamiltonian form, the two Hamilto-
nian operators being

01 =ax + [Q9']9 02= [a"]- (220)

They are easily seen to be well coupled (or compatible), i.e.,
0(A) : = 6, + A0, is a one-parameter family of Hamiltonian
operators.

Unlike the continuous case, we have seen before that in
the discrete case the compatibility conditions do not imme-
diately yield the evolution equations in bi-Hamiltonian
form: The deep group-theoretical reason for this different
behavior will be investigated elsewhere. Concretely, in the
discrete case, although it is not evident how to identify a
priori the basic Hamiltonian structures of the theory, never-
theless, the definite relation between the function ¥ taking
part in the compatibility (2.10) and the gradient (2.8) al-
lows us to construct, for the choice (2.1b), the proper recur-
sion and Hamiltonian operators of the theory.

C. Recursion operator and bi-Hamiltonian structure

We first observe that, for the choice (2.1b), the funda-
mental solution W,V of the spectral problems (2.1a) and
(2.5) can be parametrized as follows:

Y(n) @(n) )
\I/ n =( ’
) Yin+1) @r+1)
~ _ (2.21)
s _(¥(n) —Y(n—-1A(n-1)
Vn)=|" T .
g(n) —@n—1DA(n—-1)

Thus the relevant entries of the gradient matrix (2.8) take

[
v il = \v 1)’

0

j=o

o -1
(N* [gg']) m=| [[n+1D [zo ¢ [(a[[ (n+ 1)) @,(n) + B(n + Dga(m)o || (n)] ,
2

where

the form
(VzA)(n) = (P¥),, = ¢(m)d(n) + p(m)p(n), (2.22a)

(V,A)(n) = (P¥),, = ¢(n + 1)d(n) + o(n + D(n),
(2.22b)

whence it follows that the “squared eigenfunction” ® (2.14)
can be written as
P,,(n)

— (VaA)(n—1A(n — 1))
VzA(n) '

— (V) (n—=1A(n—1)
(2.23)

This form of &, plugged into the “eigenvalue” equation
(2.15), yields the following system:

®,,(m)B(n) + (V3A)(n—1) — B(n)®,(n+ 1)
—A(n)(VpAd)(n+ 1)

d(n) =(

=A{o®,,(n) —®,,(n+ o], (2.24a)
(V) (n)B(n) + (V, A)(n—1)A(n—1)

+®,,(n+1) =A(Vzd)(n)o, (2.24b)
®,,(n) + B(n)(Vgd)(n) + A(n)(V,A)(n)

= Ag(Vzd) (n). (2.24¢)

Equations (2.24) enable us to express ®,,(r) in terms of the
gradients VzA4 and VA through the formula

D, =P, (VA) + Pp(V,4),
where

(2.25a)

(PyyF)(n) = €‘0’[0(FB)(n) — (BF)(n)o)
Xo~U+h, (2.25b)

(PyF)(n) =Y €lo’la(e™'FA)(n) — (AF)(n)o]

Xo—U+h, $ =% (2.25¢)
ji=0

Introducing this information into Eqs. (2.24a) and (2.24b),

one gets, after a little algebra, the explicit expression of the

“squared eigenfunction” operator N *:

(2.26a)

Y o’[(e'*'Bg, — €’2,B) (n) + (¢/+'dg, — €/~ 'g,A) (n)]o~ U+ D
(2.26b)

— el [(H (n+ 1)) (&:(n + 1) + &(mBm) [] (”)” ("'H ("))
(2.26¢)

1 (m:= ] o4
j=n

The operator N * is the adjoint of the recursion operator N w.r.t. the bilinear form
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+ o
(fg):=Tr Y (film)gi(n) +f,(n)g(n)), (2.27)

= — o

where f(n) = (f(n), f,(n)) [resp. g(n) = (g,(n),g,(n))] is an arbitrary element of the tangent (resp. cotangent) space to
our manifold at the point (B(n),4(n)). Of course, the bilinear form (2.27) is induced by (2.6) through the reduction (2.1b).
Taking into account (2.27), one gets the explicit form of N, which reads

(N h ]) (n):= f;(n)] )

f f3(n)
Fim =B 3 aie f)mo= U0 = 3 gelf) (Mo U OB(m) + o [[ () 3 /! ((UH)—lfzfn) (n)
j=o j=o j=o
-1 © —1 -1
x(e[[n+ 1) ~M—0 § e (o) sell) o () (2.28)
j=o
© ) © -1
fim)y=Ame Y ol(elf)(m)ya~U+P — % ol(ef))(ma~ Y PAm) +o[[ () Y /! ((UH) fZGH) (n)
j=0 j=0 j=0

x(a]'[ (n + 1))_13(” 1 - B[] (n)jgoef((aﬂ)_lﬁen) (n) (1'[ (n + 1))_1.

To derive the explicit form of the class of evolution equations associated with the spectral problem (2.1), one has to go
back to the compatibility equation (2.10). By setting

C(n) E(n)
Vin) =(F(n) G(n))’ (2.29)
one easily gets
B,(n)=C(n)B(n+1) —Bn)C(n+1) —E(n) —An)F(n+ 1) + A [oC(n+ 1) — C(n)ol, (2.30a)
A,(n) =C(mMA(n) —A(n)G(n+ 1) —B(n)E(n+ 1) + AcE(n + 1), (2.30b)
0=F(n)B(n) —G(n) +C(n+ 1) —AF(n)o, (2.30c)
O0=En+1)+ F(n)A(n). (2.30d)

By solving the constraints (2.30c) and (2.30d) w.r.t. C(n), F(n), Eqs. (2.30a) and (2.30b) can be recast in the form

[B'] &, + A9 [F] 2.31
At_(2+ ‘)C’ (23D
where
F _ agC(n+1)—-C(n)o )
(’9‘ [CD D =\t m)Fn + Do — aFmyAm))” (2.322)
(1} [FD (n) _( C(n)B(n) —B(n)C(n+ 1)+ F(n—1)A(n—1) —A(n)F(n + 1) ) (2.32b)
’lc T \C(m)A(n) —A(n)C(n+2) + B(n)F(n)A(n) — A(n)F(n+ 1)B(n+ 1)/’ '

By expanding C and F in powers of 4,

F N  [FWN-i-D

HE Y fo
and equating the coefficients of equal powers of A4, we obtain (i) the starting point of the iteration (power 4 V),

-1
F=D (n)Ha(a (n))
[c‘—”((:)) = [H <\l } ' (2.34)
o~ "H,o"

where H,,H, are arbitrary constant elements of the algebra «; (ii) the recursion relation

F&K+D F®

[ccen] =2 [Goe)] @3
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where

MY

o {5, (-1)

—t

(n)(CA — AE2C + BFA — AeFB)(n) (el'[) (n)” (aH (n))

® ; (2.36)
S {€/0/(BeC — CB + AeF — €~ 'FA) (n)o~ U+ D}
j=0
and (iii) the class of evolution equations
(N 1) Nt F(—l)
[ ] C(N 1)] HMT C(—n] : (237)

However, the class (2.37) is not written in Hamiltonian form, since [f; ] are not gradients (and, correspondingly, ¢, and +,
are not Hamiltonian operators) as follows from formulas (2.14), (2.16), and (2.17). On the other hand, the same formulas,
together with (2.23) imply that the proper gradients ‘¥’ are given by

F(K)]

c& |’ (2.38a)

7,(k) =p! [

—1

Il (mH,e (aH (n))
Mo+ vio (ol m) +Ta+n| S (M) 80T Gbol| (eI )

J=n+
(2.38b)

p=

-1 ’

where the operator P is defined as

-1 mllel
d [gz]—[PZI Pul gl (2.38¢)

the operators P,,,P,, having been introduced in formulas (2.25). The transformation (2.38a) enables us to cast the class of
evolution equations (2.37) in the following bi-Hamiltonian form:

[B‘] =0y" V=07, (2.39)
4,
where the Hamiltonian operators &,,6, are given by

6:=%P (i=1,2), (2.40)
that is,

] — _ —1
(01 [g‘ )(n) - [(Bg‘)(”)" 7@ + (dg;) (Mg~ ote g“)(”)], (241a)
24

(Aeg)(n)o — o(g,4)(n)
( 2[ ] >( )
g?

(e7'g,A) (n) — (Aeg,)(n) + B(n) i ole’* (Bg, + Ag,) (n)o =/ — o'+ ' (e/* g, B + g 'A))(n)o~ U+ D

j=o

(Bg,A)(n) — (Aeg,B) (n) — [i ol\e/(Bg, + Ag, — 0g,Bo~"' — ag,e'A))(n)o /|4 (n)
Jj=0

-

- i [o/(e/(Bg, + Ag))(n)o~/ — 0+ V(e/(g,B + € 'g,4))(m)o~ Y+ V] B(n)
i=o0

" ) . (2.41b)
A(n) Z olle’**(Bg, + Ag, — 0g,Bo™ " — age'do™ ")) (n) o~/
j=o

Equivalently, the class (2.39) can be written as

[jz] = G,N*Nyi= 1 — g N*#N+1pi=1 _ NNg O, _ g™ (2.42)
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where the recursion operator NV and its adjoint /V * have been defined in formulas (2.26b) and (2.28), and the starting vector
field K @: = 6,5~V is given by

K9(H):=K{”(H,) + K{”(H,), (2.43a)

_ » »
H(n—l)Hla(H (n)) —aH(n)H,a(aH(n+l))
(K{”(HD)(n) = e > , (2.43b)
B(n)H(n)Hla(]'[ (n+1)) —UH(n)Hla(UH(n+l)) B(n+1)
© _ [0~ "H,0"B(n) —B(n)a—‘"“)Hza“‘]
(KZEND = | ol ot () — A(myo— o+ D Hom 2] (2.43¢)

The proof that 8, and 6, are well-coupled (compatible) Hamiltonian operators, or, equivalently, that N is a Nijenhuis (or
hereditary) operator, namely, it satisfies

N'[NfIf=N'INFYf=NWN'LfIf-N'[F1) (2.44)

for any pair of tangent vectors £, f, and 8, is a Hamiltonian operator well coupled with N, can be achieved by direct calculation.
We recall that such results have been already established in Ref. 12 in the special case o = I.

D. An interesting subclass of evolution equations

A direct calculation shows that the square of the recursion operator is reducible on the submanifold B = 0: that is, its
restriction N?| 5 _,: = R is again a Nijenhuis operator mapping into itself the tangent bundle to this submanifold. Its explicit
expression reads

—1 o
(Rf)(n) = —A(n)[]'[ (n+1DS(n+1) (aH (n +2)) + ¥ cr’(ej”f)(n)a“’”’}
j=o

—1 o
+ [H (n—1Sn-1) (al'[ (n)) +> af(ef'/’)(n)a“j+2’]A(n), (2.45)
j=o
where we have set

-1
S(ﬂ)=2€’((aH(n)) f(n)]'[(n+1)). (2.46)

The same property is enjoyed by the Hamiltonian operator 8 ®: Namely, its restriction 8 ®|, _,: = 6 is again a Hamiltonian
operator mapping the cotangent bundle into the tangent bundle to the submanifold B = 0. It has the following form:

(6g)(n) = — A(n) [i af[ej”z(Ag)](n)a“"—a’“[e”‘(gA)](n)a“””]
j=o0

+ l i o'lefAg) 1 (n)o =/ — af+‘[ej_‘(gA)](n)0'“f+”] . (2.47)
J

=0

Asis well known, ! this “reduction by restriction” preserves the coupling between Nijenhuis and Hamiltonian operators,
so that 8': = RO is again a Hamiltonian operator compatible with 6. Then, observing that the vector fields X ©(H,),
KW(H,): = NK'®(H,) can also be restricted to the same submanifold, giving rise to the reduced vector fields

—1 —1
XOH): =K O HD g0 = o [] (W Hyo (UH (n+ 2)) [ (n—DHe (H (n + 1))

+ Ao~ " VH T — o "H,0" " 'A(n): = 09V (H,), (2.48)

-1 —1

ﬂio’(Hl)=H(n+l)Hla(l'[(nJr1))—10‘2+H(n+1)Lgo[(ff(ae]'[) H) (n),Hla” (aﬂ(n)) ,

YO(H,): =K (Hy) | p_o =0 "Hyo"d(n) — A(n)o~ "V H,o" % = 6757 (H,),

-1
75 (H,) =H (n+ 1)H,o (O'H (n)) ,

we can assert that the class of evolution equations (2.42) contains the bi-Hamiltonian subclass

(2.49)

4, = RE O H,) + y© (H)): =y (H) = R*6 (" (H,) + 0" (Hy) = OR ** (1 (Hy) + 75" (H)): = 00 (D).
(2.50)
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This subclass has been already derived by Bruschi and
Ragnisco,' in the special case o = I: There it has been
shown that its continuum limit is just the non-Abelian KdV
class. It could also be shown, but we will not go into any
detail, that a similar continuum limit performed on the hier-
archy (2.50) in the special choice (2.4) allows recovery of
the KP class recently derived by Fokas and Santini.*>

E. Symmetries and integrals of motion

It is well known? that the existence of a compatible pair
of Hamiltonian operators—the “bi-Hamiltonian struc-
ture”—entails the existence of infinitely many commuting
symmetries and integrals of motion in involution whenever
certain additional algebraic properties are satisfied by the
starting members of a given hierarchy of evolution equa-
tions.

In our case, one can show that, for the class of evolution
equations (2.22), the starting elements of the class, namely
K@ (i=1,2), defined in (2.43b) and (2.43c), enjoy the
following Lie-algebraic properties:

(K HD.KOHD], = NKO([HoH{glo™),

(2.51a)
[K{V(H) K (H3) ], =K ([HyHS]),  (2.51b)
[K§0)(H1))K£O)(H2)]L =o’ (2.51C)

where by the symbol [,*], we have denoted the usual Lie
bracket between two vector fields:

[Kl,K2]L =K [K,] —-K;[K\]. (2.52)
Moreover, ¥~ V(H,,H,) is a gradient for any choice of

H\,H,, since it spans the null space of the Hamiltonian oper-
ator 8V

LV =y LD =0 (2.53)
Finally, N is a strong symmetry for X {9, namely,
N'[KPU+NKEP' [ f1=K[Nf] (i=12),
(2.54)

for any £,

Remark: Property (2.54) is also referred to as the van-
ishing of the Lie derivative of N along K (. Actually, (2.54)
is a consequence of the Nijenhuis property of N, of the good
coupling between N,0, and 8, = N6,, and of the definition of
K{©®=0y"".

Due to the additional properties (2.51), (2.53), and
(2.54), the following propositions hold true for the class of
evolution equations (2.42).

(i) The flows

K (H):=N/KO(H) (2.55a)
form an infinite set of commuting symmetries

(K (H),KH)], =0, (2.55b)
provided that

(H,0,H,0) = [H,,H,] =0. (2.55¢)

Property (2.55¢) is, in Qanicular, guaranteed whenever the
constant elements H;, H; (i = 1,2) are (analytic) functions
of o.
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(ii) Under the same condition (2.55¢), the functionals

1
1%’[V1:=f duly P (uVH), V),
0

where for a moment we have denoted by V' the pair (B,4),
form an infinite set of integrals of motion in involution,
namely,

TP TPy = P2 H),0,pP (H))
= (YO (H),0,y'~P(H)) =0.  (2.57)
Analogous results are valid for the subclass (2.50),
where, however, the Lie-algebraic properties of the starting
elements of the hierarchy are slightly different from (2.51),

and agree with those established for the KP class.’ In fact
they read

[XEO)(HI)’XP)(EI)]L
=Ry ([H,0,H,0)o~") + ¥ ([H,0,Holo™ ),

(2.56)

(2.58a)
[X%o)(Hl),Xéo)(Hz) ]L = _Xgm( [H\0,H,]), (2.58b)
[5” (L) 28 () . = 8% (LG H D). (2.58¢)

Therefore, we can again assert that, for the subclass (2.50),
the flows
X(j)(H): =R J'X(O)(H) (2.59a)

form an infinite set of commuting symmetries, and the func-
tionals

1
I141: =f du{n? (ud;H),4) (2.59b)
0
provide an infinite set of integrals of motion in involution,
once H,, H,, etc., are (analytic) functions of ¢.

I1l. RECURSION OPERATOR AND HAMILTONIAN
STRUCTURE FOR THE TWO-DIMENSIONAL TODA
HIERARCHY

We have already pointed out that, by the choice (2.4),
the spectral problem (2.1) becomes the spectral problem
(1.1) associated with the two-dimensional Toda lattice. In
this section we clarify to what extent, and in what sense, the
bi-Hamiltonian hierarchy constructed in the previous sec-
tion is reducible on the submanifold (2.4). We then derive
the main aspects of the theory associated with the recursion
and bi-Hamiltonian operators of the two-dimensional Toda
hierarchy through this reduction procedure, extending the
approach presented in Refs. 6 and 7 to our discrete context.

A. Reduction to the two-dimensional Toda class

We first notice that, with the positions (2.4), the Hamil-
tonian operators 6; [ (2.41a) and (2.41b) ] and the recursion
operator N (2.28) become

Y- 0)) L — a1
6;:=61, N:=N,=0{7[0; R
where

(3.1)
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o, | BD:'—BD, AD;'—De'4,
6 127 = 1 3 (3.23)
(4,D; '€~ DA, 0
((132 —Be)(1 —eD\D,) 'D,(B,D;'— B,D,) (B,— B,e)(1— eD,D,)"
g | e M4 XDy(4,D ;' — De"'4,) (3.20)
? 7| B, — 4,eB, + (4, — 4,€)(1 — €D,D,) " (4, —4,&)(1 —eD D)~ |’ '
XDy(B\D; ' — D,By) XDy(4,D; ' — D™ '4,)
N (B, — B,)D,(1 — eD,D,) ! [Dz Il,,(D,D,)~ ! — (GDI_IHIZ)] (l—eD['D; Y ;! 39
?l4,€-4,)D,(1—eDD,)"!  [D,1,,(DD,) ‘B~ BD [ 'M,] (1—eD['D;H 5]’ (3.2¢)
I
where 6 and N,, are operator-valued matrices acting on  where
arbitrary two-component vectors, and we have introduced B,— B,
the notations KD (hy) = ] hiP
A4, — 4,
Mo =T (mym2) T v T P EE
- (B, —€B,e~'D\D,) 11,,
=jI=I0 la(n+jm,—)1/[a(n+j+ Lm, =], the vector
(3.3a2) e
(DXF)(nm,,m,) = flnm, + kymy), (3.3b) By = [h 3)]
(DEF) (nmymy) = flnmims, + ), (330 S
A, =a(nm;), B,=pf(nm,), (3.3d) lzs+h:reafter a function of m; —m, and X, stands for
[(1 — €(D,D,)*) " f 1(n,m,,m,) " On the other hand, formulas (3.4) also imply the com-
w0 ] ] ) mutation of 8,,,N,, with the multiplication by any matrix
=j;0f(” +jrmy + js,m; + Js). (33¢)  havingequal entries [corresponding to h,, = k, ¥ (m,,m,) ],

The structure of the operators 8,,,V,, implies the following
important commutationlike relations:

O h(m, —my) - =h(m, —m,+ 1)0,,", (3.4a)
0,h(m; —my)- =h(m; — m,)0,,", (3.4b)
Nph(my —my) =h(m; —my, — 1)N,,, (3.4¢c)

where 4 is an arbitrary scalar function. Formulas (3.4)
mean in particular that, once applied to diagonal matrices
fim,my) =6, . flm), 6,, yields matrices of the form

flm,my) =6, 1, f{m,), 6, yields diagonal matrices,
and N,, yields matrices of the form f(m,m,)
= 5m. —1,m, f(ml)

These properties entail that the M th vector field of the
hierarchy (2.42) is given by a diagonal matrix and thus be-
longs to the tangent space of the submanifold (2.4), if the
matrices H,,H, entering in the definition of the starting vec-
tor field K are chosen as

H,(m,;m,) = h, 63, H,(m,m;) = h,633°, (3.5)

where h,,h, are arbitrary real numbers and &%
=8 mm, _ m, + - In this case the hierarchy (2.42) becomes
the following hierarchy of nonlinear evolution equations as-
sociated with the spectral problem (1.1):

[ ] T SPNUK D (S hi0it")
=3 SONUK D (h6Y"), (3.6)
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so that the same class of evolution equations (3.6) can be
obtained by the following restriction to the diagonal:

3] -z semuxem
:=25(0)K(M)(h) —K(M)(h). (3.8)

We notice that the factorization property (2.42) allows us to
cast Egs. (3.8) in the equivalent forms

[jl ] 2 590 Py~ (h) = Z 596 Dy ™ (),
3.9)
where
VP =0P)KP (r=0,1,.),
iz V()
= [nlz/(AlAz)] B m, —my +1) (3.10)
D ',,/4,
[le/(AlAz)€(1 —e) ' (B, 1I,—B,11,)
Xk (my —my + 1),
having defined
© a(n+km,—1—k)

Hi (n) = H

k=0 aln+km, —k)

Moreover, formula (3.4b) allows us to write Eq. (3.9) in the
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following form:

[ﬁl] =0§2)’}/§f{_”(71), (3.11a)
14z

0(2) [

It is important to remark that 8 {*, i.e., the restriction to the
diagonal of 8 {2, is again a Hamiltonian operator: indeed, it
is skew symmetric with respect to the (restricted) bilinear

form
(fr=3 3 S/ mmz mmy),
i=1 n

and fulfills the closure condltlon w.r.t. the Fréchet derivative

OV L£1: =2 09LB, + o "y + 17l

(3.12a)

[f"’ =fP(nm))]. (3.12b)

Remark: Similar considerations apply to the subclass
B = 0 discussed in Sec. II D. The Hamiltonian operator 8,,
and the recursion operator R, take the form

012 = (A2 —AIEZ)(]. - 6D1D2)—1

X (4, — € 'D\D,A,), (3.13a)
Ry,= (A ' —A€) (D lpznzp,pz-‘)

X(1—eD{'D;HI;

+ (4, —4,)D2(1 —eD,D,)~".  (3.13b)

Of course, being the restriction of €2’ to the submanifold
B =0, &,, obeys again the commutatlon relation (3.4b),
while R,,, being a restriction of N3,, will instead obey the
following one:

Ry,h(my —my) =h(m, —m, —2)R,, . (3.14)

It follows that, in order to guarantee that the M th vector
field of the hierarchy (2.50) be represented by a diagonal
matrix, one has to choose the matrices H,, entering in the
definition of the starting vector fields, as

2 2M
H,(m,,my) = hP6@M,
NLgR2M+ 1)

SEM+ 1),

(3.15a)
(3.15b)

In this case, one gets nonlinear evolution equations of the
form

H,(m,m,)=h

e =3, (RUXO(h8(3))8(, (3.16)
the starting vector field ' being given by
XD (hy,) = (4, — AP (my — m,)
4 (A, — A, + (4,6 — e ") TT,,)
Xh'"(m; —m, +1). (3.17)

The alternative representation, corresponding to formula
(3.8), reads
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B (1—¢€)(1—€eD))" (1 —D,)B,+€'4,—A,e
A, (1 —€)B, +4,(1 — €)(1 —eD,)~'(1 — D,)B,

where
Y =V my =, (3.11b)
and
B,(1—€)(1 —eD,)""(1 — D,e "4,
_1 1 (3.11¢c)
A,(1 —€)(1—eD,)" (1 — D,e "4,
r
26(0) 121’52)(’1) _25521’%12”)(’1)
=y ), (3.18)

which can be also written in the Hamiltonian form

Ay, =3 890,y P (h): =0,y D (h),

m,

(3.19)

where the Hamiltonian operator 6, is the restriction on the
submanifold B = 0 of 8 {’ [formula (3.11c)], namely,
0=A,(I—)I—€D,) '"(I—€'D)A,. (3.20)
We can thus answer the question raised at the beginning
of this section, stating that the class of evolution equations
(2.42) [or (2.50) ] is reducible on the submanifold (2.4), in
the sense that the generic vector field of the hierarchy be-
longs to the tangent bundle of this submanifold, provided
that the starting point of the iteration is suitably shifted with
respect to the diagonal; moreover, any equation of the hier-
archy so obtained is certainly endowed with a Hamiltonian
structure. Alternatively, we can say that the same hierarchy
of Hamiltonian vector fields, tangent to the submanifold
(2.4), can be extracted from the general class (2.42) [or
(2.50) ], by restricting to the diagonal the vector fields gener-
ated by a unique starting point, givenby K (%) [or y'” (k) ].
To end this subsection, we notice that, by setting M = 0, Eq.
(3.8) yields Eq. (1.2), while Eq. (3.18) yields Eq. (1.3).

B. Extended directional derivative and bilinear form

In Sec. III A, we have shown that on the manifold (2.4)
it is natural to introduce vector and covector fields like
K ,,7,, and operators like N,,,8,,. Such fields and operators,
which arise as special realizations of the abstract mathemat-
ical objects of the non-Abelian theory developed in Sec. II,
can be, on the other hand, considered as multidimensional
extensions of the analogous quantities taking part in the stan-
dard one-dimensional Abelian theory. In order to construct
a self-consistent theory in terms of such extended objects,
namely, to prove that the relevant properties derived in Sec.
I1 E are preserved by the “reduction” (2.4), we need first of
all an appropriate definition of the directional derivative. To
this aim, we notice that the extended vector and covector
fields as well as the extended recursion operator are con-
structed in terms of the operators &,, and (possibly) of ,,.
Moreover, the field-dependent entries of é,, contain just
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terms of the form

(i) BeD; 9— DI€'B,: = By, (p.ar), (3.21a)
(i) 4,€D; 7 —DieAy: = Ad,(p,g,r), (3.21b)
(iii) B,A,— A,€B,: = Cy,. (3.21c)

Hence, the directional derivative of @ {2, and consequently of
N5,K 5,712, Will be uniquely defined in terms of the direc-

tional derivative of 4 12,2\3,2,6,2, which we define here, con-
sistently with the non-Abelian origin of these operators. The
directional derivatives of B,,, 4,,, and C,, in an arbitrary
direction

M

12
Szt =flnmy,my): = [ (2)]

12

are denoted by By, 4{ f1.1, 4124 fi2], Ciaul f12], respec-
tively, and given by

§12,a1 [fu]gg;)

- Z [fVerD %5 — Dieg? FV], (3.22a)
ﬁlz,d[fu]gu
=3 [/ReD %R —Diegd /], (3220
E,Z,d[fn]gu
- 2 [ S)g(x)142 +Blg(l) (2)
f§§>eg§;’ —A,eg® FP]. (3.22¢)

Besides this d derivative (hereafter referred to also as ex-
tended directional derivative), it is also natural to introduce
the total Fréchet derivative, denoted by the subscript F: for
any operator O (or vector field K, or covector field y) de-
pending on 4;,B; (i = 1,2), this total Fréchet derivative is
defined as

~ 2
Oclflg= E oA +tf 3B, A4)81l o

jEi

Q.alQ_,

(3.23)

It is easy to check that on operator valued matrices 5,2,
defined in terms of 4,,,B,,,C;,, like our Hamiltonian opera-
tors 8 {2 and recursion operator N,,, the following relation
between the d derivative and the F derivative holds:

0,4 [5§g)f12]312 =0, f1812

Definition (2.27) finally motivates the following definition
of extended bilinear form:

(.le’g12> = Z z z f(') (l)

i=1 n m,m,

Due to the definition of the d derivative and of the ex-
tended bilinear form, which are the ones induced by the ordi-
nary directional derivative and bilinear form for the non-
Abelian original structure, we can also assert, with no need
of any further explicit proof, that in terms of these extended
operations the following properties hold.

(1) 8 and 6 {3’ are extended compatible Hamiltonian

operators, and thus N, = 0 {2 [0{}] ' is a Nijenhuis oper-

(3.23")

(3.24)
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ator, well coupled with both 6{) and 8 (2.

(2) All the extended vector ﬁelds K (D (3.8) construct-
ed via the Nijenhuis operator N,, out of the starting vector
field (3.7) commute in pairs for any h,, of the type
hy, =3 C.8%, C, constants, namely,

[K S (h,).K Qi) ], =0. (3.25a)

(3) All the quantities {2 (3.10) are extended gradi-
ents, namely,

(f[i?$2[8121) = (€i¥i2a [ fi2]). (3.25b)
(4) We have
(2 (h2),0 9712 (h1,)) =0 (3.25¢)

for any hlz,h 1. and for any non-negative integers 7,s.

Remark: Equations (3. 25) are direct consequences of
Eqgs. (2.55) and (2.57) since h12 is nothing but an arbitrary
function of ¢ in the reduction (2.4).

C. Commuting symmetries and integrals of motion in
involution for the two-dimensional Toda hierarchy

In order to show that the two-dimensional Toda hierar-
chy defined in (3.6) and (3.8) is endowed with infinitely
many commuting symmetries and infinitely many integrals
of motion in involution, we need to establish certain nontriv-
ial consequences of (3.24) and properties (1)—(4).

We start by introducing the notion of “extended sym-
metry”: An extended vector field o,, is called an extended
symmetry for the evolution equation (3.8) if it enjoys the
following property:

0'12,F[K(")] = (89K 3 lo,]. (3.26)
It is not difficult to check that the quantities
oif: = N3RK D (h) (3.27)

are extended symmetries for any evolution equation of the
hierarchy (3.8) for arbitrary A. Indeed, due to formula
(3.23") we have

oiFHK ) = o [69K ],
and moreover,

g':)i [5(0)K(n)] _ (5%3)1(("))4 [O.(In)
= o [BPK D] — (NK Q(h'8D)), [017]

= (NPK QM) [NK Q(R'83)]
—(NLK QRS [NBKQ(B)]

t == [N (0)(h) N"ZK‘O)(h’6‘"))]d
_Nn+m[K(0)(h) K(O)(h '5(n))] =0,

(3.28a)

(3.28b)

since the matrices associated with (% ') and (28{?) obvious-
ly commute for any n.

There are two main consequences of (3.26).

(i) The restriction of o, to the diagonal,

G’%;") 2 agg)a.g;n)’ (3.29a)

is a symmetry for each equation of the two-dimensional
Toda hierarchy, namely,

o.“n):[K(n)] — (n)/[a(m) 3 (329b)

0. Ragnisco and P. M. Santini 1602



(ii) The equation
oM =0 (3.29¢)

is an auto-Bicklund transformation for any equation of the
hierarchy.

The way to prove (i) is rather involved and, on the other
hand, fairly analogous to the one followed in the continuous
case (5); so we will not repeat it in detail, just summarize its
main steps. First, we observe that property (3.26) entails

80} = 8T [SPK '] = 69 (BPK )a[o].
(3.30a)

Moreover, using the “‘commutationlike” property of N,

with an arbitrary function of (m, — m,) (3.4c), one can

establish by induction the following nontrivial identity:

8P GPKP)al fisl = BPK )4 [69 fa]  (3:300)

(for any vector field f,,), which allows us to rewrite (3.30a)
in the form

8aim = (69K ) . [605], (3.30c)
whence, by summing up w.r.t. m,,

oiv =K P [0i”], (3.30d)
or, equivalently,

[of”.K{P]L =0. (3.30e)

To prove that (3.29¢) provides an auto-Bicklund transfor-
mation for (3.8), we first notice that, as a functional differ-
ence equation relating the fields (B,,4,) to the fields
(B,,4,), it will provide an auto-Béacklund transformation
for the flow (3.8) iff, assumed to hold at a given time z,, it
will stay valid along the flow for any time. But the time
derivative of ¢{3” along the flow is just

o7 = [659K (2], (3.31a)
so that (3.26) implies

o) = (89K {3) 4[035™] =0. (3.31b)

The existence of infinitely many integrals of motion in
involution for the hierarchy (3.8) is also a clear consequence
of the analogous property of the non-Abelian hierarchy
(2.42). Indeed we have the following results.

(i) The functionals 7 {™[4,B] introduced in the pre-
vious section, formula (2.56) evaluated on the submanifold

(2.4), are integrals of motion in involution for any flow of the
hierarchy (3.8), i.e., for any positive integers #,m, we have

d

— I =TI} o (3.32)
dt
where the extended Poisson brackets are defined by
. 0): = (P (0,820,115 (h ),
912 = 6 g;) or 0 g%). (3.33)

(ii) The restriction of the extended gradients y'” (4,,)
to the diagonal

(n _ (0),,(1)
iy = Z 612713

m,

yields ordinary gradients, namely,

(3.34a)
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(Y [gnl, i) = P [ fin]gn)- (3.34b)

In order to prove Eq. (3.34b), we use Eq. (3.25b), let-
ting f1, = 812’ fi, and g, = 8128, Equatlons (3.32) and
(3.33) follow from (3. 25c) by letting h 2= h, and %’ 1
=h'&Mif0,=0Porh],=h80+Vif0,=0D,

Remarks: (1) Since the Hamiltonian operator 8 {3 com-
mutes with 812, formulas (3.32), (3.33), and (3.34a) entail
that the ordinary Poisson bracket

U I3PY = AP0 )
vanishes identically for any positive integers n,m.
(ii) Analogous considerations, both for the symmetries
and the integrals of motion, hold, of course, for the reduction

B = 0, characterized by the hierarchy of evolution equations
(3.16) or (3.18) and (3.19).

(3.35)
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In this paper it is shown how linear, strictly nonconservative, oscillatory systems with one and
many degrees of freedom may be analyzed by application of the theory of Hamilton and
Jacobi.

I. INTRODUCTION

In this study we illustrate the application of the Hamilton—Jacobi method to the linear single and multidegrees of freedom
oscillatory systems that contain nonconservative elements. The motivation for this study is that linear dissipative systems,
possessing even one degree of freedom, have not been analyzed from the standpoint of the Hamilton—Jacobi method, despite
the fact that it is of interest from practical, theoretical, and pedagogical points of view. The exception in the literature is the pa-
per of Denman and Buch' in which a linearly damped harmonic oscillator and an uncoupled linearly damped oscillator in
three dimensions are considered by means of the Hamilton—Jacobi theory.

In our analysis the study of the oscillatory problems is analyzed along the sequence:

Newtonian equations - Lagrangian function - Hamiltonian — Hamilton—Jacobi — solution.

It is known that the first step has been known as the inverse problem of the calculus of variations or inverse Lagrangian
problem. We demonstrate here that the form of the Langragian function of the problem (which is developed in the full
accordance of the inverse Lagrangian theory) is of primary importance in our considerations. Namely, in each particular case,
we demand that the Lagrangian function is composed of the quadratic time-dependent terms. This requirement considerably
simplifies the Hamilton-Jacobi equations.

For the multidegree of freedom nonconservative, linear oscillatory systems, the starting Newtonian differential equations
of motion, are non-self-adjoint, i.e., they are not immediately derivable from a Lagrangian function. Thus we initially apply
the indirect Lagrangian representation (as suggested in numerous contemporary references of the inverse Lagrangian prob-
lem, as for example, Refs. 2-8), i.e., we find a suitably chosen set of the constant multipliers, transforming the Newtonian non-
self-adjoint system into a self-adjoint one, whose Lagrangian again has the full quadratic time-dependent structure.

—
F+ 2kf+ wif=h cos i,

Eq. (2.3) will be reduced to the equation of motion (2.1)
multiplied by the factor €', The function f(¢) is found to be

Il. FORCED LINEARLY DAMPED OSCILLATOR WITH
ONE DEGREE OF FREEDOM

Let us consider the forced, linearly damped oscillator
whose differential equation of motion is

f=Acos Q¢ + Bsin (it 2.4)
X 4 2kx + wix = h cos (U, 2.1 with
where x is the position coordinate, ¢ is the time, k, w,, and A 2 2
are given constants, and an overdot denotes the time deriva- 4 — hlwo — O7) , B= 2kh() )
tive. At the same time, consider the time-dependent Lagran- (@f — O%)* + 4k%Q° (wf — Q%) + 4k 27
gian function (2.5)

L={[x —f(O) —}lx —f(n P}, (2.2)
where f(¢) is an unknown function of time that should be
determined in such a way that Lagrange’s equation

= (2.3)
dt dx Ox
generates the correct differential equation (2.1) up to a cer-

tain multiplier.
By inserting (2.2) into (2.3) one obtains

(% 4 2kx 4 wix)e = ( f+ 2kf + wif )™
Therefore if £ (¢) is selected as

1604 J. Math. Phys. 29 (7), July 1988
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The Lagrangian function (2.2) is therefore
L ={4[x + Q(4 sin Qs — Bcos Q1) ]?
— 1w} [x — (4 cos Qt + Bsin Q1) ]*} . (2.6)

We will take the Lagrangian function (2.6) as a basis for
constructing the Hamilton-Jacobi partial differential equa-
tion.

Hamilton’s function is of the form

H=1}p%~?* — pQ (4 sin Qs — B cos Q1)

+ 402 [x — (A cos Ot + Bsin Q)1 &%, (2.7)
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The canonical differential equations of motion are

x =‘;—I-{ = pe*** — (1(A sin ¢ — B cos 1),
/4

(2.8)
p= —%{I-= — w3 [x — (A cos Ot + Bsin Q1)] &2~
X

It is well known from the Hamilton—Jacobi method that a
general solution of these equations can be obtained from a
complete solution of the Hamilton-Jacobi differential equa-
tion

2
95 i(_‘?ﬁ)e—z’“—(A sith—Bcoth)Qﬁ
gt 2 \odx Ix

+ %a)é [x — (Adcos Ot + Bsin Q)12 =0, (2.9)

where S = S(¢,x) is Hamilton’s field function.
Let us try to find a complete solution of this equation in
the form

S=4[x — (4 cos Q + Bsin Q1) )* 4F(2), (2.10)

where F(¢) is an unknown function of time. Substituting this
into (2.9) we obtain

F+2kF+ F?>+ 0} =0.
By integrating we find
= — [k 4+ wtan (wt + C)],
where Cis a constant and

o= ol — k2. (2.11)
Thus a complete solution of (2.9) is
S(2,x,C) = — 4[x — (4 cos Q¢ + Bsin Q1) ]?
X [k + o tan(Qt + C) e~ (2.12)

According to the well-known Hamilton-Jacobi theorem
(see, for example, Ref. 9, p. 275) the general solution of the
canonical system (2.8) can be obtained from the complete
solution (2.12) of the Hamilton—Jacobi equation (2.9) by
means of the following rules:

as as
=-—, — =8, 2.13
P dx ac ( )
where B is a new constant.
Hence

p= — [x— (Acos Qt+ Bsin Q2)]
X [k + o tan(wt + C)1e*¥,
B= —}[x — (4 cos Ot + Bsin Q) Pwe™
X [cos*(wt + C)] L
From the last equation one has
x=(—2B/w)e *cos(wt+ C)
+ A cos Q¢ + B sin Q¢
= (—2B/w)"% *cos(wt + C)
+ h(wy — Q*)cos Qt + 2khQ) sin Qt
(@} — Q%) + 4k Q7

(2.14)

, (2.15)
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which is the well-known solution of (2.1). Inserting this re-
sultinto the first equation (2.14) we find the momentum as a
function of time:

p= —(—2B/w)"?"" [wsin(wt + C)
+ kcos(wt + C)]. (2.16)

The following special cases are of interest.

A. Harmonic oscillator

If the dissipative and force terms in (2.1) are negligible,
i.e., k =0, A = 0, the complete solution (2.12) becomes

S= —lwjx? tan(wet + C). 2.17)
This solution of the Hamilton—Jacobi equation,
&I LBy,
at 2 \ox 2 ’

is not frequently employed in the literature, although it
seems that it can be of use as a starting point for the study of
nonconservative phenomena.

B. Linearly damped oscillator

For the linearly damped oscillator without the force
term 2 =0 (i.e., 4 = 0, B = 0), the Hamilton-Jacobi equa-
tion (2.9) and the corresponding complete solution (2.12)
are, respectively,

1 ( )2 — 2kt 1 2 .2 2kt

_éS - _é,S - =0, 2.18
" + 3 e + 5 wyXxe ( )
S(tx,C) = —%xz[k+wtan(a)t+ C) e (2.19)

It is interesting to note that the same problem was treated in
Ref. 1 by supposing that a complete solution of (2.18) was of
the form

S(tx) = — Q(x)e**.

For this case, the problem is reduced to the differential equa-
tion

(E'Q)Z —4kQ + 02X =0, (2.20)

dx

which cannot be solved in a closed form. The authors applied
an implicit procedure in the application of the Hamilton—-
Jacobi theorem (2.13), which makes the process of finding
the motion rather complicated.

C. Forced oscillator

If the oscillator is not subject to the dissipative force
(k=0) but to a periodic external force acting upon it
(h #0), the Hamilton-Jacobi equation and its complete so-
lution are, respectively,

as i(aS)z_ hQsin Qs 3

a  2\ax) @2-0° ox
1 5 cos {1t \?
+__w _h——— =0, 2.21
2 °< wé-ﬂz) (22D
1 h cos (¢ \?
S(t,x,C) = — — wp| x ~ —————] tan(wyt + C).
(4%,0) 20( w?,—ﬂz) (@
(2.22)
B. Vujanovic and A. M. Strauss 1605



It is easy to verify that the application of the Hamilton-
Jacobi theorem (2.13) will produce the familiar solution

x=(—2B/wy)""? cos(wyt + C)
+ (hcos Q1) /(wf — Q%)

and the corresponding expression for the momentum fol-
lows from (2.16) for k = 0O:

p= — (—2Bwy)""*sin(ayt + C).

D. Resonance

For the case of resonance, the differential equation of
motion

(2.23)

can be derived from a Lagrangian function of the form

¥+ 0°x = hcos wt

2
=-1—(X—ihtcoswt———h—sinwt)
2 2

2w
2
-—ia)z(x—i{-sin a)t) ) (2.24)
2 2w
Hamilton’s function becomes
1 1 h .
H=—p+ (~htcosa)t —sma)t)p
2 P 2 + 2w
2
+lw2(x——hisin a)t). (2.25)
2 2w

Therefore the general solution of the canonical equations of
motion

. 1 1 A .
X =—"—"=p+ — htcos wt + — —sin ot,
dp P 2 2 w

) oM 2( ht . )
p= ———= —o|x——sinwt
20

(2.26)

can be obtained from the Hamilton—Jacobi equation

s 1 <6S)2 (1 ho )as
2o (2 — ht 4+ sinwr | 2>
o 2 \ax) T\ rresert s smet j o

2
+im2(x—2i’—sin a)t) =0. (2.27)

2 @
A complete solution of this equation is found to be

S(tx,C) = — lolx ~ (ht /2w)sin wt )* tan(wt + C).
(2.28)

Itis easy to verify that the equation dS /dC = B generates the
familiar solution for the resonant case

x={( —2B/w)"? cos(wt + C) + (ht /2)sin wt.

Note that the Lagrangian function (2.6) of the dynamical
system (2.1) can serve as a basis for the study of the conser-
vative laws of this system. For more details about these con-
servation laws see Ref. 10.

lll. MULTIDEGREE OF FREEDOM OSCILLATORY
SYSTEM WITHOUT RESTRICTIONS ON THE
DISSIPATIVE TENSOR

In the following two sections we demonstrate that under
some circumstances the Hamilton-Jacobi method can be
successfully applied to purely nonconservative linear sys-
tems whose original (Newtonian) form of differential equa-
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tions of motion does not possess a Lagrangian function. In
the light of the theory of the inverse Lagrangian problem,
such dynamical systems are usually termed as non-self-ad-
joint (Ref. 2, pp. 54-61). However, we confine ourselves to
those dynamical systems with the following two important
properties.

(a) There exists a set of the constant integrating factors
by means of which we can transform the equations of motion
into a self-adjoint form.

(b) The form of the Lagrangian function of the Lagran-
gian function obtained in this way should be composed of the
full quadratic time-dependent terms, suitable (liable) for the
Hamilton-Jacobi analysis. Let us consider the linear dissipa-
tive oscillatory dynamical system

G, =X, + bx; + @’x;, =0 (i,j=1,..,n), (3.1)

where b,.j and o are a set of given constants. In (3.1) and
throughout the text, we suppose that the summation conven-
tion with respect to the repeated indices is applied. In order
to include gyroscopic forces in our considerations (whose
tensor, as a rule, is antisymmetric: b; = — b;;) and dissipa-
tive forces (whose tensor, as a rule is symmetric: b; = b;),
we will suppose that the coefficients b, are not symmetric,
ie, b;#b;.

The differential equations (3.1) as they stand are not
derivable from a Lagrangian function. To show this, we note
that if a system of the differential equations
G, (1,X1,...5X X 1y.0%, ) = 0 (i = 1,...,n) is derivable from a
Lagrangian function L(#x',...,x,,x,,....x,) the following
Helmbholtz conditions should hold identically for all
i, k = I,...,n (for a modern treatment of this subject see Refs.
2,3, and 8):

dG; 4G,
%, %
dG, dG aG;, dG
‘l+ .k='d_ ..’+ ..k]9
Ix, dx;, dt| dx, 9%,
2[ G, dG, ] d[ dG,;

(3.2)

Jx, Ix;

B 3Gk]
T dtlax,  ox |

Since these conditions are not satisfied for the Newtonian
system (3.1), we turn to the possibility of transforming it
into a Lagrangian form by means of the procedure below. As
outlined in Refs. 2-8, the introduction of the integrating fac-
tors (multipliers) into a Newtonian system can considerably
enhance finding a Lagrangian (if it exists). Thus we replace
the original set of Newtonian equations G; = 0 by a linear
combination of these equations, by introducing a set of con-
stant multipliers f;, with det( f;) #0. In what follows, we
apply this procedure on the Newtonian nonconservative sys-
tem.

Let us take the first differential equation of the system
(3.1),i.e.,i=1asitstands, multiply thesecond (i = 2) bya
constant factor A,, the third (i = 3) by 4,, etc., and sum all
equations. Thus we obtain

(xl +A’a‘ia) + (bll +/1abal )xl + (b]2 +Aaba2 )x2
+ ot + (bln +A’aban )xn +Cl)2(x| +/1axa)

=0 (a=23,..,n) (3.3)

B. Vujanovic and A. M. Strauss 1606



or
(X1 + AaXa) + (b + Aabay)
3 blZ + AabaZ . bln +Aaban .
XX +—x, _—X,
by + A0, b+ by

+ 0*(x, + Ax,) =0. (3.4)
By introducing the new variable

Y=x,+A,%,, (3.5)
selecting the multipliers A, ( =2, 3,...,n) in such a way that

b+ Aabar _ pﬂwbln + Aaban A (3.6)

by + Aabay byy + Agba
and denoting

2k=0b,,+A,b,, (3.7)
we reduce Eq. (3.3) to the form

Y+ 2kY + 0?Y=0, (3.8)

which can be expressed in terms of Lagrangian or Hamilto-
nian mechanics.

Note that employing (3.7) we write the system (3.6) in
the form of (n — 1) algebraic equations

Ay(byy —2k) + Asbyy + - + 4,0, = — by,
12b32 +A3(b33 - Zk) + T +2’nbn3 = - b133

Asbyy +Ashy, 4+ - + A, (b, —2k) = — by,.

If we solve this system with respect to A and substitute the
solution into (3.7), we obtain the determinantal equation

by, — 2k,bgby,

by1,b, — 2k,...,b0,,

=0, (3.10)

BBz rernsbyy — 2k

which is an algebraic equation of the nth order with respect
to (2k).

Solving (3.10) by supposing that there are no multiple
roots, we obtain 2k, ,...,2k,,, . Substituting this into (3.9)
we find 4y, -

Therefore Egs. (3.5), (3.7), and (3.8) are, in fact,

Yy =%+ A, (1)x,, (3.11)
2ky = by + A, (Db, (3.12)
Y + 2k, Y, + Y, =0. (3.13)

Note that in the last three equations and in what follows, the
summation convention with respect to the repeated Latin
indices in the parentheses (i), is not assumed, while this
convention is applied to the repeated Greek indices.

The Lagrangian and Hamiltonian corresponding to
(3.13) are, respectively,

L= 2 -;— [Y%n — 0?Y%, ]‘-’ka‘»

=1

(3.14)

H= i _1. [p%i)e—Zk(i)' + w2y%i) ezk(i)’ ] ,

5 (3.15)
=1

and the associated Hamilton—Jacobi equation is
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as 1 (é'S

2
Rl A e—2k(i)t+m2y2i eZk(i)t =0.
o &2 aY(,.,) @

(3.16)
To solve this equation we apply the method of separation of
variables
SY )Y oy Yimy) =Suy (Y1) + 80, (6Y5))
+ 0+ S, 6BY ) (3.17)

and, substituting this into the previous equation, we obtain n
equations for

SHtY,), () =1..,n

Sy , 1 [(asm
a ' 2|\av,,

2
) e (i)' + o’Y?, ez"(i)’] =0,

() =1,.,n (3.18)

Since for each particular (i), (3.18) isidentical to (2.18), we
have a complete solution of (3.18) in the form

Si = —3Y% [k, +otan(wr + C,) e (), (3.19)
where the C;, are constant parameters.
Applying the Jacobi theorem we have
NS
Py =———= — Y, [k + otan(wt + C,) |3,
ay,
(3.20)
as,. 2ky =yt
Po 1 Yi, ______;oe (0 = B;, = const.
daC, 2 cos“(wt + C;)
32D
From the last group of equations we find
Y, = [ —2B, /0] ?e (i) cos(wt + C;,).  (3.22)

Using the last equation, we express the generalized momen-
tum vector (3.20) as a function of time:

Pay = [k ( — 2B, /@)"? cos(wt + C;y)

+ (= 2B, »)"? sin(wt + C;, ) ", (3.23)
If the initial conditions of the system (3.1) are given we can
find, by using (3.11) and the relation

JL

v,
fort=0, Y, (0) and p, (0). Therefore from (3.22) and
(3.24) we can find 2n constants B, and C,, in terms of q,
and b,. The motion of the original system is given by (3.11).

Namely, we suppose that this expression can be inverted to
given x; = x,(1).

Py = = Y(,.) eZk“"t, (3.24)

IV. OSCILLATORY SYSTEM WITHOUT RESTRICTIONS
ON THE STIFFNESS COEFFICIENTS

The method of Hamilton and Jacobi can also be applied
to dynamical systems whose differential equations of motion

are of the form
G, =X, +2kx;, +a;x;, =0 (i,j=1,.,n), 4.1)

where k and g;; are given constants.

In order to include the nonconservative position forces
in consideration, we suppose that the coefficients a; are not
symmetric, 1.e.,

B. Vujanovic and A. M. Strauss 1607



a;#a;, (4.2)
therefore, on the basis of Eq. (3.2) the dynamical system is
not describable by means of a Lagrangian function.

However, repeating the same process as in the previous
section, i.e., multiplying the second equation of the system
(4.1) by a constant factor u,, the third equation by u,, etc.,
and summing all equations, including the first, we obtain

X+ 2kX + (8,1 4 Balai )X, + (81 + 1,8,)%,

+ (@, + 2e800)%, =0, (4.3)
where

X=x+pux, (@a=23,.,n). (4.4)
By denoting

@ =@y, + floln (4.5)
and selecting in such a manner that

G2+ Halar _ - Ain +Halan _ , (4.6)

@+ Haln (BT ol T2 S
we reduce Eq. (4.3) to

X + 2kX + 0®X = 0. (4.7)

To determine «” and the unknown multipliers u,
(@ =12,3,...,n), we first, by means of (4.5), express system
(4.6) as

M8y — ©%) + sG55+ + 1,8, = — a1y,

By + 3833~ 0%) + - + 1,0, = — Gy, (4.8)

oy, + Has, + 0 + Ry (@,, — @) = —ay,.
Solving this system with respect to i, we substitute the solu-

tion into (4.5), and after simple transformations we obtain
the determinantal equation

2
ay — O 944,

2
Ay 1ydyy — Wy..00a5,

=0, (49)

2
i@y syl — @

which is an algebraic equation of the nth order with respect
to @”. Thus from (4.9) and (4.8) we find @}, ,...0},, and
HUas-sft, and from (4.4), (4.5) and (4.7) we actually have

Xy = X1+ Bagiy Xas (4.10)
@ty = a1y + Pa T s (4.11)
X +2kX, + 0 X,, =0

[a@=2,3,..8 ()=12,..,n], (412)

where the repeated indices in the parentheses ( ) are not
summed. Since the transformed system (4.12) can be gener-
ated by means of the Lagrangian function

I |
L = z —_ [X%i) — a)f,.)Xf,-) ]ezkt.

3 (4.13)
(H =1

It is interesting to note that the dynamic systems (3.1)
and (4.1) admit some quadratic conservation laws, which
are discussed in Refs. 11 and 12.
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V. AN EXAMPLE

As an illustration, consider the dynamic system (Ref.
13, p. 87)

%4+ 3x=15¢""
$ — 4% + 3y = 15sin 21,

x(0) =35, x(0) = —48,

»(0) =27, yp(0)= —35.
(5.1)

By applying the multiplier method, we reduce this system to
X +2iX + 3X = 15(e~* — (i/2)sin 2t),

. . (5.2)
Y—2iY+3Y=15(e™ "+ (i/2)sin 2t),

where
X=x—(i/2)y, Y=x+(i/2)y, i’= —1. (53)

By repeating the same process as in Sec. II, we find the La-
grangian function of the system (5.2) in the form

L={§[X+ (3+30e”"+icos2t+4sin2t ]’
—3[X— (3+3)e™ "+ (i/2)sin 2t — 2 cos 2t B
+{4[ Y+ (3—3)e " —icos2t+4sin2t]?
—3[Y—- (B —3De "

— (i/2)sin 2t — 2 cos 2t |*}e ~ %,

and the corresponding Hamilton function is

(5.4)
H=\ple " +}pe

— [(3+gi)e"+ic032t+4sin2t ]pl

- [(3—%z‘)e_'——t'cosZt+4sin2t]p2

+3[X — 3+ 3)e™ "+ (i/2)sin 2t — 2 cos 2t | %>
+3[Y~ (B —3e

— (i/2)sin 2t — 2 cos 2t |’e~ %, (5.5)

where p, = L /3X and p, = JL /3Y are the canonical mo-
menta.
The Hamilton—Jacobi equation is then

_a_S L(ﬁ)z - 2it _I_(BS)Z 2it
a T 2\ax)¢ T \er)¢

3 ) P . ] os

— {3+ =ile "+ 2t + 4 2t | —

[( + 5 icos 2t + 4 sin FTe

—[(3——3—[)e_’—i(:os2t—§—4sin2t]ﬁ

2 ay

+-3—[X_(3 +-3—i)e—'+isin 2t—2c082t]2e2"
3 2 2

3 ( 3.) .
—|Y—|3——ile
+2[ 2

; 2
——;-sinZt—2c0s2t] e % =0. (5.6)

Since this equation has the same structure as Eq. (2.9), we
take, analogous to (2.10), a complete solution of (5.6) in the
form

S(tX,Y) = %[X— (3 +3e~" + (i/2)sin 2¢
— 2.cos 2t |%€*f,(2) + Y- (3—3De "
— (i/2)sin 2t — 2 cos 2t |*e ~2f,(2),  (5.7)

~
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where £, () and f,(¢) are the unknown functions of time.
This expression will satisfy (5.6) identically for every X, ¥,
and tif

fi+2fi+fi+3=0, f,=2f+f;+3=0. (58
Hence we find
X=Be "cos(2t+ C)) + (3 +3)e™"’
— (i/2)sin 2t + 2 cos 2¢, (5.9)

Y=Be"cos(2t+ C,) + (3 —3)e™*
+ (i/2)sin 2t + 2 cos 2t.

Since, in accordance with (5.3)

x=4X+Y), y=(—X+1Y)/
we find after matching the initial conditions the solution to
(5.1) in the form

x=30cost— 15sin 3¢+ 3e "+ 2 cos 2t,

y =30cos 3t — 60 sin t — 3¢~ * + sin 2¢,

where we have employed the well-known identity
e"=cost+isint

VI. CONCLUDING REMARKS

Asdemonstrated in Sec. I, the Hamilton—Jacobi partial
differential equation (2.9) that is based on the “full quadrat-
ic”” Lagrangian function (2.6), can be easily treated. How-
ever, if we base our considerations on the more “obvious”

Lagrangian function
L, = (4%* — Jwjx* + xh cos Qt)e**, (6.1)

whose Lagrangian equation (2.3) also generates the correct
differential equation (2.1), the process of obtaining a com-
plete solution of the associated Hamilton—Jacobi equation,

2
-%f—' + % (?) e~ 2k 4 —é— oy x%e* — hxe*™ cos Mt =0,
x
(6.2)

is considerably more complicated.
We can find a complete solution of (6.2) in the form

S =}[4%* + 2xf (1) 4+ F() ], (6.3)

where A is the constant and f (¢) and F(¢) are unknown
functions of time. For example, if k = 0, i.e., in the case of a
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pure force oscillator, a complete solution of (6.2) is given in
the following form [suitable for applying the Hamilton-Ja-
cobi theorem (2.13)]:

Qit - Qit
[ ¢ +-£ ] + Cxe ™ ‘w;

S=iwox2i——l—xhi
2 0o+ w,— £

2

_ 2( 2Ch 5 [(R— @it 4 o= @+ it ]
oy —
+ Cz'e—Zw(,il
4wl

+ (a function of ¢ free of x and C). (6.4)

It is easy to verify that the Hamilton—Jacobi theorem pro-
duces a correct solution to the forced oscillator problem dis-
cussed in Sec. I C.
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The bi-Hamiltonian structure for a large class of one-dimensional hyberbolic systems of
conservation laws in two field variables, including the equations of gas dynamics, shallow
water waves, one-dimensional elastic media, and the Born-Infeld equation from nonlinear
electrodynamics, is exhibited. For polytropic gas dynamics, these results lead to a quadri-
Hamiltonian structure. New higher-order entropy-flux pairs (conservation laws) and higher-

order symmetries are exhibited.

I. HAMILTONIAN SYSTEMS OF CONSERVATION LAWS

With Gardner’s discovery of the Hamiltonian structure
of the Korteweg—de Vries equation,' and Arnol’d’s deter-
mination of the Lie-Poisson structure underlying the Euler
equations of fluid flow,” the range of applications of the
Hamiltonian formalism embraced truly infinite-dimension-
al systems. Subsequent progress in the field has been rapid,
especially after Magri proved his remarkable theorem on the
complete integrability of bi-Hamiltonian systems.? This has
led to a large number of papers on the applications of Hamil-
tonian methods to the integrable soliton systems arising as
models for nonlinear wave phenomena. More recently, a
number of researchers have exploited Arnol’d’s original idea
to vastly broaden the range of Hamiltonian systems in fluids,
plasmas, and relativity.* Yet a third branch of infinite-di-
mensional Hamiltonian mechanics was opened with the in-
vestigations of Manin,® Cavalcante and McKean,® Dubrovin
and Novikov,” and Nutku,® into the Hamiltonian structures
arising in first-order quasilinear systems of partial differen-
tial equations, known as “systems of hydrodynamic type.”
These are beginning to have applications to the analysis of
hyperbolic conservation laws, and the study of discontin-
uous (shock wave) solutions.”!!

This paper represents a further investigation of the last
class of equations, with two-component hyperbolic systems
of conservation laws in one spatial variable being the type of
system under consideration, and with particular attention
being paid to gas dynamics and some model equations aris-
ing in elasticity. Our results build on earlier work of Shef-
tel’,'*'> who was primarily concerned with the symmetry
structure of these systems. We connect Sheftel’s results with
the Hamiltonian framework via Magri’s theorem, and de-
duce the bi-Hamiltonian structure of a broad class of sys-
tems of conservation laws, as well as the quadri-Hamiltonian
structure of the equations of polytropic gas dynamics them-
selves. New conservation laws (entropy-flux pairs), sub-
stantially extending earlier results of Verosky,' are also
found. Interesting examples of incompatible bi-Hamiltonian
systems are found. Indeed, the fundamental message of this
paper is that, in the case of two-dimensional Hamiltonian
systems, and particularly for polytropic gas dynamics, na-
ture appears to be overly generous in the amount of structure
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she provides. Why these systems should be this way remains
mysterious. We hope to return to this topic, and to applica-
tions of these results to the analysis of smooth solutions and
shock waves in a subsequent paper. As a prerequisite for
studying this paper, we assume that the reader is familiar
with the fundamentals of symmetry groups, Hamiltonian
systems of evolution equations, conservation laws, and Ma-
gri’s theorem, as presented, for instance, in Olver.'>

The general form of a two-component hyperbolic sys-
tem of conservation laws of Hamiltonian type is as follows.
The unknowns u(x,t) = (X5} depend on the real-valued
temporal and spatial variables ¢ and x. The Hamiltonian
functional or energy is

Fu] = JH(u,v)dx,

where the integrand or Hamiltonian density H(u,w) is a
smooth, but otherwise arbitrary function of # and v. The
system takes the explicit form

u,=D (H)=H,-u,+H, v,

(1.1)
vl =DX(HM) =Huu.ux +Huv.vx’

with the subscripts denoting partial derivatives. We can also
write it in the convenient vector format

u =H-u, (1.2)
where
5 H, H,
H=o0,'D H=(Hw Hw), (1.3)

and o, = ({ §). The system (1.2) is in the elementary Hamil-
tonian form

w =9E[H] (1.4)

Here E = E, denotes the Euler operator or variational de-
rivative, and the Hamiltonian operator is the matrix differ-
ential operator

0 D,
@(,:a,'sz(Dx o)' (1.5)

The corresponding Poisson bracket is

© 1988 American Institute of Physics 1610



{FH} = f E(F)- D E(H)dx

- J {E,(F)-D,E,(H) + E,(F)D,E, (H)}dx,

which arises in a number of physically important systems.
There are three important examples. The equations of
gas dynamics'®

u, +uu, + flv)v, =0,
are of the form (1.1), with

H(up) = — (Ju’v + F(v)), where flv) =F"(v).
(1.7)

In physical applications, u(x,t) represents the velocity, and
v(x,t) the density (more customarily denoted by p) of the
fluid; the function f(v) is related to the physical pressure
P(v) according to the equation f(v) = P’(v)/v. The equa-
tions of polytropic gas dynamics correspond to the choice
F(v) = v"/y(y — 1) for some exponent y0,1. In particu-
lar, the special case F(v) = %vz also arises in shallow water
theory.® A second important example is provided by the
Hamiltonian

H(u,w) = u/v+v/u, (1.8)

in which case (1.1) is equivalent to the Born-Infeld equation
from nonlinear electrodynamics.'”'® Finally, we mention
the simple model

v, + (uv), =0, (1.6)

u, =[o)],, (1.9)

for a one-dimensional nonlinear elastic medium.*'%!° In this
case, the Hamiltonian density is

H(uw) =u* + F(v), (1.10)

where F'(v) = o(v). The case when ¢ is a monotone func-
tion of v corresponds to an ideal fluid or elastic solid; models
of phase transitions arise with more general functions o, the
most interesting being that of a van der Waals fluid, where
o(v) =¢/(v— b) — a/v’. Furthermore, the case o(v)
= (1 4 v) ~ " *7? corresponds to the Euler equation arising
in nonlinear acoustics.?

Ul = ux’

Il. APROTOTYPE: THE RIEMANN EQUATION

A remarkable feature of the two-component Hamilto-
nian system (1.1) is that, suitably interpreted, all the struc-
ture already manifests itself in the simple scalar nonlinear
wave equation

(2.1)

This equation has many names (Riemann, inviscid Burgers’,
Hopf, etc.), and serves as a prototype for so many of the
phenomena associated with hyperbolic systems, that its role
in the Hamiltonian structure and conservation laws will not
be surprising. See Whitham'® for a good review of the classi-
cal theory of this equation.

The purpose of this introductory section is to list some
basic results for the Riemann equation (2.1), all of which
have direct counterparts in the equations for polytropic gas
dynamics (1.6) and the model elasticity equations (1.9),
and many of which have counterparts for more general two-

u, = uu,.

1611 J. Math. Phys., Vol. 29, No. 7, July 1988

dimensional hyperbolic systems. The rather easy proofs are
left to the reader, as they serve as good warm-up exercises for
the much harder calculations in two dimensions.

(1) There is an infinite sequence of zeroth-order con-
served densities

H,(u)=u", n=123,.... 2.2)

In fact, any function F(u) is a conserved density for (2.1).
[By the order of a function F [#] = F(u,u,,...), we mean the
highest order derivative of ¥ on which it depends.]

(2) The equation admits three first-order Hamiltonian
operators

Dy=D,, D,=2uD,+u, D,=u"D, +uu,

(2.3)
and so can be written in Hamiltonian form in three distinct
ways:

u,=DyEQH,) = 9 EQH,) = 9 ,-E(H,).
Moreover, since

D, # DDy l'gn
these Hamiltonian operators are not trivially related.?!

(3) The three Hamiltonian operators &, & ,, & ,, are
compatible, meaning that any two of them form a Hamilto-
nian pair in the sense of Magri’s theorem.*>?? Therefore, Eq.
(2.1) isa “tri-Hamiltonian system.” The resulting recursion
operators
R,= 9 1 9 o ,

Ry=Dy D5, R=D, D7,

2.4)

which map symmetries to symmetries, are trivially related
by

Ry=RR,,
but are otherwise independent “integrodifferential opera-
tors.”

(4) There is an infinite sequence of commuting Hamil-
tonian flows corresponding to the evolutionary vector fields
v, = Q,[u]-d,, with characteristics Q, [#] = u"-u,. The
nth flow can be written in Hamiltonian form in three distinct
ways:

u,=Q,lul =u"u,

=DyE(l(n+2)(n+ 1] 'H, . ,)
= e@1E'([(2n + 1) (n+ 1)]—1Hn+1)
=9, E(n"’H,), (2.5)

whose Hamiltonians H, are given by (2.2). These Hamilto-
nians are in involution with respect to any of the three Pois-
son brackets determined by the Hamiltonian operators:

{H,.H,}, = J E(H,) 2,E(H,)dx=0, j=0,12.

The recursion operators (2.4) reproduce the hierarchy of
Hamiltonian flows,

R(@)=[2n+3)/(n+1]Q, .,

Ry Q2 =[(n+2)/(n+1D1Q,. ..
Thus, starting with the initial flow (2.1), %, produces every
flow in the hierarchy (2.5), whereas &, produces every oth-
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er one. Interestingly, even though there are two independent
recursion operators, the two hierarchies of zeroth-order con-
served densities and corresponding first-order symmetries of
(2.1) guaranteed by Magri’s theorem happen to coincide.
However, this remark is special to the polynomial hierarchy
(2.2); on other hierarchies of Hamiltonian densities H,, (1)
defined by the recursion relation, starting with a nonpolyno-
mial function H,(u), these recursion operators will act dif-
ferently.

(5) The equation admits an additional third-order
Hamiltonian operator

& =D, (Y/u,)-D,-(1/u,)D,. (2.6)
Each of the Hamiltonian systems (2.5) can be written in this
new Hamiltonian form using the Hamiltonian operator &,
u, =u"u,

=FE([(n+D(n+2)(n+3N(n+4]'H,,,)

(6) The Hamiltonian operators &, and & are compati-
ble; however, & is not compatible with either &, or & ,.
Thus, the Riemann equation, and its higher degree general-
izations (2.5) are in the rather anomalous position of being
“quadri-Hamiltonian systems,” meaning there are four dis-
tinct local Hamiltonian structures, but of the six different
possible pairs of Hamiltonian operators, four are compati-
ble, whereas two are not!

(7) The recursion operator

R=%-D;' =D, (1/u,)-D,-(1/u,),
is the square of a simpler first-order recursion operator

R =D, (1/u,). 2.7
This latter operator acts on the first-order flows according to

‘@(Qn) =nQn——1’

and so, up to multiple, “inverts” the first-order recursion
operator #Z,. [Again, as in part (4), this is special to the
polynomial hierarchy (2.5).]

(8) There is a rational second-order generalized sym-
metry ¥, = Q,°d, = u; *-u,,-d, with corresponding flow
governed by the evolution equation

ut = @2 = uxx/ui'

Thus the recursion operator 77 generates an additional hier-
archy of higher order symmetries ¥, = Q, *d,,, where

01 =20, n=23. . (2.8)

(9) The third-order generalized symmetry ¥; in the
hierarchy (2.8) is Hamiltonian relative to the first-order
Hamiltonian operator &, Thus there is a rational first-
order conserved density

H = Vu,
such that the third-order evolution equation
U, = 0= (Ut — 3U3,) /18 (2.9)
corresponding to ¥, is in fact bi-Hamiltonian
u, =D, EH,) =% EH,).
Here

3, 2
Hy=xu+ itu
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is a (time-dependent) zeroth-order conserved density for
(2.1). Consequently, every other member of the hierarchy
(2.8), i.e,, the vector fields ¥,, . ,, is bi-Hamiltonian, corre-
sponding to a hierarchy of higher-order rational conserved
densities H,, n =0,1,2,... .

(10) For any solution to the general first-order flow
(2.5) corresponding to the vector field v,,, each of the high-
er-order quantities § H,, [u#]dx is a linear function of ¢ (pro-
vided that the integral converges). In fact, if H(u) is any
zeroth-order conserved density, with flow u, = D, E(H),
then

2m+1
B 49 H
Surm+!
is a conserved density for such a flow. In particular, I?,,, isa
conserved density for v, whenever 2m>n — 1.

There are some additional facts concerning higher order
symmetries and conservation laws for (2.1) which do not
appear to have counterparts for the equations of gas dynam-
ics. [ This demonstrates that one must be careful when decid-
ing which of the properties of (2.1) one wishes to generalize
to two-dimensional systems in general, and gas dynamics in
particular.] The proof of the following complete characteri-
zation of symmetries and conservation laws is not difficult.

Theorem 2.1: Define the rational differential functions

Ky=u, K, =x—tu, Ky=u/u, —x, K,=u,/ul,
K,..=/u,)D.K,, n>3.
(i) T[u] is conserved density of (2.1) if and only if
T=u, F(Kp,K,Ky..K,),

where F is an arbitrary smooth function of the differential
functions K,....K,,.

(ii) Q[u] is the characteristic of a generalized symme-
try vo = Q-d, of (2.1) if and only if

0=1u, G(Kp,K Ky K,),

where G is an arbitrary smooth function of the functions
K,...K,.

iIl. ZEROTH-ORDER CONSERVED DENSITIES

We now return to the general two-component Hamilto-
nian system (1.1), and investigate its symmetries, conserved
densities, and Hamiltonian structures. We will follow the
basic outline of the properties for the elementary one-dimen-
sional wave equation (2.1) discussed in Sec. II. We therefore
begin by discussing item (1), the existence of zeroth-order
conserved densities. Much of this material is well-
known, 1323

Associated with each hyperbolic system (1.1) is a sec-
ond-order linear partial differential equation

Awu)F,, = B(u,v)F,,, (3.1)

with 4 = H,,, B= H,,. The solutions of (3.1) are the ze-
roth-order conserved densities (entropies) for the hyperbo-
lic system (1.1).1%:13

Proposition 3.1: A functional & [u] = (F(u,v)dx is
conserved for the Hamiltonian system (1.1) if and only if F
is a solution to Eq. (3.1).

Note that H itself is always a solution to (3.1). Also, if F
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is a conserved density for the Hamiltonian system governed
by H, then, reciprocally, H is a conserved density for the
Hamiltonian system governed by F. In addition, we always
have four elementary solutions given by the functions

3.2)

These are conserved densities for any Hamiltonian system of
the form (1.1).

The most important class of Hamiltonian systems (1.1)
are those for which the corresponding partial differential
equation (3.1) admits a separation of variables in the rectan-
gular (u,v) coordinates.

Definition 3.2: A Hamiltonian density H(u,v) is called
separable if (a) the second-order partial derivatives H,,, and
H,, do not vanish identically, and (b) there exist functions
A(u) and u(v) such that

H, /H, =A(u)/u). (3.3)
If the Hamiltonian density is separable, then Eq. (3.1)

determining the zeroth-order conserved densities takes the
form

F, /A(u)y =F,/u(v). 3.4)

In this paper, we will deal exclusively with separable Hamil-
tonian systems (1.1); an interesting open question is how
many of these results can be generalized to the nonseparable
cases. Gas dynamics, (1.6), is an example of a separable
system, where

L, u v uv.

A(u)=1 and p(v) = 5
v v

In fact, the special case when A =1 has added importance.

Definition 3.3: Let H(u,v) be a Hamiltonian density. If
the ratio H,,,/H,, = u(v) is a function of v alone, then H is
said to be a generalized gas dynamics Hamiltonian density.

The elastic models (1.9) are of gas dynamics type, with
p(v) = o' (v). The Born-Infeld Hamiltonian (1.8) is sep-
arable, with A(u) = u~*and u(v) = v—*, but not of gas dy-
namics type. [ However, Verosky?® noticed that the transfor-
mation

F'(v) _flv) _P'(v)
v

b= —(u*+0v7%), 0=, (3.5)
will change the Born-Infeld system into a polytropic gas
dynamics system with adiabatic index y= —1, ie,

F(v) = 1/2v. This remarkable transformation will be dis-
cussed in more detail in a forthcoming publication.'’]

In the separable case, there are four fundamental hierar-
chies of solutions to the wave equation (3.4). Each of them
takes the form

Hy(up) = 3 F,()G,_, (),
i=0

where the functions F; and G, are generated by the recursion
relations

aZF‘:A(u)F. . 9°G, =u()G,

ou? TP g v
and normalized so that

F.(0)=F{(0)=0, G,(0)=G(0)=0.

The hierarchies depend on the initial selection of
H, = F,-G,, and there are four obvious possibilities, given

(3.6)

1613 J. Math. Phys., Vol. 29, No. 7, July 1988

by the four elementary conserved densities (3.2):

Hy=1 Fy=G,=1,
Hy=u, Fy=u, Gy=1,
Hy=v, Fo=1, Gy=uv,
Hy=w, Fy=u, G,=v.

In practice, it is expedient to combine the first and second,
and the third and fourth hierarchies, leading to two funda-
mental hierarchies of conserved densities, which we denote
by H, and H,, respectively, so that H,, is the nth member of
the first hierarchy, H,, , , is the nth member of the second
hierarchy, H,, is the nth member of the third hierarchy, and
H,,, , is the nth member of the fourth hierarchy.

For reference, we list the first few members of each se-
quence in the gas dynamics case A=1:

Hy=1,
H =u,

Hy=v,
H =uw,
Hy=4*+G,(v), H,=W+G, ),
Hy =3 4+ uG,(v), H,=u’v+ uG,(v),
H, = Ju* + 1°G,(v) + G,(v),
H, = Lu'v + v*G,(v) + G,(v),

etc., where, according to (3.6),

(3.7

G, (v) = J; (v — w) - p(w)dw,

G,(v) = J: (v —w) u(w) G, (w)dw,
G,(v) = J; (v — w) wp(w)dw,
G,(v) = L (v —w) p(w) G, (w)dw.

Note that the elastic Hamiltonian (1.10) appears in the first
hierarchy as H,, whereas the gas dynamics Hamiltonian
(1.7) appears in the alternative hierarchy as — H,.
Lemma 3.4: Let H(u,v) be a generalized gas dynamics
Hamiltonian. If F(u,v) is a conserved density, then so is
dF /ou.
In fact, the hierarchies (3.7) satisfy

J0H

n

(3.8)

Ju B
and similarly for H,.
For a general separable system, each of the Hamiltonian
functions generates a Hamiltonian flow, governed by the
corresponding evolutionary system (1.1). We let

Q. =9.E[H,]=H,n, (3.9)

[cf. (1.3) and (1.5) ] denote the right-hand side of this equa-
tion, which is also the characteristic for the symmetry vector
fieldv, =Q,d,. WedefineH,, Q,, and v, from the alter-
native hierarchy H, similarly. In particular, Q,=Q,
= Q, = 0, meaning that the densities H,, H,, H, determine
distinguished functionals (Casimirs) for the Hamiltonian
structure (1.5), while Q, = u, is the common translational
symmetry of the systems. All the Hamiltonians A, and I~1,,
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are in involution with respect to the Poisson bracket deter-
mined by the Hamiltonian operator (1.5), i.e.,

{Hn:Hm} = {Hn;ﬁm} = {En,ﬁm} = 0,

for all n, m. Consequently, the vector fields v,, and ¥,, all
mutually commute.

IV. FIRST-ORDER HAMILTONIAN STRUCTURES:
POLYTROPIC GAS DYNAMICS

We have already seen the first Hamiltonian structure of
the gas dynamics system (1.6). We now turn to a discussion
of the other first-order Hamiltonian structures in the case of
polytropic gas dynamics. These results correspond to items

_J
2,=(

vW"2D 4D v ? (y—DHu'D, +u,

(y—NDuD, + (y—2)u, vD,+D, v
They have yet another Hamiltonian form,
U, = gz'E(ﬁo),
where
w? 2D, + D, uv?? {i(y—Du

(2)-(4) for the one-dimensional equation (2.1). Strangely,
these results do not seem to generalize to the general gas
dynamics system, much less the more general hyperbolic
system (1.1).

Nutku® has shown that, in the case of polytropic gas
dynamics, there are two additional first-order Hamiltonian
structures. Using the Hamiltonian hierarchies (3.7), we find
that we can write the polytropic gas dynamics equations
(1.6), with f(v) =v"~? in the alternative Hamiltonian
form

+uu, +v" "%,

9. =
V- +2[v/(y— D1}-D,

+(y—Duu, +0v" ",

The Hamiltonian operators &, Z |, & , are mutually com-
patible, leading to three distinct Hamiltonian pairs. The cor-
responding recursion operators are just as in (2.4), i.e.,

%1=@1'90_1s 9?2=@2'=@0_1, 9?3==@2'=@1_1’
4.3)

and, as before, are trivially related by the identity
R, = Ry R, but are otherwise distinct. Nevertheless, they
both give rise to the same series of gas dynamics Hamilto-
nians, since

ﬂl(Qn)anA{-[, '@Z(Qn)=Qn+2’

and similarly for the alternative hierarchy v,. In other
words, just as with the one-dimensional prototype (2.1), %,
leads to every other member of the hierarchies (3.9), and so
for some reason % , acts the same as 7, on these hierarchies.
(As with the Riemann equation recursion operators, these
recursion operators will act differently on other hierar-
chies.) Strangely, there does not appear to be a counterpart
of these two recursion operators in the general nonpolytro-
pic case, i.e., when the pressure is not proportional to a pow-
er of the density. We do not fully understand why this should
be the case.

A similar situation exists for the “polytropic” versions
of the elasticity models (1.9), 1ie., when
Fw)=v""(y—=2)(y—1), v#0,1,2. Here we can
write it in a second Hamiltonian form

u, =9, E((y—2)"'H,). (4.4)
However, even though this system cannot be written in
Hamiltonian form using the operator & ,, nevertheless it

still admits all three recursion operators (4.3).
The only other case of (1.9) which appears to admit a
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uD, + D,

u, =9 E(y"'H,), (4.1)
where & | is the Hamiltonian operator
)
(4.2)
2+2[vr=/(y - 1)1}-D,
Uy
I

second Hamiltonian structure is the curious choice
o(v) = ¢". Here we have the Hamiltonian operator

ueD,+ D, ue (e’ +14*)'D, + D, e
@1=(e”-Dx+Dx-(e”+%u2) uD +D,u )
and the equation can be written as

u, =9, E(H,).
Interestingly, the resulting recursion operator %,

= 9 -9 " alternates between the two hierarchies of con-
served densities (3.7), i.e.,

%I(Qn) = Qn+29 9?1(Qn) = Qn+2'
Note that this also implies that the gas dynamics equations
(1.6), with f(v) = €, can also be written in the Hamiltonian
form u, = & - E(H,). Apart from obvious rescalings and
translations of v, this appears to be the only nontrivial case
where this happens.

V. HIGHER-ORDER HAMILTONIAN STRUCTURE

In this section, we present the second Hamiltonian
structure of a general separable Hamiltonian system (1.2).
We begin by exhibiting the analog of the third-order Hamil-
tonian operator (2.6), thereby finding analogies to items (5)
and (6) of Sec. I1. We will then show how to write the system
itself in bi-Hamiltonian form.

Following Sheftel’,'* define the functions

L(u) =f A(s)ds, M) =f u(s)ds,
0 (0]
and the matrix variables
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M(v)

(L(u) M(v))
L) v ’

u
(5.1)

U(u,v) = (l; ) ’ V(u’v) =

Note that o, U= ¥V T-g,, where o, = ({¢). Let
U, u(v)vx) (u, ,u(v)v,)
Us = (vx Aw)u, and U, = v, Au)u,

denote the total x and ¢ derivatives of the matrix U; define V',
and V, analogously. Also let

. 1(/1(u)ux —uv,
* T8\ —u, u, )
V-’—i( Uy —ﬂ(v)vx)

* U s\—-v, Awu, )

8=Au) w2 —p(v)i2,

denote the matrix inverses of U, and V.

The basic third-order Hamiltonian operator for a gen-
eral separable Hamiltonian system can be written compactly
as follows.

Theorem 5.1: The operator

=DV "D U "0,D,
= Dx' Vx_ l"l)x.a'l' Vx_ T.‘Dx

is Hamiltonian.
Proof: The fact that & is a skew-adjoint differential op-
erator follows immediately from the second formula in
(5.2). Rather than prove the Poisson form?®? of the Jacobi

identity for &, it is simpler to prove that the symplectic two-
form

(5.2)

A

Q= f {du"A & ' duldx,

is closed®: dQ} = 0. Let ¢, ¥ denote potential functions for u,
v, respectively, so

Y, =uv.
Thus, formally,

D '(dp) =du, D;'(dy¢)=dy,
and hence

Q=J-{(vx do + u, di)

@x = U,

AD 7 YA(w)u, dp + u(v)v, dy)tdx
— [{We dp+ e )

AD 7 A(@) Pux 4@ + () Yy d) .
Let L, Mbe asin (5.1), and let

2(u) = J. s A(s)ds,
(4]

L(u) =J (u — 5)A(s)ds = uL(u) —z(u),
0

J’t\l(u) =f s-u(s)ds,

0
M(u) =f (u — s)u(s)ds = uM(u) — M(u).
0

Performing an inspired series of integration by parts, we find

Q= — f (b, dp + @, dip) NA(9.)Pre A + 11(8 ) Y d)

+d(@¥.) AD 7 A @) Pux dp + () Yo df)}dx

= f (@A) @ur — Yutt ()Y Mp A

—d(@. ) NML(@,)do + M(3,)dy) + d(p. ¥, ) AD [ 'd (L(g,) + M(y,))}dx,

=f{(—2<¢x> + M) (dp, Ady + dp Ady,)

— d(@. %) AL )dp + M(,)dy) + d(@. ) AD 7 'd (L(g,) + M(y,))}dx.

Therefore,

dQ = f{ — @ Alp:)de, Ndp Ndy,

+ Y u(Y)dy, Ndp, ANdy
+d(p.¢,.) NA(p,)de, Ndp

+,Ll(l//x )d¢x Ad'/')}dx,

which clearly vanishes. This completes the proof that € is
closed, and hence & is a Hamiltonian operator.

Proposition 5.2: The operators & and & , form a Hamil-
tonian pair.

Proof: Here it is more convenient to use Poisson meth-
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r

ods.”? Let 6 = (%) be the basis univectors associated with
the variablesu = (). Since we already know that & and %,
are Hamiltonian operators, we need only verify the addi-
tional compatibility condition?®

Prvy o(®y) +prvgg(@y ) =0, (5.3
where
0., =-;—f 07N D o(0)dx =j§/\ 7, dx

is the functional bivector associated with the Hamiltonian
operator &, and
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0, =-;—faf/\ # (0)dx

=%f [V:T0) Ao, D, [V T8 ]dx

is the bivector associated with the Hamiltonian operator & .
Now @, is a constant coefficient bivector, and hence

Prvso (®.97” ) = 0’
automatically. Thus, to verify (5.3), we need only compute

Prvy 6(0y)
=J [Df Voo (V7 T)-0 1T Aay-D, [V 776 dx,

= — [T prve v om0

Aoy, D [V ;70 ]dx, (5.4)

where

Prv, (VD)

_ J g | (A u, vx)
—Pr[%‘g'*‘fxa—](

v p)yv, u,

(i(u)'nxx+/1'(u)'ux'nx nxx)
p@) € +u W) v E £

It now appears that the only recourse is a rather long calcula-
tion to check that the functional trivector (5.4) vanishes. We
will not reproduce this calculation here, but just remark
that, after several integrations by parts, the final result only
depends on the four basis trivectors

§X/\17X/\§XX’ ngnxAnxx’

ExNExx Nxes M N N
Thus one need only check that the coefficient of each of these
trivectors is zero, an exercise we leave to the reader.

We now show how to combine the two Hamiltonian
operators & and &, to make a separable Hamiltonian sys-
tem bi-Hamiltonian.

Theorem 5.3;: Let H(u,v) be a separable Hamiltonian
density. Then there exists a second zeroth-order conserved
density H *(u,v) such that the corresponding Hamiltonian
system (1.1) can be written in bi-Hamiltonian form

(5.5)

w=9E[H]=%E[H*]. (5.6)

Proof: Here, all the calculations are local, i.e., over a
suitably small domain in (#,v) space. Let H *(u,v) be a sep-
arable density satisfying the same equation (3.3) as H. A
straightforward calculation using (3.3) shows that

HE,. /A
ZE[H*] =D, .
Hi./n
This will coincide with (1.1) provided H * satisfies
H,=H?%,/A, H,=H%/p. (5.7)

Note first that, given H *, we can always determine a corre-
sponding Hamiltonian density H, satisfying (3.3), since the
compatibility conditions for (5.7), i.e.,
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32 (H‘:.,)_ 9 (H:w)
dudv\ A /) du\ A

H* 2 H*
=i( UUU) — a ( vy )’ (5'8)
v\ u Judv \ u

are clearly satisfied since H * solves (3.3). Conversely, given
H(u,v), which satisfies (3.3), we need to show that there
exists a function H *(u,v), which also satisfies (3.3), and
satisfies (5.7). To accomplish this, we first determine a func-
tion G'(u,v) which satisfies

G,=AH,, G,=uH,.
This is possible (locally) by virtue of (3.3). Further, let
F(u,v) be any function such that
F,=G.
Now according to (5.7), we will have H* = G also, hence
H*(u,v) = F(u,w) + p(u) + a(v) (5.9)

for certain functions p (1) and o (v) of one variable. We only
need to determine p and o so that H * satisfies (3.3). Now,
according to (5.8)

az(ﬂu “ﬂ—o
udv \ A U -
hence

F,/A—F,/u=@(u) + ().
If we choose p and o to satisfy

p”= —A'¢7, o_ll= _ﬂ"l/’,
then it is not hard to see that H *, as determined by (5.9),
satisfies (3.3), since

H:u H:Jku _ Fuu p” F a”

A 7 A A 1) U
by virtue of (5.10). This completes the construction of the
appropriate density H *, and hence proves the theorem.

If the Hamiltonian density H in Theorem 5.3 is one of
the densities H,, in the hierarchy (3.7), then it is not hard to
see that the corresponding density H * (u,v) can be taken to
be the density H,_ ,; similarly, if H= H,, then
H*=H, +2- (See also Lemma 6.2 below.)

Example 5.4: Consider Eqgs. (1.6) of polytropic gas dy-
namics, so that f(v) =v"~2% Here A(u)=1, and
1 (v) = v” ™% Therefore the matrix variables (5.1) coincide

u v (y— 2))

v u

(5.10)

U=V= (
According to the proof of Theorem 5.3, we can write the gas
dynamics equations in the new Hamiltonian form

u, =%E[H*].

The Hamiltonian operator is

=D, U "D -U- "0, D
and the new Hamiltonian is
H*(up) = H,(u,p) = Juv + > v"/y(y — 1)

x9

+ 7 2p(y — D2y — 1),
provided 31 (otherwise the last summand is logarithmic).
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Similar formulas hold for nonpolytropic gas dynamics.

As discussed in Sec. IV, polytropic gas dynamics has
two additional Hamiltonian structures. A similar, but even
lengthier, calculation along the lines of that in Proposition
5.2 shows that for polytropic gas dynamics, the Hamiltonian
operators & and &, are not compatible, nor are the Hamil-
tonian operators & and &,. [In this case, there are other
basis trivectors besides the ones listed in (5.5) which show
up in the compatibility conditions (5.3), e.g., £A 7, A&,
and one checks that the coeflicient of at least one of these
trivectors does not vanish.] Thus, as with the one-dimen-
sional Riemann equation (2.1), the polytropic gas dynamic
equations form a quadri-Hamiltonian system with four com-
patible and two incompatible Hamiltonian pairs.

Vi. RECURSION OPERATORS AND HIGHER-ORDER
SYMMETRIES

We now turn to items (7) and (8) of Sec. II, and discuss
the higher-order symmetries for hyperbolic systems. We be-
gin by invoking Magri’s theorem? to construct recursion op-
erators from the Hamiltonian pairs of differential operators.
The first consequence of the developments in the preceding
section is the following result of Sheftel’.!

Proposition 6.1: The operator

P=%-D5' =D,V "D U] (6.1)
is a recursion operator for the separable Hamiltonian
system (1.1). .

Thus applying the recursion operator 7 to any symme-
try of the gas dynamics system leads to another symmetry. A
straightforward calculation shows that for the zeroth-order
conserved densities, this recursion operator does not lead to
anything new.

Lemma 6.2: Let v, and ¥, be the nth-order Hamiltonian
symmetries determined by the two hierarchies (3.7). Then
the recursion operator acts on their characteristics accord-
ing to

#Q,)=Q,_,, #(Q,)=Q,_,. (6.2)

In the case of a generalized gas dynamics Hamiltonian,
so A(u) =1, the matrix variables (5.1) coincide:

U= V=(” M(”)).
v u

Thus, just as in the one-dimensional case, the recursion oper-
ator (6.1) is the square of a simpler recursion operator'?

R=D,U_", (6.3)
On the zeroth-order symmetries,
2(Q,)=Q,_,, #(Q,)=Q,_,. (6.4)

In the polytropic case, Z7 is the “inverse” to the recursion
operator &, on the hierarchies (3.7), although as always,
this is special to these particular hierarchies.

Since we cannot obtain any higher-order symmetries by
applying Sheftel’s recursion operator to the first-order sym-
metries, we need to look elsewhere for the analogies to the
higher order rational symmetries of the Riemann equation.
We begin by stating the basic condition for a generalized
vector field to be a symmetry of (1.1).
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Proposition 6.3: The function Q[u] = (& ) is the char-
acteristic of a symmetry vector field vy = Q-d, of (1.2) if
and only if Q[u] satisfies the identity

D rQ =D x (H-Q)
on solutions to the system (1.2).

This result is standard?’ using the fact that the operator
D, — D, -H is the Fréchet derivative operator for the system
of differential equations (1.2). As a consequence of Proposi-
tion 6.3 and the usual condition for a recursion operator,28
we also deduce the following.

Corollary 6.4: The Fréchet derivative and recursion op-
erators commute:

(D, — D, -H)-%# = #-(D, — D,-H). (6.6)

This can also be proved directly.'> The commutation
identity (6.6) also clearly holds for the first-order recursion
operator (6.3) in the generalized gas dynamics case.

Theorem 6.5: Let H = H, be a Hamiltonian in the first
hierarchy constructed in Sec. III, and let v, be the corre-

sponding Hamiltonian vector field. Let ¥,,, denote the gen-
eralized vector field of order 2m with characteristic

Q,,, = Z#™m(xu,). (6.7)
Then ¥,,, is a symmetry for the flow generated by v, pro-
vided 2m>n — 1. Similarly, ¥,,, is a symmetry for the flow
generated by ¥, corresponding to the Hamiltonian H, pro-
vided 2m>n.

Proof: We need to verify the symmetry criterion (6.5) of
Proposition 6.3. Using the recursion condition (6.6), (6.2),
and (6.7), we see that, on solutions to (1.2) withH=H,,,

(D, — D, 'H,)Q,,, = (D, — D, 'H,)- " (xu,)
= %™ (D, — D,-H,) (xu,)
= .@""{X'Dx (w,—~H,u)—H, '“x}

= —2"Q,) = —Q,_ )

which vanishes if n — 2m<1. The proof for H,, is the same,
but now Q, _,,, vanishes if # — 2m<0.

In the case of generalized gas dynamics, there is a more
extensive hierarchy of symmetries because the recursion op-
erator is a first-order differential operator. The same calcula-
tion yields the following theorem.

Theorem 6.6: Suppose H = H, be one of the nth-order
generalized gas dynamics Hamiltonians, as in (3.7), and let
v, be the corresponding first-order Hamiltonian flow. Let
¥,, denote the generalized vector field of order m with char-
acteristic

(6.5)

Q,, = #™(xu,) =9?'"—1-((1)). (6.8)

Then ¥,, is a symmetry for the flow generated by v, provided
m>n — 1, Similarly, ¥,, is a symmetry for the flow generated
by ¥, corresponding to the Hamiltonian H = H, provided
m2>n.

Finally, we note that in polytropic gas dynamics, we can
still form additional recursion operators by combining the
Hamiltonian operator & with the operators & ,, & ,, even
though they are not compatible.?* However, the resulting
higher-order symmetries appear to always be nonlocal since
we cannot explicitly invert &, or &,.
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Vil. HIGHER-ORDER CONSERVATION LAWS FOR
GENERALIZED GAS DYNAMICS

Proposition 3.1 gives a complete description of the ze-
roth-order conservation laws for the general Hamiltonian
system (1.1). For the classical gas dynamics Hamiltonian
(1.6), Verosky' found an additional first-order conserved
density,

~ v, U,
Hl [u,U] = ‘g‘ =

—_— 7.
u — p(v) v’ D
We now show how Verosky’s conservation law fits into our
general framework, and derive analogous laws for general-
ized gas dynamics Hamiltonians. This will complete our ex-
tension of the results of Sec. II to two-dimensional Hamilto-
nian systems. We first note that a generalized gas dynamics
Hamiltonian system can be cast into a suggestive matrix
form, which is very reminiscent of the scalar Riemann equa-
tion (2.1).

Lemma 7.1: Suppose H(u,v) is a generalized gas dy-
namics Hamiltonian. Then the corresponding Hamiltonian
system (1.2) is equivalent to the matrix equation

U =HU,. (7.2)

This follows from an elementary direct computation.
The key to Verosky’s conservation law and its higher order
generalizations is the following matrix divergence identity.

Lemma 7.2: Let H(u,v) be a generalized gas dynamics
Hamiltonian. Then

D (U;HY—D,HU; Y= —(H, - U7'+U;"H,)
(7.3)
holds on solutions to the system (1.2).
Proof: We first note that the matrices H and U, com-
mute:
H-U, =U,H.
Also, differentiating (7.2) we find
Uv.=H-U,+H,U,.
Therefore we immediately deduce (7.3):
D(U;H—-D,(HUSYH
=-U;"U,U;'-H, U/
+HU U, U
=-H, U;'-U;"H,.
In particular, the (2,1) entry of the matrix identity (7.3)
reads

v H, v —H, -u
D (——x-)+Dx< uu X uv X)= —2Huu“,
‘\s 5

For the classical gas dynamics Hamiltonian (1.7), H,,,, =0,
and we recover Verosky’s conservation law, with density
(7.1). For more general gas dynamics Hamiltonians, H,,,
will no longer be 0, and v, /8 will no longer be a conserved
density; however, we can simply modify it to get a time-
dependent conservation law.

Theorem 7.4: Let H(u,v) be a gas dynamics Hamilto-

nian. Then the function
H*=v,/5+2uH,

(7.4)

(7.5)

uu
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is a conserved density for the corresponding flow (1.1).

Proof: Let T(u,v) = H,,,. Note first that according to
Lemma 3.4, 7(u,v) is a conserved density for the flow. Ac-
cording to (7.4), to prove that (7.5) is also a conserved den-
sity, it suffices to show that there exists a function X (u,v)
such that the divergence identity

D, (t T(u,v)) — D (t- X(u,w)) = T(u,v) (7.6)

holds. Evaluating the left-hand side of (7.6), and using Eq.
(1.1), we find that X must satisfy the pair of first-order par-
tial differential equations

Xu =HuUTll +Hull TU’ XU =HUUTM +HIHJ TU'
The integrability condition X,, = X, simplifies to the con-
dition

4,7,=4,T

wu Lo+ (7.7
But this follows immediately from Lemma 3.1, using the fact
that 7 is a conserved density. This completes the proof.

Corollary 7.5: The integral
x = fi)i dx,
o

when it converges, is a linear function of ¢ for any gas dy-
namics Hamiltonian. N

The first-order conserved density H, = v, /8 leads to a
Hamiltonian flow using the basic Hamiltonian operator &,
We now connect this flow with the symmetries generated in
Theorem 6.6. This will allow us to apply the theorem of
Magri to the Hamiltonian pair & and &, and thereby gen-
erate a new hierarchy of higher order conservation laws in
gas dynamics. The starting point is the following straightfor-
ward result.

Proposition 7.6: The symmetry ¥, is Hamiltonian with
respect to the Hamiltonian structure determined by & ,, and
the corresponding conserved density is — 2 times Verosky’s
density (7.1).

Proof: According to (6.8), the characteristic for the
symmetry ¥, is given by

A 1 1
—( V= _p .U-2U _-U-'
Q=% (0) D, -U*U,,-U; (0)

On the other hand, the Hamiltonian flow corresponding to
Verosky’s density has characteristic

*\E,(H)/)
Therefore, it suffices to verify that

E.,(?Il)) » ., (1)
(E,,(IAJ.) =20 U U

We have thus reduced the proposition to a straightforward
computation, which we leave to the reader.

Theorem 7.7: For a generalized gas dynamics Hamilto-
nian, there is a hierarchy of higher order Hamiltonian densi-
ties H,,, m = 1,2,..., with m indicating the order of deriva-
tives on which they depend, and corresponding commuting
bi-Hamiltonian systems

u, =62m+] =@0E[?Im] = gE[fI,,,_,], m>1.
(7.8)
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The Hamiltonians are in involution with respect to both the
9 ,and & Poisson brackets.

This follows directly from Magri’s theorem.*?* There is,
however, a technical point to be resolved: whether we can
always invert the differential operator &, to continue the
recursive construction of the densities from (7.8). However
this follows from the theorem in Ref. 30 that shows that this
always is the case when one of the members of a Hamiltonian
pair is a constant coefficient differential operator.

Note that if one of the higher-order densities H,,, is con-
served, then so is every subsequent density H,, k>m. Thus
we need only know which is the first conserved density for
our Hamiltonian system (1.1).

Theorem 7.8: If H — H, is a Hamiltonian density in the
first generalized gas dynamics hierarchy, then the higher-
order density H,, is conserved for the Hamiltonian system
(1.2) provided n<2m + 1. If H = H, isin the second gener-
alized gas dynamics hierarchy, then H,, is conserved pro-
vided n<2m + 2. R

Proof: We apply the recursion operator % = %? to the
(time-dgpendent) flow corresponding to the Hamiltonian
density H *[cf. (7.5)]. Using (3.8) and (6.4), we conclude
that, as in the one-dimensional case, the function

A~ ad 2m+1 H
is a conserved density for (1.1) with H = H, or H,. In par-
ticular, if 2m + 1 > n, the second summand vanishes; more
particularly, if H= H,, and n=2m + 1, then the second
summand is just a constant multiple of ¢, and can be ignored.
This completes the proof.

For more general separable Hamiltonian systems not of
gas dynamics type, higher order conservation laws do not
appear to exist in general. The principal reason for this is that
the recursion operator (6.1) is second order, and the hierar-
chy of higher-order symmetries (6.7) omits the obvious
Hamiltonian candidates. However, we do not have a com-
plete proof that these systems do not have higher-order con-
servation laws, and, indeed, Verosky’s transformation (3.5)
shows that at least one special example—the Born-Infeld
equation—they do exist. This is an area that requires further
investigation.

In a later publication, we hope to return to the applica-
tion of our results to physically interesting initial value prob-
lems and discontinuous solutions/shock waves. Another in-
teresting direction for further research is to try to extend
these results to three-dimensional systems of conservation
laws, especially those of nonisentropic gas dynamics for
which Verosky has discovered additional higher order con-
servation laws.?!
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In the framework of two-particle relativistic quantum mechanics, a Poincaré-invariant scalar
product and the corresponding physical Hilbert space of states are constructed. This is
achieved by finding a tensor current of rank 2, j,,, (x,,x,), satisfying two independent
conservation laws, relative to particles 1 and 2, respectively. Then the scalar product is
obtained by integrating the current j,, over two three-dimensional spacelike hypersurfaces.
The Hermiticity of the Poincaré group generators is ensured by the fact that the kernel of the
current ji,, is translation invariant and covariant. A simple expression of the scalar product is
obtained when one chooses for the two spacelike hypersurfaces two constant parallel
hyperplanes. The positivity of the norm is, in general, ensured if the spectrum of the
eigenvalues of the total mass squared operator comes out to be positive.

I. INTRODUCTION

In order to have a general framework of two-particle
relativistic quantum mechanics,' it is necessary to define,
in addition to the wave equations, the physical Hilbert space
in which the states are considered, and more precisely, to
construct the scalar product of the theory. It is this last prob-
lem that we intend to solve throughout this work.

The main property that we demand from the scalar
product is its Poincaré invariance, which then guarantees,
with the covariance of its kernel, the Hermiticity property of
the Poincaré group generators and permits a unitary realiza-
tion of the Poincaré group. Of course, one also has to ensure
the positivity of the norm of physical states.

In free, one-particle relativistic quantum mechanics a
Poincaré-invariant scalar product is constructed by means
of a conserved four-vector current, j, (x), built up from two
wave functions that are solutions of the corresponding wave
equation. The conservation of the current guarantees that its
three-dimensional integral over a spacelike surface, which
defines the scalar product, is independent of that surface,
and this in turn ensures the Poincaré invariance of the scalar
product itself.*

In the two-particle case one naturally should extend this
procedure. One should construct, from two wave functions,
a tensor current of rank 2, j,, (x,,x,), so that it satisfies the
two conservation laws

a‘llljuv(xl’xZ) =0, (L)

agjm,(xl,xz) =0.

The scalar product should then be constructed as a dou-
ble three-dimensional integral of this current over two space-
like hypersurfaces 2, and 3:

(v, ) =L s Juv (XpX2)do ¥ (x,)dos (x,). (1.2)

It can easily be seen that the two conservation laws
(1.1) guarantee the independence of the integral (1.2) from
the types of the surfaces X, and X,, and, more particularly,
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ensure the Poincaré invariance of the scalar product defined
by (1.2).

It is this procedure that we shall adopt to construct the
scalar product of the theory. The difficulty of the problem
consists in finding the tensor current j,, satisfying the con-
servation laws (1.1). Contrary to one-particle mechanics, in
the two-particle case the interaction potentials depend in
general on the total four-momentum p of the system,? that is,
in particular, on the energy, except perhaps in the c.m. (cen-
ter of momentum) frame. This is because the potentials de-
pend on the relative coordinate x=x, — x, only through its
transverse components with respect to p, that is, through the
variables

xp =%, — [(@x)/p"1p,s X7 =x"— [(p'x)*/p*].
(1.3)
In the c.m. frame, x7 reduces to the variable (0,%) and hence
becomes independent of p. However, for realistic potentials,
the latter may also exhibit—through the coupling constants,
for instance—an explicit dependence on the total mass
squared and display a form like

V="V(xTp%..),

where the dots stand for other possible variables such as the
relative momentum or Dirac matrices.

This means that for two wave functions that are eigen-
functions of two different eigenvalues of p%, the interaction
potential will not be the same for each of them. It is this
feature that makes it difficult to build up the tensor current
Juv- The problem can be solved, however, as we shall show in
this paper. The expression for the resulting current j,, turns
out to be a complicated nonlocal function of the correspond-
ing wave functions and potentials.

We construct the scalar product (1.2) by choosing for
the surfaces 2, and 2, two parallel hyperplanes perpendicu-
lar to a constant timelike vector n. With this choice, the
expression for the scalar product is considerably simplified
and takes a local form. It differs from the expression for the
scalar product of two free particles by terms taking into ac-
count the total momentum dependence of the potential.

(1.4)
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In order to relate the quantum-mechanical wave func-
tions to field-theoretic quantities (such as matrix elements of
currents), it is necessary to fix the normalization constants
of the former by comparing their norm to that obtained from
the Bethe—Salpeter equation with approximations leading to
local potentials.® This comparison fixes the overall normali-
zation constant of the norm. It is not equal to unity, as long
as the scale of the norm is fixed by the normalization condi-
tion of the field theory state |p), and this merely reflects the
fact that quantum-mechanical two-particle wave functions
are only projections of field theory states |p) onto two-parti-
cle states. This normalization constant depends on the char-
acteristics of the quantum-mechanical wave function, such
as its total mass squared and the mean value of its relative
momentum squared.

Expressions for scalar products in the case of p*-depen-
dent potentials have also been obtained, in the three-dimen-
sional formalism, by Lepage® and Caswell and Lepage,” who
used a three-dimensional reduction method on the Bethe—
Salpeter equation. Their formulas cannot, however, be ap-
plied in our case, since the three-dimensional wave equations
they obtain differ from ours. In Lepage’s work® there is an
asymmetric treatment of the two constituents of the system,
while in our wave equations the two particles are treated in a
symmetric way. However, this feature does not prevent them
from satisfying the requirement that if the mass of one of the
particles is taken to be infinite, the other particle satisfies a
Klein—Gordon or a Dirac equation in an external potential.
In the work of Caswell and Lepage’ the asymmetry phenom-
enon is absent, but still their wave equations are different.
These features do not mean that there is a contradiction
between these works and ours. It is well-known that by
wave-function transformations one can always modify the
structure of a wave equation and, correspondingly, the ker-
nel of the scalar product. Furthermore, there are many ways
of reducing the Bethe—Salpeter equation to a three-dimen-
sional one. The result depends on the trial three-dimensional
kernel one chooses as the zeroth-order kernal to iterate in
order to reach the Bethe—Salpeter kernel.

We would also like to emphasize the difference in our
approach in constructing the scalar product. Our main ob-
jective has been the formulation of two-particle relativistic
quantum mechanics from the general principles of the Ham-
iltonian formalism (more precisely, the manifestly covariant
formalism with constraints) without any reference to quan-
tum field theory, parallel to the way nonrelativistic quantum
mechanics is formulated. This is why the wave equations and
the corresponding scalar products are constructed by self-
consistent methods and not by using known properties of
field-theoretic quantities. Furthermore, we also provide the
expressions for conserved currents, which therefore contain,
at least explicitly, more information about the local proper-
ties of wave functions than in previous work. On the other
hand, Ref. 5 establishes the connection between the two
types of formalism: the one obtained from field theory, the
other from relativistic Hamiltonian quantum mechanics.

In order to introduce the method we use to construct the
tensor current j,,, we first consider, in Sec. II, the case of
one-particle relativistic quantum mechanics with energy-de-
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pendent potentials. This problem is not generally well
known, although a particular case of it already occurs in the
problem of a spinless particle placed in an external electro-
magnetic potential.® General aspects of this question have
been treated by several authors,”"'? and in Ref. 13 a sum-
mary of related properties was presented. One main feature
of energy-dependent potentials is the possible occurrenceof
the so-called associated vectors.'>~'> These states usually ap-
pear when zero-norm states occur in the spectrum, and thus
they modify with their special properties the completeness
relation of ordinary states. Associated vectors occur, how-
ever, for particular domains of the coupling constants or for
particular shapes of the potentials. We shall assume
throughout this work that the potentials we are considering
are so chosen as to be free of such pathologies, and no zero-
norm states occur in the spectrum.

The plan of the paper is as follows. In Sec. II we consider
one-particle relativistic quantum mechanics with energy-de-
pendent potentials and construct the corresponding scalar
product. In Sec. III we consider two spin-0 particle systems.
(A summary of this section was already presented in Ref.
16.) Section IV is devoted to the study of the particular prop-
erties of the scalar product, as constructed on two constant,
parallel, spacelike hyperplanes. In Sec. V we consider spin-}
fermion—antifermion systems, and Sec. VI concerns systems
composed of one spin-} fermion and one spin-0 boson. The
Concluston follows in Sec. VII.

Il. ONE-PARTICLE RELATIVISTIC QUANTUM
MECHANICS WITH ENERGY-DEPENDENT
POTENTIALS

One-particle relativistic equations with external poten-
tials lose, in general, part of their Poincaré invariance. For
instance, with static potentials one loses at least spatial trans-
lation invariance and Lorentz invariance. Therefore, in this
case, one is mostly interested in the Hermiticity property of
the Hamiltonian of the system, which guarantees the ortho-
gonality of energy eigenfunctions with different eigenvalues.
If the potential is rotation invariant, then one would also
check the Hermiticity property of the total angular momen-
tum operator, which is usually an easier task than for the
Hamiltonian case. In general, the expressions for the con-
served currents that are found in the free case remain true
also in the presence of such external potentials, and continue
to serve to define the scalar product of the system and to
ensure the Hermiticity property of the Hamiltonian.

In this section we shall consider the more complicated
case of static potentials depending on the Hamiltonian itself
or, more particularly, on the energy of the system when act-
ing on energy eigenfucntions. A well-known example of such
a case is provided by the Klein—~Gordon equation for a
charged spinless particle in the presence of a static electric
potential.®® Here the effective potential, resulting from the
minimal coupling, displays a linear dependence on the ener-
gy. More complicated dependence may arise when one con-
siders effective potentials obtained from approximations of
field theoretic quantities, as in the quasipotential approach
to the Bethe—Salpeter equation’’'? for the two-body relative
motion.

H. Sazdjian 1621



We shall therefore consider general static potentials of
the type

V="V(po), 2.1)

where p, is the energy operator acting as the time-derivative
operator i d /9x°. The potential ¥ may also depend on the
three-momentum J. But this kind of dependence, provided it
is appropriately symmetrized, will not play any particular
role in the subsequent discussions and therefore will be omit-
ted from the notation.

Strictly speaking, with arbitrary energy-dependent po-
tentials (2.1), one partly loses the Hamiltonian description
of the system at the level of the initial-value problem. In
general, with energy-independent (or, at most, linearly or
quadratically dependent) potentials, one can predict for an
arbitrary state |¢(%,)), given at time ¢, (with its first-order
derivative, if we deal with the Klein—-Gordon equation), its
evolution at later times. This is obtained by spanning the
state |#) by means of the completeness relation along the
eigenstates of the energy operator, the time evolution of each
of them being well known. It turns out, however, that for
potentials of the type (2.1), the kernel of the scalar product
will be also energy dependent, which, in turn, reappears in
the completeness relation. Therefore an arbitrary state |),
given at time ?, can no longer be decomposed along the
eigenstates of the energy operator, since the completeness
relation will involve, usually in a complicated form, the time-
derivative operator i d /dt. The procedure to be adopted in
this case is the following. One must first solve the energy
eigenvalue problem. Then one has to consider, in general,
only those states that are known superpositions of energy
eigenstates. For such states the time evolution problem will
be completely solved. This is the price to be paid for the
Hamiltonian treatment of wave equations with energy-de-
pendent potentials.

We now turn to the question of construction of the sca-
lar product of the theory. As we described in Sec. I, we
search for a conserved current J,. (x) built up from two ener-
gy eigenfunctions ¥ and . We write j, in the form

Ju =70+, 2.2)
where j. represents the current obtained in the free theory
(or in theories with energy-independent potentials), and ;"
is a remainder. In general, jff” does not alone ensure current
conservation. We therefore seek an expression for ;i that
will ensure the current conservation of j,,.

We shall consider the two cases of spin-0 and spin-} par-
ticles.

A. The Klein-Gordon equation
The wave equation with potential (2.1) is
(@2 + m? + V(%,i 9,))¥(x) =0. (2.3)

The potential V(X,p,) is assumed to be superficially
Hermitian in the sense that when p, is replaced by a real
eigenvalue, then V is Hermitian in the usual L, norm. Fur-
thermore, we assume that the shape of V, its coupling con-
stant, and its p, dependence are such that all the eigenvalues
of p, come out to be real.

We first consider the case of two different eigenvalues p,
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and p; of the energy operator i d,, with corresponding eigen-
functions ® and W, respectively; they can also be decom-
posed as

D (x) =e PUH(R), W(x)=e " YR). (2.4)

The expression for the norm of a wave function will be
obtained as a limit, with p} —p,, of the expression for the
scalar product defined for p§ #p,. With this aim we shall
introduce from the start a small negative imaginary part,
— ig, into the eigenvalues p, and p; and define the corre-
sponding wave functions (2.4) as limits, with £-0:

®(x) =lim @, (x)=e~ @~ O¥¢(X)

-0

(e>0),

W(x) =lim ¥, (x)=e ™ PO y) (2.5)
£-Q

(po and p} are real). The wave functions ®, and W, satisfy
Eq. (2.3) in the limit £ = 0.

The “free” current /. built up from ¥ and & is

JO(x) =i ¥A(x)3, P, (x). (2.6)

For simplicity we shall use these notations in the following
discussion:

V=V(X,p, —ie), V'=V(p; - ic), 2.7

where p, and p;, are the eigenvalues of $ and W, respectively.
By using the equations of motion, we get

HO = iR V'* — D, (2.8)

Therefore the current jf,‘ ), (2.2), must satisfy the equa-
tion

U = —iWK(V'* — O, (2.9)

The solution of this equation is easily obtained. We in-
troduce the advanced Green’s function G, (x),

G, (x) = —if( —x*)A(x,m =0), (2.10)
which satisfies the equation
342G, (x) = —ib*(x). (2.11)

It can be considered the limit as £ -0, £> 0, of the e-depen-
dent function G, (x,£):

G,(x) =1lim G, (x,e) =G, (x)e™, (2.12)
e-0
the Fourier transform of which is
G, (ke£) =J‘e"""G xe)din = —0"N 2.13
4 4 (%E) k? — 2ikye 213)

Then j(" is given by the expression

iPx)y=a4, f G, (x —x)WH(X")

X[ V(X'po +iey — V(X ,p, — ie) | P, (x')d *x'.
(2.14)

The scalar product of the two wave functions ¥ and & is
now
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(V,d) =jd35c’j0(x)
=Jd3 (782 (x) +75(x))

=fd32 WE(x) (2 + Po)D, (x)

+Jd%d

XWX )Y(V'™* — NP, (X). (2.15)

We shall concentrate below on the second term
§d3x j$P (x). We use the expressions (2.5) of ¥, and P, :

fd:*)‘fjé”(x) =fd3f d*x' 3,G (x —x')

X' 3,G(x —x')

X ei(pé —Pot 2ie)x"

X{P*r @)V - NP} (2.16)

Notice that the term in the curly brackets is now indepen-
dent of x'°. We make the following change of variables:

y=3x, (2.17)

Expression (2.16) then becomes

3 2 2 10

F=3X-%, y'=—x°-x%.

fd%'?jé,”(x) = aOJ-dﬁ;a'“y’ G, (y’,2£)e_i(""""°)yo

X PTRTIL Lk (BY (V' — VSN,

(2.18)

where we have used definition (2.12) of G, (3,€). The inte-
gration with respect to y’ gives the Fourier transform (2.13)
of G, (y',2¢):

332 (1
Jd % j6" (x)
la J'd}} i(py — po + 2ie)x°

1//*(x)[V(x,po + ie) — V(&,p, — ie) |$(X)
(P6 — Po)* + 4ie(py — po)

—J-d35t’ W*(x)

v [VZ.ps + ie) — V(Z,po — ig) ]

(2.19)
Po — Po + 2ie

P, (x),

where we incorporated the exponentials in the wave func-
tions, according to (2.5).
Finally, we get for the scalar product

(V,®) = f 4% W (x) {pa + Po

_ [VGps +ie) — VEpo—
D6 — Po + 2ie

i€) ] ]<I>(x).

(2.20)

It can be checked, by using the equations of motion, that
this scalar product is independent of x°, and that for p,# pj, it
is zero, which is a manifestation of the orthogonality proper-
ty of two energy eigenfunctions with different eigenvalues.
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The Hermiticity property of the operator p, is also easily
checked.

For the evaluation of the norm of states we take p;, = p,
and then the limit £-0. This gives

3V(x,p0

(w,,,w,,)=fd’?cwx(x>[2 ’]\v x)

= 2.1, (2.21)

where thelabels a,b distinguish different eigenfunctions with
the same energy.

If the potential was independent of p, we would get the
expression for the free norm of states for the Klein—-Gordon
equation. It is a well-known fact in this case that the norm is
positive for positive-energy solutions and negative for nega-
tive-energy solutions.®'*> The physical Hilbert space is then
chosen to correspond to the subspace of solutions with posi-
tive energies.

In the general case (2.21), the question of the positivity
of the norm for positive-energy solutions is less straightfor-
ward. The potential ¥ must satisfy appropriate conditions
concerning its shape and its coupling constant, as well as its
energy dependence, in order to maintain the positivity of the
norm of states with positive energies. We then have to as-
sume that the physically acceptable potentials are those that
satisfy the above conditions and permit again the definition
of the physical Hilbert space as the one corresponding to the
subspace of positive-energy solutions of Eq. (2.3). (See also
the discussion at the end of Sec. II1.)

The scalar product (2.20) can be straightforwardly gen-
eralized to wave functions ¥ and ®, which are known super-
positions of energy eigenfunctions (see the discussion at the
beginning of this section). The kernel of the scalar product
(2.20) is written now in an operator form, with a self-evident
notation:

(¥,9) =1lim | d33% ¥, (x)
£--0
X[igo— [V(Z, —ia?_) - V_Ex,iao)] } ®, (x).
—idy—id
(=190 =100) (2.22)
B. The Dirac equation
The wave equation is
[iy:d—m— V(X,i 3p, ) ]¥(x) =0, (2.23)

with ¥ superficially Hermitian (when / d, is replaced by a
real eigenvalue p,):

YoV o= V. (2.24)

Asin the spin-0 case, we assume that the choice of V" has
been such that the spectrum of p, is real.

For two different eigenfunctions of the energy operator,
¥ and P, with different eigenvalues p} and p,, respectively,
the free current is

=¥y, (2.25)
where we have used notation (2.5), and it satisfies the equa-
tion
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AP (x) = i, (x) [ V(%ps + ie,¥)
— V(X,py — ie,7)1®_(x). (2.26)
The current /", (2.2), can be constructed as in the spin-
0O case. Its expression is
506 =8, [ 60— X, x)

X [V(X\po + ie,y) — V(X' \,po — ig,7) ]
X P, (x')d*'. 2.27)
Following similar calculations as in the spin-0 case we
end up with the scalar product
(P,®) = f d3% W(x)

[ V(}’p(; + i€,1/) - V(}:PO -
X4Yo — -
Po — Po + 2i€
X®(x),
and the norm

i£,¥) ] ]

(2.28)

(¥,,9,) =Jd35’c v, (x)[yo - M} v, (x)
dp,

= 2|po|as- (2.29)

The remarks made in the spin-0 case as to the physically
acceptable potentials, which must guarantee the positivity of
the norm of positive-energy states, hold also here.

Ill. TWO SPIN-0 PARTICLE SYSTEMS

In the manifestly covariant relativistic quantum me-
chanics the wave function of the two spin-0 particle system
satisfies two independent wave equations,’ each of them be-
ing a generalization of the Klein-Gordon equation for parti-
clelor2:

Haw(xl’xZ)E(pZ; - mi - V)\Ij(xl’x2) =0 (a = 1)2)’
3.1

where Vis a Poincaré-invariant interaction potential.
The compatibility condition of these two equations
reads

[H,H,]¥ =0, (3.2)
which, considered in its strong sense, gives the constraint
onV:

[p} —p3.V]=0. (3.3)

The Poincaré-invariant general (local) solution of this
equation is
V=V(x"x"vp%0%pv), (3.4)
where we use the following notation:
p=pi+p» v=4p—p2), X=1(x+x),
X=X,—X; Xp=x,— (p'x)p,,
1",“ =Pu/(P2)l/2, P2>0: xT2=x2 _ (ﬁ.x)z’
Ve i~ alu + ‘92/“ a/t = %(alu - 82# )
and for any vector Y we shall define its “transverse” and

(3.5)
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“longitudinal” parts with respect to the total momentum p
by
YZZ Yp, - (ﬁY)ﬁ;u
=@ Np,, Yp=0Y).
By subtracting the two equations (3.1) from each other

we get an equation that determines the covariant relative
time evolution of the system:

(3.6)

(Pt —p))¥ =2p0¥ = (m} —m})V, (3.7)
the solution of which, for eigenfunctions of Dus 18
W(x,,Xx,) = e PXP(x)
:eAip'Xe—i(mf*mg)P'X/(sz)w(xT), (3.8)

and ¥(x7) defines a three-dimensional “internal” wave
function.?® Taking the sum of the two equations (3.1), we
get the “eigenvalue” equation

[17% — L(m} + m}) + (1/4p%) (m}
+ 02—V ]y(x") =0, (3.9)

which is a three-dimensional Schrodinger-type equation.

The potential ¥V, (3.4), can also be generalized so as to
include nonlocal functions in x7, but in this work we shall
only consider potentials of the local form in x7, (3.4). We
assume V to be superficially Hermitian, in the sense that
when the p,, are replaced by real eigenvalues, then Vis Her-
mitian in the usual L, norm.

We notice that the longitudinal operators p-p, and p-p,
commute with Eqgs. (3.1), or with (3.7) and (3.9), which
means that they have simultaneously Lorentz-invariant
eigenvalues.” We assume that the physically acceptable po-
tentials are those that lead to real eigenvalues of both (p-p,)?
and (p'p,)?, and that these in turn lead for each p-p, and
P p, to two distinct eigenvalues with opposite signs. These
different eigenvalues split the general Hilbert space 57 of
normalizable solutions (also extended to Dirac’s distribu-
tional sense) of Egs. (3.1) into four subspaces, according to
the signs of the eigenvalues of p-p, and p-p,. The physical
Hilbert space ##* is defined as the subspace of 5 corre-
spondng to the positive signs of both p-p, and p-p,:

2,32
_mz)

B =3HVH1 + (mi —m3)/pY), pP>|mi —mi|,
(3.10)

b P =41 — (m} —m3)/p?).

This ensures, among other things, the positivity of
(p*)""?, and is a direct generalization of a similar condition
in one-particle relativistic quantum mechanics.*'* One also
requires that the norm of states in Z#* be positive.

To construct the conserved tensor current of rank 2, j,,,
we shall follow the method already utilized in the one-parti-
cle case. We define j,, as the sum of two quantities:

j;tv(xl!xZ) =j;(3/)(xl’x2) +jl(¢lv)(x1,x2)y (3'11)
where j{) is the “free” current,'>?'
]Lg)(xlyxz) =y (xpxz)a],, a2vq)5 (x15%2); (3.12)

where we have considered the case of two eigenfunctions of
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iV,, ¥ and ®, with different eigenvalues p;, and p,,, respec-
tively; and where we have introduced, as in (2.5), a small
negative imaginary part in the energies
~p, —ien,, n=(10), £>0,
Pu=Pu = (10 (3.13)
Py —p, — iEn,.

A notation similar to (2.7) will also be used in the following:

V=V(xp—ien,..), V' =V(xp —ien,..), (3.14)

where the transverse variables x7, (3.4), are calculated with
respect to p, — ien, and p, — ien,,, respectively.

In view of the two conservation laws (1.1), j satisfies
the two equations

7(0) — — \y*
lll =F1v - \I/E [

uv

—(V* =W, + 0 (V' — W)
+ (0, (V'* + M) ] P,

=W /2)(V*— W) (p, +p.)
+ (=13, —3,(V'*—P)

—@.(V'*+ N)]®,, (3.15a)

I3 JO=Fyy =W — (V'* = N3y, + 3, (V* = V)
+ (01, (V'* + M) ]2,
=W (/) (V"™* = ) (p, +P,)
—(V*=W3, +3,(V* =)
+ (3, (V'*+ M)].. (3.15b)

This means that j()), (3.1), must be a solution of the
equations

3% J) (xpx2) = — Fp, (x1,%3), (3.16a)
33N (x,%,) = — Fy, (x,%,). (3.16b)

These two equations should be compatible with each
other, that is, we should find

d3F,, = d4F,,. (3.17)

It can be checked that this equation is actually satisfied
as a consequence of the compabitility of the two wave equa-

tions (3.1). One finds [

d3F,, =d4YF,, =F(xx,)
=W*23,(3°V'*) +2(3, V)"
+ (V'* =N [ip—ien)* — %]
— [P +ien)? =32 (V'* — V)
+ (@ (V'™* + M)}t,. (3.18)

The solution of Egs. (3.16), which vanishes when the
interaction is switched off, is

SOty = — B, f G, (x, — XV Fy, (x )d %,
— iah J GA (x;, —x; )qu (x,x3 )d“x;

- al;taZV fGA (x; —x1)G,(x;—x3)

X F(x},x3)d *x} d*x}, (3.19)

where G, has been defined in Egs. (2.10) and (2.11).

If we factorize in Fy,, (3.15a), F,,, (3.15b), and F,
(3.18), the wave functions ¥ and P, we can easily check that
the kernel of the current jL‘V’, and hence that of j,,, (3.1), is
translation invariant and is a pure Lorentz tensor of rank 2,
as a consequence of the Poincaré invariance property of the
potential V. These two features, together with the current
conservations (1.1), ensure the Hermiticity properties of the
Poincaré group generators and therefore the unitary realiza-
tion of the whole group.

For the subsequent calculations we can use the factori-
zation property of the F’s in terms of the wave functions and
make appropriate changes of variables in the integrals of the
expression for j{,), (3.19). We can write, using the total co-
ordinate dependences of the wave functions (3.8),

F, (x,x;) = F, (X,x) = 7 —p+2mXE (x)
(a=12),
F(x,,x,) = F(X,x) = ¢ —p+2em XE(xy, (3.20)
where the expressions for Ev (x) and F(x) can be obtained

from (3.15), (3.18), and (3.8).

By using these expressions for F,, and Fin (3.19), one

can also write j.\) in the form

Jid (Xx) = — i f d*x'(0,G, (x — x))e™ VDE PR CTOF, (Xx")

+ iJ-d4x'(3vGA (xl _ x))e(i/Z)(p‘—p+2isn)'(x—-x')F2‘u (X,xl)

+ 4Jd“X' d*x'(3,G,(Jx — ' — X))3,G, (x' — Jx — X "))e? —p+2em X' F(x '),

(3.21)

In order to construct the scalar product relative to the wave functions ¥ and ®, we shall choose for the surfaces 2, and 2,
of formula (1.2) two parallel spacelike hyperplanes, perpendicular to a unit timelike four-vector #, which we choose, as usual,

parallel to the x° axis (3.13):
nx,=t, n= (1,6), n-x,=t,.

Then the scalar product is

W0 = [wmxnd R d%s = [ [0+ X0 )d T d%:
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(3.22)

(3.23)
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We shall now concentrate on the second term of (3.23). Using expression (3.21), we have

J 50 (Xox)d X d %% ifdfjr'd%*c d*4x'(0,G 4 (x — X))o~ (/D& —p+2em - G-F (¥ xr
+i f d3X d*% d*x(3,G, (x' — x))e VD@ —p+2em (<= (¥ y1y

+4 f dX d% d*X'd*x'(9,G, (1x — 1x' — X ))(3,G (Jx' — hx — X "))ei? ¢ +2em X' F X x')
(3.24)

By using the X dependence of the F’s (3.20), the integration with respect tod X yields the factor (27)°8° (3 — 3'). In the
first two integrals of (3.24) one can also perform the integration easily with respect to d 3%, using the formula

JBOGA (x)d**% = if( — x°). (3.25)

In the third integral the changes of variables

X'—o—X, Y=X'—R+1¥, j=F—1¥+X'
are needed between_)? "and X; then one uses formula (3.25) again. Finally one is left with an integral over X '°, which is carried
out in a straightforward way. One obtains

J- “’(Xx)d3Xd = (2n)*8* @ _ﬁ)ei(pé—p(,+2ig)x0 [Jd“x’ 0(x"° —xo)e(i/z)(pé—p"+ZiE)(xm_x")f'lo(x')
+J-d“x' B(x° — x'0) DB =P+ U X (g

n Jd4 1 oD P — pok 20E)|¥" _XO|F(x')] ’ (3.26)
(p6 — po + 2ic)
where the expressions for the F’s are defined in (3.20), (3.15), (3.18), and (3.8).
The remaining calculations are carried out by using the explicit expressions for the F’s. One mainly transfers, by partial
integrations, the derivative operators acting on the potentials on the other terms of the integral, and one also uses the wave
equations (3.1). One arrives at the expression

f “)(Xx)d3Xd35f— 2m)38* (B — p)e i(ph — pu + 2iE)X°
U‘“ DR ok L T PV (= DY)

i/2 - 2ig) |x* — x|
+7fd4x'£(x0_xro)e(' Y(py — py + 2i€)} X' |¢*(X')

X[@o(V*+ V)= (V'* =135 +34(V'* — V)]¢(x'>] . (3.27)
At this stage one uses the following properties and relations:
(i/2) (Pl — po + 2ig)e PP p ¥ 2O =X 95(x0 _ x) — 34 [e(x® — x70)e VD Wo— po+ 201 =] (3.28)
(Po — i£)op = B3¢ — (i/2) (m? —~ m2), (3.29)
(Po — i€) (3pV) = (B-9V), (3.30)

the latter two relations being simple transcriptions of relations (3.7) and (3.3), respectively. These relations yield surface
terms that may be dropped. One finally obtains the following expression for the scalar product of two eigenfunctions ¢ and ¥
of iV,, with different eigenvalues p,, and p,,, respectively:

(¥,,®,) = f Joo(X,x)d X d %

=fd3:{’d3?c W*(X,x) [F 310 0o — (4 + po) LL R T fEM) — Vxp — ien,..)] ] O (X,x)
(P65 — po + 2ig)

= (27’8 F — pye T eX J d% P*(x)

[V(x,p' + ien,...) — V(x,p — igen,...) ]
(po — po + 2i€)

XH (Ph +Po)2 4 (D2 — 238,30+ 32) — (ph + Po) ] #(x), (3.31)
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where the limit £ = 0 is understood.

By using the equations of motion and the property
(3.29) and by dropping surface terms, one checks that this
scalar product is independent of X ° as it should be. This also
shows that for p; #p, (i.e., p’>#p?) it vanishes, and hence
the two wave functions are orthogonal.

To calculate the norm, we take pj = p, and then the
limit £ = 0. We obtain

(\Pp',a ’\Pp,b ) = 7

= f d’Xd*% v Xyx(x) |# 510 520 — 4p} g-—l;
P

Xty (x)e™ ¥

= 2m)32pS* (B’ — By £, (D), (3.32)

where the labels a,b distinguish different eigenfunctions with
the same mass squared p*. The origin and the meaning of the
additional normalization factor f, (p*) on the right-hand
side of (3.32) will be explained below.

To check the independence of the scalar product on the
relative time x°, it is sufficient to consider the case of the
norm (3.32), since for two different eigenvalues p’> and p? it
is already zero for any value of . On deriving Eq. (3.32)
with respect to x° one uses the properties (3.29) and (3.30)
and converts the whole quantity into a surface term, which
can be dropped, thus displaying the independence of the sca-
lar product on the two times X ° and x°.

The expressions for the scalar product and the norm are
simplified in the c.m. frame. In this frame the operators i d,,
and i d,, become identical to the operators p-p, and p-p,,
which have well-defined eigenvalues (3.10).

Furthermore, in this frame the transverse vector x7 re-
duces to (0,%), which is independent of p°. Therefore the
only p* dependence of the potential V arises now from its
explicit dependence on this variable in the c.m. frame, and no
longer also from its implicit kinematic dependence through
xT.

The expressions for the internal parts of the scalar prod-
uct (3.31) and the norm (3.32) then become, respectively,

( 'ﬁp‘z ’¢p2 )c‘m.

=Jd335 P*(x) {(Pio + P10) (P30 + P20) — (D5 + Po)

. [V(x.po + i€,...) — V(x,pg — ic,...) ] ] 500)
(p6 — Do + 2i€) c.m. ’
(3.33)
Bprarthys) = J 4% g (xT)
A v
X [4p'plp'p2 — 4p? 5;] ¥, (x7)
=2po f, (P*)8.s- (3.34)

We now turn to the interpretation of the normalization
factor fin (3.32) and (3.34). If the Hilbert space of phys-
ical states is identified with the physical Hilbert space of two-
particle relativistic quantum mechanics, then the complete-
ness relation implies that f= 1. However, if the physical

1627 J. Math. Phys., Vol. 29, No. 7, July 1988

states |[p) are supposed to belong to a larger space than that
of two-particle quantum mechanics, such as in quantum
field theory, then the two-particle Hilbert space is only a
subspace of the total physical Hilbert space. A quantum field
theory bound state |p) is not made up of only two constitu-
ents, but also contains contributions from multiconstituent
subspaces. For this reason it is the global normalization con-
dition of the quantum field theory state |p) that should fix
the normalization factor of the two-particle quantum-me-
chanical wave function. This factor cannot be determined by
quantum mechanics itself, but by its relationship with quan-
tum field theory. This problem was solved by the author in a
previous work,” where the connection of two-particle rela-
tivistic quantum mechanics with the Bethe-Salpeter equa-
tion was exhibited. In particular, the normalization condi-
tion of the quantum-mechanical wave function was obtained
from that of the Bethe-Salpeter wave function in the c.m.
frame and for the case of local potentials. It is this relation
that fixes the normalization factor fof the norm (3.34).

Upon comparing formula (3.34) and formula (6.18) of
Ref. 5 we reach two conclusions. First, the kernel of the
normin (6.18) of Ref. 5isthesame asin (3.34). Thisisnot a
trivial result. Formula (6.18) of Ref. 5 was obtained from a
general field-theoretic normalization condition, mainly with
the use of the “relativistic instantaneous approximation.” It
outlines the consistency of the latter approximation as a rela-
tivistic approximation for physical quantities. Second, it
yields the expression for the normalization factor f,

f= [ bp bp ] -

2(m} — WTNVE O 2(m) — (N2
(3.35)
where p-p, and p-p, are given by (3.10), and the mean value
(vT?) is calculated in the c.m. frame—in the L, norm, for
instance. (It is an approximate value.)

Knowledge of the factor £, (3.35), is crucial when relat-
ing the quantum-mechanical wave function to physical
quantities typical of field theory, such as decay coupling con-
stants,?” mainly in the case of nonperturbative interactions.

We end this section by examining the question of the
positivity of the norm. Since the norm is Poincaré invariant,
it is sufficient to examine this question in the c.m. frame. If
the potential ¥ is independent of p? there, then the kernels of
the scalar product and of the norm, (3.33) and (3.34), be-
come identical to those of the free expressions of two-particle
relativistic quantum mechanics. In particular, if the eigen-
values of p-p, and p-p, have been chosen positive, as in
(3.10), then the norm is positive. This condition was actual-
ly imposed® as one of the defining conditions of the two-
particle physical Hilbert space 777*.

If V depends on p? in the ¢.m. frame, then the norm is no
longer manifestly positive. However, one can still show, by a
general argument, that it is actually positive.

This argument is based on results mentioned in Ref. 13,
Sec. 1C concerning the properties of the so-called associated
vectors, which may occur in the case of energy-dependent
potentials. The appearance of such states in the theory has
the following three consequences: (a) the occurrence of zero
norm states; (b) the disappearance of the mass gap between
the spectrum of the physical Hilbert space #™* and that of
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the space of unphysical solutions; and (c) the occurrence of
multiple poles in the Green’s functions.

If the potential is characterized by a set of coupling con-
stants {a}={a,,...,a, }, then the particular values {a@} that
produce associated vectors delineate the frontier of the do-
main & of {a} inside which the physical Hilbert space #7*
can be unambiguously defined. Behind this frontier, some
eigenvalues of p” become negative or complex, and also com-
plex norms appear.

Therefore the domain & of the values of the coupling
constants {a} that permits the definition of a physical Hil-
bert space #™* (characterized by p-p,>0, p'p,>0 {[Egs.
(3.10) ] and a mass gap with respect to the space of unphysi-
cal solutions) ensures at the same time the strict positivity of
the norms of physical states. The occurrence of nonpositive
norms would contradict the fact that for {a} belonging to
2, all eigenvalues of p* are real and positive.

As a matter of example, we consider the case of the at-
tractive Coulomb-like scalar potential
X112 (a>0). (3.36)

The corresponding bound-state spectrum, obtained
from Eq. (3.9), is given by the formulas

V= —amm,/2( —

P =mi 4+ m: +2mmy(1 —a®/16(1 + n + 1)3)V2,
+
(3.37)

where / and n are the usual orbital and radial quantum
numbers. In order for p? to be real and positive, with a mass
gap between p*, and p® , it is necessary that @ <4. The
physical Hilbert space 5#* corresponds to the positive
square root of p°,_, that is, to p*p, >0 and p-p, >0 (for any
positive values of m, and m,).

The norm of the internal part of the wave functions of
physical states takes this form in the c.m. frame:

Dt Wi ) = 4mymy(l — &?/16(1 + n + 1)?)'12

XJ nlm (-x)'l}nlm (x) (338)

It is also positive for o < 4.

For a = 4, the norm of the ground state of 7#* (I =0,
n = 0) becomes zero, thus indicating the presence of an as-
sociated vector. For this value of a, the eigenvalues of p? are
still real and positive. But in this case, the mass gap between
p*. and p® disappears.

For a > 4, some eigenvalues of p? become complex, and
similarly for the norms of the corresponding states.

IV. PROPERTIES OF THE SCALAR PRODUCT
CONSTRUCTED ON PARALLEL HYPERPLANES

The relative simplicity of the expression of the scalar
product [(3.31) and (3.32) ] as compared to the complicat-
ed form of the currentj,, [(3.11), (3.12),and (3.19) ] is not
fortuitous. It is a consequence of the fact that we chose for
the spacelike hypersurfaces =, and X,, (1.2), two parallel
hyperplanes perpendicular to the same constant timelike
vector n, (3.22), and not, for instance, two unrelated hyper-
planes defined by two different vectors 7, and n,. This fea-
ture actually simplifies the construction of the scalar prod-
uct in that particular case, and it can be shown that here the
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exact knowledge of the current j,, , satisfying the two conser-
vation laws (1.1), is not necessary. It is sufficient to con-
struct another current ],“, satisfying a single conservation
law,

% ju + 3% 1, =0, (4.
corresponding to the global translation invariance of the sca-
lar product, in order to find expressions (3.31) and (3.32).
The reason is that the difference between the current }”V,
(4.1), and the true current j,,, (1.1), yields, for the choice of
parallel hyperplanes (3.22), surface terms that then do not
contribute in the expression of the scalar product. In this
section we intend to show the validity of the above property.

Let us choose for the surfaces 2, and X, of the scalar
product (1.2) two parallel hyperplanes perpendicular to a
constant timelike vector n, defined by Egs. (3.22). The sca-
lar product (1.2) can then be written as

(v, ) =Jd"x, d*x, 6(n-x, —t,)

X&(n-x, — t)n*n’,, (x;,x,). (4.2)

We impose on the scalar product (global) translation
invariance, that is, invariance under the changes
ty—t, +na,t,—~1, + n-a(a,: aconstant vector). This im-
poses on the covariant current j,,, after dropping surface
terms, the condition

O juv + 0% ji =0 (4.3)

Let us then construct a current ]’M that satisfies this
equation [or (4.1)]. Because the current Juv satisfies two
independent equations (1.1), it is clear that the single equa-
tion (4.3) has no unique solution (once the boundary condi-
tions are fixed). We assume that one chooses among the
solutions of Eq. (4.3) or (4.1) the one that has the simplest
form. We construct the current]’uv by the same methods as
before, that is, by decomposing it into two terms,

(4.4)

the first term j, corresponding to the “free” current (3.12),
and the second term j”’ to a remainder.

In general, /)’ alone does not satisfy, except in the free
case, Eq. (4.1). One then constructs _]( ! in such a way that it
cancels the nonvanishing part of the quantity d4 ;.2

+ 3% j). Because of the Poincaré invariance of the wave
equations and their compatibility, j‘ ») will have the following
structure:

J = WK, +® (4.5)
where the kernel X, is translation invariant and is a pure
Lorentz tensor of rank 2; the stars on both sides of K, mean
that this kernel may involve integral operators. The transla-
tion invariance of K,,, implies that the only X dependence of
J5) is contained in the wave functions ¥ and P, and there-
fore, using their structure (3.8), j} can also be written as

LL)(X,)C) — el(P — p+ 2ien)- X¢** y,v*¢’ (46)

where, as usual, we have considered ¥ and @ as eigenfunc-
tions of /V,, with eigenvalues p;, and p, , respectively, and the
limit £ = 0 is to be taken at the end. .

By specializing to the vector n = (1,0), we consider the

7 HONINES
jy "_.];Lv +.]yv 4

;(0)
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scalar product built up from the current }W, (4.4)-(4.6)
above:

(¥,,®,) =fd33?d3?c]'00. (4.7)

Because j,w satisfies Eq. (4.1), this scalar product is
translation invariant and hence independent of X °. Using the
structure (4.6) of j'\) and a similar structure of j(2’, one
immediately deduces that for p’>#p?, the scalar product
(4.7) is zero, which expresses the orthogonality of eigen-
functions of the total energy operator with different eigen-
values. This result is true for any value of the three-momen-
tump=p"

The Lorentz invariance of the scalar product (4.7) re-
quires also its independence on the relative time variable x°.
However, since the scalar product (4.7) is zero for different
eigenvalues p;, and p, for any p, it is then sufficient to verify
this property on the norm alone. This involves the same
function on both sides of its kernel and the same potential V'
through thekernel K,, (4.5). By using the properties (3.29)
and (3.30) of ® and V, one can then transform the derivative
operator d,, applying on the norm, into surface terms, which
can then be dropped. Therefore the scalar product (4.7) is
Poincaré invariant. Furthermore, the translation inva~riance
and covariance property of the kernel of the current j,, en
sures the Hermiticity property of the Poincaré group genera-
tors. The scalar product (4.7) is therefore identical to the
one constructed from the current j,, satisfying the two con-
servation laws (1.1).

In the rest of this section we shall construct explicitly a
current],w and the resulting scalar product.

From Egs. (3.15) we deduce

a#.]:t?/) +a”.1£2) F, +F,

=WV —

Then /¢! must satisfy the equation

(p, +p,)P.. (4.8)

— YV — N (p, +p.)P..

(4.9)

Among the solutions of this equation, one can choose
those which are symmetric tensors in g, v:

tJw + 94 1) =

o 0x2) = J4) (x13). (4.10)
Then the left-hand side of Eq. (4.9) becomes
LT + LN = (3% + a5 =vD. (4l

Taking into account the fact that the total coordinate X is
contained, on the right-hand side of Eq. (4.9), in the wave
functions alone, one easily obtains the following solution,
which vanishes when the interaction is switched off:

= -V +p), 0 +p),

(V'*—")
(P — P + 2ie(pg + po))

@, (4.12)

The scalar product constructed from}w, (4.4), is then
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(¥,,®,)
= f d3}d33€j00(X,x)

= f d3X d*% W*(X,x) {F 310 920 — (B4 + Po)

. [Vixp' + ien,..) — V(x,p — ien,...)]
(po — po + 2ic)

P(X,x),

(4.13)

which coincides with the scalar product (3.31), and a simi-
lar conclusion is reached for the norm (3.32). (We have
used the fact that because of the d*Xi integration, p = p’ and
hence p2 — pi = p’* — p*.)

In conclusion, if one builds up the two-particle scalar
product on parallel hyperplanes defined by a common con-
stant timelike vector n, then the knowledge of a current satis-
fying one conservation law, that of translation invariance
(4.1), is sufficient to find the correct result. This property
considerably simplifies the corresponding calculations and
yields the scalar product in an almost straightforward way.

In the two following sections, where we deal with sys-
tems involving fermions, we shall continue, for the sake of
generality, to present both methods of calculation.

V. SPIN-} FERMION-ANTIFERMION SYSTEMS

The fermion—antifermion wave function satisfies two in-
dependent wave equations® which are generalizations of the
Dirac equations relative to the fermion (particle 1) and to
the antifermion (particle 2), and are the analogs of Egs.
(3.1) of the spin-0 case:

VY=[yp,—m — (—7qp,+m) VIV =0, (5.1a)

HY=[np,+my+ (yp, + m)V]V¥ =0, (5.1b)

where the wave function W is a 16-component spinor of
rank 2:
V= \l’a,az (xl,x2) (al’az = 1:-'-)4)- (52)

The matrices ¥ and 7 are the Dirac matrices acting on the
fermion and antifermion spinor indices, respectively (la-
beled by subindices 1 and 2):

}/”‘1/571”\1’ = (7/# )a.ﬁ. \I,ﬂ|az’

77;4‘1’5‘1’7’2;4 = wa,ﬁz (Yu) g (5.3)
we shall also define

O = (1720 V0?0 ]y v = (/20 [9,.m,]. (5.4)

(The ¥ and 7 matrices commute. )

The potential ¥ is a Poincaré-invariant function of the
coordinates, momenta, and Dirac matrices. The compatibil-
ity condition (3.2) of the wave equations requires that V'
depend on the relative coordinates x through the transverse
components x” alone® (3.5):

V= V(XT,PpPZ,?’,"?) (5'5)

[V satisfying Eq. (3.3)].
Equations (5.1) completely determine the longitudinal,
relative coordinate x, dependence of the wave function
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through Eq. (3.7), which here is a consequence of Egs. (5.1)
and whose solution is, for eigenfunctions of the total momen-
tum p, given by the decomposition® (3.8).

In the following we assume that V' is superficially Her-
mitian, so that

V=yonoV Yoo =V (5.6)
in the usual L, norm and when the p, in ¥ are replaced by
real eigenvalues.

In order to construct the current j,, satisfying the two
conservation laws (1.1), we again decompose it into two

parts (3.11), where now the trial current &) is not chosen as
d

The current /) satisfies the two equations

al.]l(i?'):Flv =W£[(V,* - 1o, —ézv(V’* -
=V, [ — (/) (V™*—

— i35 [V £V — V'*6,)0, ],

Wy (p, +p,) — (V'* —

the “free” current but as a modified one that proves more
convenient in the following:

JQ =Tr[V,y,7,0, — VU, V'*y,7, Vo, 3t (5.7)

where the trace bears on the spinor indices, ¥ = [y,7,¥17,
and the notation ¥’ is as in (3.14); the complex conjugation
of ¥’ comes from the presence of the £ term in the energy
eigenvalues (to be taken to the limit zero at the end). Be-
cause of (5.6), ¥ *' = V' *'. For the sake of simplicity in nota-
tion we shall omit, until the final formulas, the function “Tr”
from the various expressions, but it must be understood that
the trace is always taken.

— (@ (V*+ M) P, —i 5[V £,V —V'*E,)D, ]

NI, +3,(V"* — V) + (3, (V'* + )] D,

(5.8a)
62],‘,‘3,"—1"2,, =W, [(V'*—Wa,, —élﬂ(V’* - — (0, (V'*+ )], — ia‘l’[@(aﬂaV— Vi*a,.)®, ]
=WE[ —W2)V* -~ (p, +p,)+ V*-1V)d, —5,,(V'* -N—-0,V*+m)e,
— i35 [V, (0, V—V'*0,,)P,]. (5.8b)
The remaining current j.), (3.11), must then satisfy the two equations
Yjw = — F, (5.9a)
33 js = —Fy, (5.9b)
and be a solution of them.
The two equations (5.9) are compatible among themselves (i.e., integrable). One finds
d3F,, = 9VF,, =F(x,,x,)
= —9,{28,3°V"™*) + 28, N3+ (V'* — N [4(p — ien)? — 37
— 4P +ien)2 =N (V* = V) + (@2(V'* + M)}, (5.10)

We notice that, except for a global minus sign, this expression is formally the same as in the spin-O case (3.18). Further-
more, the expressions of F,,, (5.8a), and F,,,, (5.8b), are also formally the same as in the spin-0 case, Egs. (3.15), except for
the last total derivative terms involving the spin matrices, and a global minus sign.

The solution of Egs. (5.9), which vanishes when the interaction is switched off, is given by formula (3.19). The construc-
tion of the scalar product follows similar lines as in the spin-0 case. We choose for the surfaces 2, and 2, of Eq. (1.2) the two
parallel hyperplanes defined by Eqgs. (3.22). Because of the antisymmetry of the spin operators o, and £, ,, the total
derivative terms [present in F,, and F,,, (5.8a) and (5.8b)] will lead to surface terms in the scalar product, and therefore
their contributions may be dropped Th1s means that the contribution of j¢; to the scalar product will be formally the same as
in the spin-0 case, up to a global minus sign.

One finally gets for the scalar product

(¥,,®,) = fjoo(X,x)d3jY"d33’c

=fd3}d3} Tr {@(X,x)[yono— VosyamoV + (o + po) AL #Em) = Vixp —

ien,...) ] ] CD(X,x)]
(P — po + 2i€)

= (27)38* (P — Pl P T HOX f d*% Tr [J(x) [7’0770 — V"*yom0V

Vixp + ien,..) — V(x,p — ien,...
+ (P + poy LL B iens) = Vixp — ien )]]¢(x)], (5.11)
(P6 — Po + 2ig)
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the limit £ = O being understood.
For the norm one obtains

(Vyas V) 2 = p2

— Q@ —P) Jd:*x Te

x {%(x) [mo Wyl + 453 j—p’f] wx)]

= (2m)%20,5* B’ — B)S. £, (P7). (5.12)

The X ° independence of the scalar product (5.11) can
be checked by using the wave equations (5.1). In particular,
these can be combined to yield the following equation:

(1 + vomoNpe¥ = (myyy — mymo — Yo7 0 + 167 0)

X (1 = yemo V)Y, (5.13)

which is useful for the above demonstration.

The x° independence concerns mainly the norm (5.12),
since the scalar product is zero for different eigenvalues p'*
and p?, for any p. One then uses the properties (3.29) and
(3.30) of the wave function and of the potential to show the
x° independence of the norm.

The normalization factor f of the norm (5.12), which
has a field-theoretical origin, can be obtained by comparing
formula (5.12) to that of the normalization condition of the
Bethe-Salpeter equation derived within the framework lead-
ing to local potentials. The corresponding expression was
given in Ref. 5, formula (6.29), in the c.m. frame. One de-
duces that f has the same expression, (3.35), as in the spin-0
case.

If the potential ¥ is explicitly independent of p* in the
c.m. frame, the expression of the norm (5.12) shows that its
kernel still depends on V. This implies that V' must satisfy
some inequality conditions to guarantee the positivity of the
norm. This question was examined in more detail in Ref. 3,
Sec. VII A. In this case one can also apply the transforma-
tion

V= [1— (rpyp?1~ ¥
on the wave function in order to transform the kernel of the
norm to that of the “free” norm® in the c.m. frame.

We end this section by constructing the scalar product
(5.11) by the method described in Sec. 1V, that is, by con-
structinga current]',,,,, (4.4), satisfying the conservation law
(4.1). Wetake for j2) the same current as in (5.7). One then
obtains

i + 98
= — W (V'*= VP, +p,)P,
—idg(V.A4,,P,)—id*(¥,.B,,9,), (5.14)
where
Ay =GV —V"*00),

B, = (0,,V—V*0,).

(5.15)

The first term on the right-hand side of (5.14) is the
same, up to a minus sign, as the one appearing in the spin-0
case (4.8). Therefore its contribution to the scalar product
will be analogous.

1631 J. Math. Phys., Vol. 29, No. 7, July 1988

The remaining current j.’, (4.4), must satisfy the equa-
tion
AN + 94 ) = (V' = V) (p, +p,)®.
+1i93 fiva 107 frrar  (5.16)
where
-/;'Va =WEAVQ¢E’ ./;va =@£Bv¢1¢£7 (5'17)
A simple solution of Eq. (5.16) is

V=Y, +p,) @, +p,)

(V'*—")
(P> — P* + 2ie(ps + po))

- alﬂ f GA (xl - x; )ag.flva (x; ’x2)d4x;

— 3, f Gy (%, — X3)3% fopa (X1,%3)d *x5,  (5.18)

where G, is defined in (2.10) and (2.11).

Because of the antisymmetry of the tensors f,,,, and f;,,,
and the presence of the total derivatives 3 § and J { in the last
two terms of jLL), (5.18), these will yield only surface terms
in the corresponding scalar product and therefore will not
contribute in it. Consequently one finds the same expression

(5.11) for the scalar product.

VI. SPIN-}-SPIN-0 PARTICLE SYSTEMS

In this section we consider systems composed of one
spin-{ fermion (particle 1) and one spin-0 boson (particle
2). The wave function is a four-component spinor,

V=V_(x,x) (a=1,.4), (6.1)

and satisfies two independent wave equations® that are gen-
eralizations of the Dirac and Klein—Gordon equations, re-
spectively:

HY=(yp,—m; — V¥ =0, (6.2a)
HY=[p} —m} —(yp+m)V]¥=0. (6.2b)

The potential ¥ is a Poincaré-invariant function of the
coordinates, momenta, and Dirac matrices. The compatibil-
ity condition (3.2) of the wave equations requires that V'
depend on the relative coordinates x through the transverse
components x” alone® (3.5):

V=V(x"pupsy)
[ V satisfying Eq. (3.3)].

Equations (6.2) completely determine the longitudinal,
relative coordinate x; dependence of the wave function
through Eq. (3.7), which is a consequence of Egs. (6.2)
here, and whose solution is, for eigenfunctions of the total
momentum p, given by the decomposition (3.8).

In the following we assume that ¥ is superficially Her-
mitian, so that

V=yV o=V (6.4)

in the usual L, norm and when the p,, in ¥ are replaced by
real eigenvalues.

(6.3)
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In order to construct the current j,, satisfying the two

conservation laws (1.1), we decompose it into two parts,
(3.11), where j) is chosen as being the “free” current:

4 jO=F, =W [ — (V'* =Wy, + 3, (V'* —
=T, [/ (V" —
33 jQ=F,, =T, — (V'* = Wa,, + 3, (V'* —
=T, [(i/2)(V'* —

— 9§ [V, (V'*0,, — 0, NP, ].

N, +p)+ V> —

M@ +p,) — (V'* —

iD=y, 3, ., (6.5)
where ¥ = W'y,
| The current j.>) satisfies the two equations
V) + (0, (V'*+ )P,
N3, =3,V — V) —(3,(V'* + )], (6.62)
)+ @ (V*+ )P, — i35V (V' *0,0 — 0, N, ]
N3, + 3, (V™ — V) + (3, (V'* + V)],
(6.6b)

Compared to Egs. (3.15) we notice that F,, has the same formal expression as in the spin-0 case, while F,,, differs only by

the last total derivative term.
Now F,, and F,,

— [3(p' + ien)?

also satisfy the compatibility equation
dYF,, = 84F,, =F(x,x,) = 9,{23,(3°V'*) + 2(3,N3*+ (V"* —
e —

M Ii(p —ien)* — 3?]

M) +(@2(V'* + M)}e, (6.7)

where formally F has the same expression as in the spin-0 case (3.18).
The remaining current ;) has the expression (3.19) in terms of the F”’s. The construction of the scalar product follows
similar lines as in the spin-0 case. We choose for the surfaces 2, and 2, of Eq. (1.2) the two parallel hyperplanes defined by

Egs. (3.22). Because of the antisymmetry of the spin operator o,

> the total derivative term present in F,,, (6.6b), leads to

surface terms in the scalar product, and therefore their contributions may be dropped. This means that the contribution of j¢}
to the scalar product will be formally the same as in the spin-0 case.

One finally gets for the scalar product

(¥,,9,) =fjm(x,x)d3}d3x

) _ V(X’P —

= J d3X d*% U (Xx) [% S0 — (B4 + Po) [V(xp + ien,..

= (2m)*8* (B’ _ﬁ)ei(P(')—P()+2is)x"fd3-_’E 50x)

[V(x,p' + ien,...

ien,...) ] } O (Xx)
(Po — po + 2ie)

) — V(x,p —ien,..)]

1 9
X{—z— (Po + Po) Yo — i Yo — (PG5 + Po)

where the limit £ = 0 is understood.
For the norm one obtains

(‘I’p'.a’wp,b) 2= p?
= (27)353(,3' —-p) fd35’c ;ﬁ,, (x)

aVv
X [VOPO ¥y 30 — 4p} ] ¥, (x)

= (27)°2ps8° (' ﬁ)ﬁabfa(l? ). (6.9)

The X ° independence of the scalar product (6.8) can be
checked by using the wave equation (6.2a) and the property
(3.29), and by dropping surface terms. The x° independence
of the norm is checked by using the properties (3.29)
and (3.30).

The normalization factor f is obtained by comparing
formula (6.9) with the expression of the norm obtained from
the Bethe-Salpeter equation in the c.m. frame. It is given in
Ref. 5, Eq. (6.41). One finds that / has the same expression
as in the spin-0 case, Eq. (3.35).

The construction of the scalar product by the method of
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]¢(x), (6.8)

(Po — po + 2i€)

Sec. IV follows similar lines as in the fermion—-antifermion
case. One obtains

AL J + 95 J) =W (V'* = (P, +p,) O,

+i37(¥,B,,®,), (6.10)

B, being given by (5.15).
The term j!) is then given by

PV =%, (o, +p,)P, +p,)

(V'*—nv
(P2 — p* + 2ie(p} + po))

+9,, f G, (x, — x5 )a(lez,m (x1,x3)d *x3,
(6.11)

Jfouo being defined by (5.17). One finally finds the same
expression (6.8) for the scalar product.

In the c.m. frame the expression for the kernel of the
norm (6.9) becomes simplified, since the operator i d,, be-
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comes identical to the operator p-p,, which has a well-de-
fined eigenvalue given by (3.10).

The comments made at the end of Sec. III about the
positivity of the norm in the spin-0 case remain valid in the
present case as well.

VIl. CONCLUSION

We constructed in this paper the scalar product corre-
sponding to the Hilbert space of states in two-particle rela-
tivistic quantum mechanics. The method adopted here was
that of finding a tensor current of rank 2, j,,, (x,,x,), satisfy-
ing two independent conservation laws relative to particles 1
and 2, respectively. Then the scalar product was obtained by
integrating j,, over two three-dimensional spacelike hyper-
surfaces defined by the elementry areas do{(x,) and
do; (x;).

The two conservation laws of j,, ensure the Poincaré
invariance of the scalar product. The fact that the kernel of
the current j,, is translation invariant and covariant then
ensures the Hermiticity property of the Poincaré group gen-
erators and the unitary realization of the group.

A simple expression for the scalar product is obtained
when one chooses for the two integration hypersurfaces two
constant parallel hyperplanes. What is new in the kernel of
the scalar product is essentially the presence of terms repre-
senting the total momentum dependences of the interaction
potential V. One also finds, by a limiting procedure, the
expression for the norm of states. In order to be in contact
with field-theoretic quantities, the normalization constant of
the norm is fixed by comparison with the normalization con-
dition of the Bethe—Salpeter wave function through the link
between two-particle relativistic quantum mechanics and
field theory.” It was also shown that the positivity of the
norm can, in general, be ensured if the spectrum of the eigen-
values of the total mass squared operator comes out to be
positive. Furthermore, the choice of positive eigenvalues for
each of the longitudinal momenta p-p, and p-p, enters into
the definition of the physical Hilbert space #°*.

The construction of a Poincaré-invariant scalar product
and the corresponding physical Hilbert space, together with
the construction of Poincaré-invariant wave equations and
the unitary realization of the Poincaré group, provides the
basis for a consistent formulation and treatment of two-par-
ticle relativistic quantum mechanics in the interacting case.
The connection established between this framework and the
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Bethe-Salpeter equation® permits, in addition, the evalua-
tion of physical quantities having a field-theoretic interpre-
tation.
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Coherent states for the harmonic oscillator representations of the noncompact supergroup
Osp(1/2N,R) are introduced and the invariant integration measure is calculated by studying
transformation properties of supercoset variables. The generalized Bogoliubov transformation
for mixed systems of bosons and fermions is also obtained. An example for the simple

harmonic oscillator is given.

I. INTRODUCTION

Starting with their first application in quantum optics,"
coherent states played an important role in the study of
quantum mechanical systems,” especially for establishing
the correspondence between classical and quantum mechan-
ics.> Coherent states for the group SU(2), the so-called
Bloch states, were introduced by Radcliffe* and by Arecchi,
Courtens, Gilmore, and Thomas® to study two-level atoms
in quantum optics. After an earlier attempt,® the concept of
coherent states was generalized to arbitrary Lie groups inde-
pendently by Perelomov’ and Gilmore and co-workers.?
Generalized coherent states for a group are defined by the
action of some representation of this group acting on a fixed
vector in a given space. This fixed vector should be chosen in
such a way that the coherent states obtained are “closest to
classical states.” Various authors elaborated on the precise
meaning of this statement and gave specific criteria,™'®
which we discuss in the forthcoming sections.

In a parallel development, supersymmetry concepts
were successfully used to provide a unified description of
mixed systems of bosons and fermions.'' The generators of
supersymmetry transformations form a superalgebra whose
even generators belong to an ordinary Lie algebra. Although
the representation theory of superalgebras has recently been
studied in some detail,' little attention has been paid to the
coherent states for supergroups. Such states can be very use-
ful, for example, to exploit the geometry associated with the
supercoherent spaces in the nuclear physics applications of
supersymmetry.'* Bars and Giinaydin examined the unitary
irreducible representations of the noncompact SU(M,P/
N + Q)-type supergroups in terms of supercoherent states
constructed out of particle states in a super-Fock space.'*
These supercoherent states form holomorphic functions of a
graded matrix in a way analogous to the analytic representa-
tions of ordinary noncompact groups. More recently,
Bowick and Giirsey have shown that'’ a system with first-

® Permanent address after 15 August 1987.
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class bosonic constraints obeying a Lie algebra can be BRST-
quantized'® using the nonlinear representations of an asso-
ciated superalgebra, obtained by considering the fractional
linear transformations of the supercoset variables.

In this paper we wish to extend previous results for co-
herent states to the harmonic oscillator representations of
the orthosymplectic supergroups. We introduce coherent
states associated with the noncompact superalgebra Osp(1/
2,R) in Sec. II. In Sec. I11, we show how the one dimensional
simple harmonic oscillator can be represented with these co-
herent states. In Sec. IV, we introduce the Osp(1/2N,R)
coherent states, obtain the generalized Bogoliubov transfor-
mations for mixed systems of bosons and fermions, and cal-
culate the invariant integration measure by studying the
transformation properties of the supercoset variables. Final-
ly, in Sec. V we summarize our work and discuss future ex-
tensions and applications of our results.

il. Osp(1/2,%) COHERENT STATES

In this section we will consider the noncompact Osp(1/
2,R) superalgebra. In our notation the noncompact superal-
gebra Osp(N/2MR) has the compact subalgebra O(N)
that acts on the fermionic subspace and the noncompact sub-
algebra Sp(2M, ) that acts on the bosonic subspace. The
commutation—anticommutation relations of the Osp(1/
2,R) superalgebra are given by

[Kp K. ]=+K,, (2.1a)
[K,, K_ 1= —2K,, (2.1b)
[Ko Fip]l= £4F+, (2.1¢)
[K,,F,]1=0=[K_,F_], (2.1d)
[K,.Fr1=FF,, (2.1¢)
{Fo . F.}=K,, (2.1f)
{F.,F_}=K,, (2.1g)

where K, K . ,and F, are the five generators of the super-
algebra. Osp(1/2,R) has the subalgebra Sp(2,1) ~SU(1,1)
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spanned by K, and K, [cf. Egs. (2.1a) and (2.1b)]. The
representations of Osp(1/2,%) are studied in detail in Ref.
17 and further in Refs. 14, 18, and 19. Useful results from the
representation theory of Osp(1/2,R) and Sp(2,R ) are brief-
ly summarized in Appendix A. In the following discussion
we restrict ourselves to the positive, discrete series represen-
tations for both Osp(1/2,%) and Sp(2,R).

The coherent state for the discrete series representation
of Sp(2,R), characterized by the label £, is given by’

|a) = Nexp(aK )|km=k), (2.2)
where o is a complex number. If the coherent state is normal-
ized to unity the normalization constant in Eq. (2.2) is given
by N = (1 — |a|?)* Since the set of coherent states given by

Eq. (2.2) is overcomplete, the decomposition of identity is
given by

fd,u(a*,a)|a) (a| = Z|k,m)(k,m| =1, (2.3a)

where the measure is given by

d’a (2k—1) 1
du(a*,a) = , for k#£—, (2.3b
u(a*,a) = jap)? or k # 5 (2.3b)
and
d’a 1 1
du(a*,a) = —, for k=—. 2.3
u(a*,a) =P or 5 (2.3¢)

These states satisfy the criterion®'° for being “closest to clas-
sical,” i.e., they minimize the dispersion

AC, =(C,) — (Kp)* + (K, )(K_),
where the Casimir operator of Sp(2,R) is given by’
C,=K3} - WK, K_+K K,). (2.4b)

Vector coherent-state representations for noncompact sym-
plectic groups were studied in Ref. 21. In this paper we re-
strict ourselves only to the so-called harmonic oscillator rep-
resentations of the orthosymplectic supergroup Osp(1/
2N,R). A study of the coherent states based on generic low-
est-weight representations for Osp(1/2N,R) is beyond the
scope of the present article.

In analogy with Eq. (2.2) we define the coherent states
for Osp(1/2,R) as

|a,0) =Nexp(aK, +0F )|rk=rm=1), (2.5)

where a is a complex number and @ is a Grassmann number.
The appropriate representations of the Osp(1/2,}) are giv-
en in Appendix A and we refer the reader to Ref. 22 for the
description of the properties of Grassmann numbers. The
expansion of the state |a,8 ) into the Osp(1/2,3) basis states
is given in Appendix B, Eq. (B1). If we normalize the coher-
ent states |@,8 ) to unity, the normalization constant in Eq.
(2.5) can easily be evaluated using Eq. (B1) and the ortho-
normality of the Osp(1/2,R) states. We get

(a,0]a’,0") = N*(1 —a*a’) " [1+80'1/(1 —a*a’)]
=1. (2.6a)

where 0 is the complex conjugate of 6. We find it convenient
to write this normalization in the form

N = [Sdet # (a*,a;6,0)] "7,

(2.4a)

(2.6b)
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where the matrix .# is given by

M(a*a';0,0') = (_ 0'/\2 ) .
0/2 (1—a*a’)

In writing Egs. (2.6a) and (2.6b) we used the fact that, since

60 = 0, a power series expansion of a function of 4 is finite.

The superdeterminant of the graded matrix

(2.6c)

o X
M = (Cg g) (2.7a)
is defined as
Sdet # =det(F — BL ~'€)/det D . (2.7b)

In Eq. (2.7a), the elements of the matrices .27 and & are
commuting variables and those of the matrices % and ¥ are
anticommuting variables.

One can again calculate the decomposition of identity
by introducing a suitable measure. In Sec. IV we calculate
the measure for Osp(1/2N,R) coherent states. Here we only
quote the result:

f du(a*,a;60,0)|a,0 ){a,0 |

=Y |nrm)nrm| + Y |17+ 4Lm) (1,7 + Lm/|

=1,
where the measure is given by
du(a*,a;6,0) = (2/m)d6 db d*a Sdet 4 (a*,a;6,0) .
(2.8b)

In the above integrations over the Grassmann variables, we
fix our normalizations as

(2.8a)

f d6do(1,6,8) =0, (2.9a)

fd@de 60=1. (2.9b)
In Ref. 9, it was shown that coherent states, invariably

constructed from the highest-weight state of a Lie algebra,

are closest to the classical states. Namely, they minimize

AC, = (C,) — g% X ) (X)), (2.10)

where the X, are the generators of the algebra, g¥is the Car-
tan—Killing metric tensor, and C, = g7X, X; is the quadratic
Casimir operator.’® Using the expectation values of the
Osp(1/2,R) generators between our coherent states, given
in Appendix B, one can easily show that the above result
generalizes to the Osp(1/2,R) superalgebra. The states giv-
en in Eq. (2.5) minimize the dispersion

AC, = () — (KoY + J((K (K ) + (K_)(K,))
—S(FF_) —(F_)F.)), (2.11)
where the quadratic Casimir operator is given by Eq. (Al).

lll. EXAMPLE: APPLICATION TO THE HARMONIC
OSCILLATOR

Letband b' be the annihilation and creation operators
for a one-dimensional harmonic oscillator. The three opera-
tors
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K, =1b"", (3.1a)
K_=1bb, (3.1b)
—1(bTb+1) (3.1c)

form an Sp(2,R) algebra, the quadratic Casimir operator of
whichis — £ (cf. Ref. 20). Consequently for the realization
given in Eq. (3.1), k is either } or 3. Since the operators K
change the harmonic oscillator quantum number, #, by 2,
the even-n and odd-n states correspond to separate represen-
tations of Sp(2,). We choose to include the even-n states
(including the ground state) in the k = } representation, and
the odd-# states in the k = } representation. By formally in-
troducing a grading between even-n and odd-» states, one
can embed both representations into a single irreducible rep-
resentation of Osp(1/2,R) with 7 = §. The odd generators of
this superalgebra are

F, = %b A (3.2a)

The superalgebra Osp(1/2,R) generated by K , , K, and
F, givenin Eqgs. (3.1) and (3.2) appears to be the largest
symmetry algebra of the one-dimensional harmonic oscilla-
tor. To be precise, the right-hand side of the above equations
should be multiplied by a term of the form (1/y2) (a' + a),
where @ and o' are annihilation and creation operators for a
single fermion. However, the commutation—-anticommuta-
tion relations of Egs. (2.1) would be satisfied if this term
commutes with the harmonic oscillator operators and if its
square is unity. Consequently, the identity operator can be
substituted for this term. Aspects of symmetries and super-
symmetries of the quantum harmonic oscillator are further
discussed in Refs. 23 and 24. In Ref. 25, the eigenstates of the
supersymmetric annihilation operator of the supersymmet-
ric harmonic oscillator are named as supercoherent states.
Those supercoherent states are the supersymmetric general-
ization of Glauber coherent states. The group structure and
properties of our coherent states are rather different.

We can now write the coherent state for the above real-
ization of Osp(1/2,R) in terms of harmonic oscillator states.
One can easily make the identification

|r=4Lk=1m=1+p)=|2p), (3.3a)
Ir=bk=3m=31+p)=|2p—1), (3.3b)

where p is an integer, between the Osp(1/2,R) (left-hand
side) and harmonic oscillator (right-hand side) states. The
coherent state is

0 P
6 =N| 5 (22 £ o)
+2 5 prem s “3p-1).
2 < 27p!
(3.4a)

with
N=(—a)"*(1+}60/(1 — |a>)) . (3.4b)

The coherent-state wave functions, i.e., the overlap between
the coherent state and the position eigenstates, are
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(x|a,0) = N(mw/mh) e~ 2 (1 4+ a)~/?

s
XexP(1+a ol

where m and w are the mass and the frequency of the oscilla-

tor and § =y mw/# x.

(3.5)

IV. CALCULATION OF THE INTEGRATION MEASURE
FOR THE HARMONIC OSCILLATOR
REPRESENTATIONS OF Osp(1/2N,})

In this section we introduce the Osp(1/2N,R) coherent
states and calculate the invariant integration measure.
Osp(1/2N,R) superalgebras are of particular interest, since
they are the only superalgebras for which the direct products
of all finite-dimensional representations are completely re-
ducible.?® By introducing the boson creation (annihilation)
operators b }'(bj), i,j=1,...,N, we can write the generators
of the noncompact Sp(2N,R)[the even generators of
Osp(1/2N,R)] as bilinear products®®:

b:‘bj, b.b;, b}”bj +b}bi. (4.1)
By further introducing the creation and annihilation opera-
tors for one single fermion, a' and a, we can write the odd

generators of Osp(1/2N,R) as™

(1/42)(a +a")b;, (1/V2)(a+a")b]. (4.2)
Note that the fermion operator appears only in the combina-
tion (1/42) (a + a'), the square of which is unity.

We now consider the most general linear transforma-

tion of the boson—fermion creation and annihilation opera-
tors:

bi—b!=uub, +v,b} +6,(1/\2)(@+al), (4.3a)
bi-bit=vtb, +utb! + (1N (a+a1)8,,  (43b)
(A/A2)(a+a") - (1/2) (@ +a™)

=A(1/2)(a+d") + b, +x:b!, (4.3¢)

where u; s Vis and A are complex (commuting) numbers and
6,6, X:»and y, are Grassmann (anticommuting ) numbers.
The transformation given in Eq. (4.3) is manifestly super-
symmetric, since it mixes bosons and fermions. We want this
transformation to be canonical, i.e., the transformed opera-
tors should also satisfy the boson commutation and the fer-
mion anticommutation relations. This condition imposes
certain relations between the variables u, v, 6, 4_9, x> and /{, We
find it convenient to express these relations in a matrix form.
Introducing the (2N + 1) X (2N + 1) supermatrix

u v 6
N =l ux -9}, (4.4)
X X A
we find that the transformation (4.3) is canonical if
NHNV ST =H, (4.5)
where .#"5T is the supertranspose of the matrix .#”, and
G 0
- (69, y
0 1 (4-62)
with the 2N X 2N matrix G being
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0o I
G=(—I 0), (4.6b)

In the above equations / is an NV X N unit matrix. The super-
transpose of a matrix
of ,%’)
¢ 2/’
where the matrices ./ and & have complex elements and

the matrices #Z and % have Grassmann elements, is defined
as

e =( (4.7a)

(4.7b)

/FT: ( MT ch)

— BT 97
Equation (4.5) indicates that the matrix .#" is an element of

the Osp(1/2N,R) supergroup.*” To summarize, a transfor-
mation of the form

b’ b
b'T =N bT
(1/\2)(@ +a™) (1/2)(a +a")

(4.8)

is canonical if 4" is an element of the Osp(1/2N,R) super-
group. The transformation given in Eq. (4.8) can be consid-
ered a generalization of the Bogoliubov transformation® to
the mixed systems of bosons and fermions.

In order to define the coherent states, it is convenient to
introduce the operator

T=exp[iZ;b7b]]exp[iv;(a +a")b]],

;b1b] (4.9)
where Z is an N X N complex, symmetric matrix and # is an

N X1 Grassmann column vector. One can easily show that
T6, T '=b—Zb! —(a+ad), (4.10)

i
from which it follows that the transformation (4.3a) can be
written in the form

b;=u;To,T~" (4.112)
if
Zy = —uitvg, ;= —2u;'0,. (4.11b)

Consequently if we define the Osp(1/2N,R) coherent state
as

|Z,y) =exp[4Z;b1b[]exp[i(a+aNbl]0), (4.12)
where |0) is the common vacuum for the boson and fermion

operators, one can identify quasiparticle operators annihilat-
ing the coherent state:

[6; — Zub) — i (a+a"]1Z¢) =0. (4.13)
We postulate that the coherent state defined in Eq. (4.12)
would minimize the dispersion of the Casimir operator, Eq.
(2.10). However, since we have not constructed the basis
states of the representations of Osp(1/2N,R) for N> 2, we
cannot explicitly prove this statement and verify the analog
of Eq. (2.11).

We now apply the transformation (4.3) to Eq. (4.13).

We find that, for the coherent state to be left invariant under
this transformation, one needs

Z-Z'=(u"+ Zvt — (1/42)987) !
X T+ ZuT + (1/y2)y87), (4.14a)
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- = (ut + Zvt — (1/A2)yY8 ) !

X (AP — 2y —2ZyD) . (4.14b)
Alternately, if we define the N X (N + 1) graded rectangu-
lar matrix

Z=(ZyY/\2), (4.15)
and the matrices
a=u', (4.16a)
B=(v",—x), (4.16b)
U‘r
VE(_ér), (4.16¢)
55((‘;2 _f) (4.16d)

we find that Eq. (4.14) can be reexpressed as a linear frac-
tional transformation of the graded vector &

Z - =(Z YN =(a+Zy) "B+ Z5).
(4.17)

Furthermore, using Eqs. (4.4) and (4.5), one finds that the
matrix

t T _ T
a B Lol Ty

K = y 8 = v u -y (4.18)
—-07 o7 A

is also an element of the supergroup Osp(1/2N,R).

The next step is to express the matrix %" in terms of Z,
¥, and u. Since any complex matrix can be expressed as a
product of a Hermitian and a unitary matrix®® we write

u="UB, (4.19)

where Uisan N X N unitary matrixand Bisan N X N Hermi-
tian matrix. Using Eqs. (4.4) and (4.5) we find that the
matrix &~ can be written as a product of two matrices

K =% K%,, (4.20a)
where %", is an element of the U(N) subgroup of Sp(2N,R),

vt o o
F,=lo UT o, (4.20b)
0 0 1

and %7, is an element of the supercoset Osp(1/2N,R)/
U((N),

1 -zZ" —¥"\ (BT 0 0
K=| -Z* 1 —x" 0 BT 0.
VT2 —yT2 A 0 0 1
(4.20¢)

In the above equations A can be obtained from
A= (1 =Z*2); ' [¢, — Z2e )4 =1, (4.21)
and y from

x=0-=ZZ% '[y/\2 —zy/\2]4. (4.22)
Finally B satisfies the equation
B™B=(1—-ZZ"+yg7/2)"". (4.23)

We now wish to evaluate an invariant measure u (%)
such that
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,u.(Qp)=/1(3P')|J(3",3)|=u(0)|J(O,g)|, (4.24)
where J(Z',Z) is the Jacobian of the transformation
(4.17) that transforms Z into Z'. Differentiating Eq.
(4.17) we get

(a—B5 ')dZ' =dF$§. (4.25)

In the above equation the matrix (¢ — £5~'y) at the left-
hand side transforms bosonic and fermionic coordinates sep-
arately, without mixing them, whereas the matrix & at the
right-hand side mixes them as well [cf. Egs. (4.16)]. Hence
Eq. (4.25) yields the Jacobian

[det(a —B5~'y) PV P|J(0,Z)| = [Sdet 5]*".  (4.26)

Hence the invariant measure in the decomposition of unity
in terms of the Osp(1/2N) coherent states |Z,3 > of Eq.
(4.12),

f du(Z) | Z Y (ZY| =1,

1S

(4.27a)

du(Z,yp) = const Xd0 d6 d*¥Z

x [Sdet 5]2N/[det(a _B(S*l,}/) ]Z(Ngl) ]
(4.27b)

For Osp(1/2,5) (N = 1) this gives Eq. (2.8b).

V. CONCLUSIONS

In this paper we introduced the coherent states for the
harmonic oscillator representations of the noncompact su-
pergroup Osp(1/2N,R), obtained the generalized Bogoliu-
bov transformations for mixed systems of bosons and fer-
mions, and calculated the invariant integration measure by
studying transformation properties of the supercoset vari-
ables. We also exemplified the use of these coherent states for
the simple harmonic oscillator. It would be straightforward
to extend our results to the harmonic oscillator representa-
tions of the compact version of Osp(1/2N,R). In a separate
article,”® we investigate the coherent states for Osp(2/
2N,R), in which case one needs to treat typical and atypical
representations'® individually. It would be interesting to in-
vestigate Osp(1/2N,R) coherent states based on the most
general lowest-weight representations (e.g., those with a
vectorial structure). Such an undertaking would result in
orthosymplectic supergroup coherent states generalizing
symplectic group coherent states discussed in Ref. 21.

In many-body systems, the pairing-type interactions
between particles alter the structure of the vacuum state. For
example, in the BCS theory of superconductivity?’ correlat-
ed Cooper pairs contribute to the physical vacuum. Bogoliu-
bov transformations and the resulting quasiparticle opera-
tors provide a natural framework to study such correlations.
The generalized Bogoliubov transformation given in Eq.
(4.8) could be used to analyze the possible relationships
between the pairing and the boson—fermion exchange forces
in mixed systems of bosons and fermions. Such a possibility
is presently being investigated.

Orthosymplectic supergroups are the invariance groups
of second moments arising in the study of compound nucleus
scattering®” and of the action in the path-integral derivation
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of symmetry relations for disordered electron systems.*?
Furthermore, one can associate supersymmetric quantum
mechanical systems with classical, nonlinear Langevin
equations and show that the averages over a Gaussian noise
distribution are the same as the quantum mechanical expec-
tation values calculated with a supersymmetric effective ac-
tion.>* One can show that the supersymmetry transforma-
tions leaving this effective action invariant are also
orthosymplectic transformations. In future publications, we
plan to study the possible uses of our coherent states in the
Grassmann integration approach to the compound nucleus
scattering and other problems in stochastic quantum phys-
ics.
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APPENDIX A: REPRESENTATIONS OF Osp(1/2,R)

The quadratic Casimir operator of Osp(1/2,R) is given
by

Cy(Osp(1/2,R)) =42 +4/2, (A1)
where
A=[F,F_], (A2)

and the quadratic Casimir operator of the subalgebra
Sp(2,R) ~SU(1,1) is given by

CSp(2R)) =A2+ 4. (A3)

The eigenvalues of the Casimir operator of Osp(1/2,R), Eq.
(A1), are denoted by 7(7 — 1), where the label 7 character-
izes irreducible representations. The eigenvalues of the Casi-
mir operator of Sp(2,R), Eq. (A3), are denoted by
k(k —1). There are two irreducible representations of
Sp(2,R), corresponding to k = 7 and k = 7 + |, embedded
in a single representation of Osp(1/2,:). Here we consider
only the discrete series representations and label the states
with 7, k, and m, the eigenvalue of K,:

Cy(Osp(1/2,R))|7,k,m) = 7(7 — ) |1,k,;m) ,  (Ada)
Cy(Sp(2,))| 7 k,m) = k(k — 1)|7.k,m) , (A4b)
K,|mk,m)y = m|T,k,m) . (A4c)

In Eq. (A4c), m takes values k,k + 1,k + 2,k + 3,... . The
result

K, |nkm)=[(m+k)(mFk+1)]"*rkm+1)
(AS)
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follows from the standard representation theory of Sp(2,R).
Finally imposing F {, = F_ and choosing all the phases to
be real we obtain

Fy|rnk=nm)=0/N\D)m+7]"?|lrk=1+im+]),
(A6a)

and

F,|rk =1+1m)

=(1/J§)[m$ri§]mlr,k=r,mi%) . (A6b)

Equations (A4)-(A6) completely specify the representa-
tions of Osp(1/2,R).

APPENDIX B: COHERENT STATE EXPECTATION
VALUES OF Osp(1/2,%) GENERATORS

Expectation values of the Osp(1/2,R) generators
between the coherent states can easily be calculated using the
expansion of the coherent state |,8 ) into the Osp(1/2,R)
basis states:

I(27+n) ]1/2
L'(n+ 1)I'(27)

Xa"|rk=rm=71+n)

it F2r+n) ]‘/2
N TR
+ ,Z’l ‘/;[F(21+1)I‘(n)

Xa" '@|lrk=r+im=r+N+1),

|,0) =N i
n=0

(BI)

where the normalization factor & is given by Eq. (2.6b). We
get

(a,0|K |a',8")

= 2ra* Sdet A (a*,a';0,0") , (B2)
(a,8la",8")
{af|K_|a\0") = 27a’ Sdet # (a*,a';6,8") , (B3)
(a,8a’,0")
w =7(1 4+ a*a’)Sdet J/(a*,a’;@,ﬁ') ,
(a,0]a’,8)
(B4)

(a,0|F |a',0")

= —7(0 + a*8")Sdet A (a*,a’;6,0") ,
(a,f]a',8")

(B5)

(a,0|F_la’,8")

= — 7(8' + a'0)Sdet A (a*,a’;0,8") ,
(a,8|a'8")

(B6)

where .# (a*,a’;0,8") is given by Eq. (2.6¢).
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Spin-fluid sources and their metric are obtained for an infinite rotating cylinder. The
calculation is performed in general relativity and the Cartan theory. The spin fluids are

significantly different in the two theories.

I. INTRODUCTION

Rotating fluids are often used in astrophysical and cos-
mological model calculations. Rotation can be included in
relativistic fluid calculations in several ways. The fluid can
be contained within a space-time g,,, (u,v = 0-3) that has
an off-diagonal component g,,; (i = 1-3). This can introduce
fluid rotation, which is described by the vorticity tensor’

@y = Uy + U Usy s (1)

where U, is the fluid velocity and Uy = U,, U" the accel-
eration.

In addition to the rotation given by w,,,, fluids can have
an angular velocity that is related to an intrinsic spin density.
In these spin fluids, the rotation associated with the spin
density can be described by the tensor @,

@

— D
v —a#‘ Qiys 2)

where a{” is an orthonormal tetrad chosen so that a* o, lies
along the velocity U*. Tetrad indices are in parentheses
(#) = (0-3) and are raised and lowered with the Minkowski
metric 7; = (—1,+ 1,4+ 1, 4+ 1). Tsoubelis,’ using the
spin-fluid stress-energy tensor of Ray and Smalley,** has
shown that a Cartan spin fluid has the same frame dragging
properties as a fluid with conventional vorticity. His result
indicates that a spin fluid can serve as a source of angular
momentum for astrophysical and cosmological models.
Spin-fluid interiors can be matched to stationary vacuum
exteriors.

In addition to direct astrophysical applications, spin
fluids can also be used to model superfluid rotation detectors
like those being developed by Cerdonio® for use in experi-
mental relativity. The purpose of this paper is to explore the
use of rotating spin-fluid sources. The calculation is per-
formed in both general relativity and the Einstein Cartan
self-consistent formalism. We impose cylindrical symmetry
since the most immediate application of spin fluids is to ro-
tating detectors. For constant rotational velocity, we find
metric solutions of the van Stockum’ type containing an un-
accelerated spin fluid. There are some interesting differences
between the Cartan and general relativistic fluid sources.
The sources are compared and discussed in the last part of
the paper. In the next sections we briefly review the spin-
fluid stress-energy tensor and write the field equations lead-
ing to our solutions.
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Ii. FORMALISM
A. Metric and tetrad

The space-time we consider is stationary and cylindri-
cally symmetric with metric

ds’ = — fdt> —2Kd¢ dt + 1d¢* + e*(dr + dZ*). (3)
The orthonormal tetrad that diagonalizes this metric is
a* o, = (1/4£,0,0,0),
a* ., = (0,e=#2,0,0), (4)
a*,, = (—K/D\f,00,/f/D),
a* 5, = (0,0,0,e = *?),
where D? = f1+ K. In terms of this tetrad, the comoving

velocity is

U*=a",, = (1//f,0,0,0). (5)

B. Stress-energy tensor

A spin fluid is a fluid with an angular momentum den-
sity S,,, defined throughout its extent. The spin density is
constrained by the Frenkel® condition

U*Ss,, =0. (6)

Ray and Smalley* have developed a self-consistent La-
grangian formulation of the Einstein—Cartan theory with
spin density. The stress-energy tensor derived from the La-
grangian variation can be written® as the sum of two parts:

T# = TH¥(spin) + T**(fluid), 7
where 7#"(fluid ) is the perfect fluid stress-energy tensor
T*(fluid) = (e +p)U*U" 4 pg ", (8)

where ¢ is the energy density and p the pressure.
The spin-fluid portion of the stress-energy tensor is

T#(spin) = 2U “SV°U, + V¥[U¥S V7] — 57487
9
The spin density .S“” is related to the proper torsion §W" by
S, =1(87G)S,, U". (10)
The proper torsion is the trace-free part of the torsion S,,,

uv
8,7 =8, +36,8,.% (1
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The quantity S,,¢ is the torsion vector and describes
that part of the torsion that does not satisfy the Frenkel con-
dition. It is zero in our calculation. The V* derivative is
V* =V, + 2S5, It will be the covariant derivative in both
calculations. Although the stress-energy tensor was con-
structed for self-consistent Cartan fluids, it is also valid in a
self-consistent general relativity.” The only difference is in
the derivative operator V*. It is the ordinary covariant deriv-
ative in general relativity. It is also the covariant derivative
in the Cartan theory but with an additional spin connection
calculated from the torsion:

e, =8,."—8°%+8%.. (12)

Before writing the stress-energy tensor, it is useful to
define the parameters describing the fluid.

C. Fluid parameters

The fluid parameters of interest are the acceleration and
the rotation function w,,,. The acceleration is the same in
general relativity and the Cartan theory,

U, =f./4f. (13)
We are interested in unaccelerated fluids so that fis a con-
stant. We will choose

f=1L (14)
The fluid angular speed in Cartan theory is
W5 =K, /0 — 8,472, @,0=1/2F. (15)

The term S,, in @,, comes from the spin connection. In
general relativity these velocities are

0 =K SN, 0,0 =f,/Nf. (16)
Only w,; will be nonzero in the unaccelerated fluid. Because
we have an unaccelerated fluid, the angular velocity asso-
ciated with the spin, @,,,, is identical to the fluid vorticity

W@y

lll. FIELD EQUATIONS AND SOLUTIONS—GENERAL
RELATIVITY

A. Field equations

Using the fluid parameters discussed in the last section,
the stress-energy tensor components are found to be

Too=€— W,

T, =pe*+ (S,4/D)K,,

T,, =pet,

T,, =eK>+D’p— KW, +S,,e *K,,

Toy =K —X(W, + KWp). (17)

The quantity W, is the spin divergence W, = (S,"),,.
The field equations in general relativity are

G,=T,,.

We have taken 87G = 1. It is convenient to use the tetrad
indexed components in writing the field equations:

G, =apyta ,'G,,,

€733 ) (@) nv ( 1 8)

_ 7 v
Ty =awray’T,,,
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Gy =Tp- (19)
The field equations are
(00): 3K3—£’L—ﬁ1=eeﬂ+s K, (20)
4> D 2 " p?’
(ny: K pBDe s Ko 1)
4D? ' 2D "% p2’
2
(22): zﬁz +”2” =pe"+S,¢—II§—;, (22)
(33)_ *K,Z_IU,D, Drr =pey’ (23)
4D? 2D D
(K (S
weon(38)-().

B. Solutions
1. Spin and vorticity

One of the most interesting results of the calculation
follows from integrating Eq. (24),

K,/2D=S,,/2D + ¢, (25)
where ¢’ is an integration constant, or
@,4/D=8,,/2D +¢'. (26)

This is a driving relation between the spin density and the
vorticity or spin angular speed. Associated with the spin and
rotation tensors are vector functions

St = (,,]uvaﬁ/z\/—?g) UvSa y
= (B )2 ) Uyp.

The driving relation is linear when written in terms of these
vectors:

w,=S8,/2+c

where ¢ = ¢’

(27)

(28)

2. Metric functions

Comparing Egs. (21) and (22) the metric potential
u(r) can be related to D:

u.(D./Dy=p,

or (29)
p, = AD,

where A is a constant of integration.

Using this and eliminating the pressure between Egs.
(20) and (21), a differential equation for D is found:

D, /D —AD, + 2(S,%/4 — c?) = 0. (30)
One solution of this differential equation is

This solution corresponds to a constant spin S,, and there-
fore a constant vorticity w,,

S, = const, w, = const. (32)
Equation (30) then gives the constant 4:

A=2(85,%74 —c?). (33)
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The other metric functions are
K=w,P”+c, u=A4r/2+4c, I=r-—-K? 34)

where ¢, and ¢, are integration constants. This is a metric of
the van Stockum type. The comparison will be made in detail
in the last part of the paper.

3. Pressure and energy density

Since the choice D = rrequires S, and @, to be constant,
the driving relation, Eq. (28), can be reparametrized by de-
fining

c=w,(2~n) (35)
and

S, =2w,(n—1). (36)

The pressure and energy density follow from the field equa-
tions

(37)
get =2w,%(5 - 3n). (38)

The relation between the pressure and energy density is

(39)

where n = 1 is a spinless dust solution. Positive pressure and
energy require the range of 7 to be

pet= —a,S, =0,”2(1—n),

£—3p=e Hw,?

—w<n<l. (40)

IV. FIELD EQUATIONS AND SOLUTIONS—CARTAN
A. Field equations

The tetrad indexed stress-energy tensor is

T(OO) =€ — Wo/\/f,

Tay =p+e *(S,/D*(K, —S,),

Ty =p+ (S,se #/D*)(K, — Sy, (41)
Ty =p,
Ty = (KW, — W) /2D.
The field equations in the Cartan theory are
G,=T1, +V3(T.°+T°,—T.%), (42)
where T, is the modified torsion
T,,°=S,°+26%,8,,° (43)

Since the torsion vector is zero, T}, is just the Cartan spin
connection and V* is the Cartan covariant derivative. The
field equations are

3K D, pn K, S,
00): —= — = T ety S, 2 (44
O35~ 2 o 5 gpre W
Kr2 lurDr Kr 3 Sr¢2
Dot =pe" t S =y prr
K?> u K, 35,2
2): ——+ L =pet 48§, —— 2, 46
@2 qprt— =P S i pe (40)
Kr2 lu'rDr Drr Sr¢2
G =57~ T = T apr “7
K, S
(20) + (02): (2_1)) =(2_Z;). (48)
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B. Solutions
1. Spin and angular speed
Integrating (48), a result similar to Eq. (25) is found:

K,/2D=3S§,,/2D + . (49)
The Cartan vorticity is
0, =K,/2—8,,/2. (50)

Equation (50) is not a driving relation between vorticity and
spin but a statement that the Cartan vorticity is constant.

The equation satisfied by D follows by eliminating the
pressure between (44) and (45):

—D,/D+AD, + 26 =0. (51)

Because of the constraint on the Cartan vorticity, given by
Eq. (50), the solution D = r imposes no restrictions on the
functional form of the spin density and rotation. The con-
stant 4 is

A= -2, (52)
A is the same as the general relativistic function
u, =AD, p=Ar/2+c, (53)

and 4 is, of course, different in general relativity and the
Cartan theory.

The functional dependence of the metric potential X de-
pends on the spin. Equation (49) can be written

K,/2D=S,/2 +c, K=jSzrdr+ cr +c, (54)
and

I=r—k2 (55)
A constant spin, for example, gives

K=S8,r"/2+cr +c, (56)

A constant spin generates a metric of the van Stockum’ type.

2. Pressure and energy density

The pressure and energy density can be obtained from
the field equations

pet = —cS,, ee*=4c*+cS,, (57)
with pressure and energy density satisfying

E+p=4dc’e (58)

For the special case of constant spin density, the van
Stockum example, we can again define ¢ = wy(2 — n), with
w, that part of the Cartan vorticity due to K,/2D. Thisis a
useful step to take in order to compare with the general rela-
tivity. The results are '

Sz = 2(” - 1)(00,
p=2e*wy’(n—2)(n—1), (59)

£=2e"w,>(n —3)(n —2).

The range of n for physical solutions is n<1 and n>3,
where n = 1 gives a dust solution without spin.
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V. COMPARISON TO THE VAN STOCKUM SOLUTION
The van Stockum interior solution can be written® as
ds* = —dt? +2aP dtdé + P (1 — &*r)d¢?

+ e~ (dP + dF). (60)

The fluid contained in this space-time is dust with energy
density

£ = 4a2e”r. (61)

The general relativistic metric is of this form with c,
= ¢, =0in Eq. (34):

ds*= —dt? — 2w, dtdé + (1 — w,*r*)d¢*

+e[$,z/4—c2]rz(dr2 +d22)
= —dt? —2w,Pdtdé + r(l —w,’r*)de®
+ (dP +d2)e Y7, (62)

where o, is the fluid vorticity vector. This is identical to the
van Stockum solution for # =1 and |w,| = @. The fluid is
the van Stockum spinless dust. For other n values there is
both spin and pressure. If |n| is very large, the fluid equation
of state approaches € = 3p.

The Cartan metric for constant spin density can be writ-
ten

ds* = —dt? — 27 (c+ S,/2)dt d¢
+7P[1— (¢ +8,/2)°r)d¢’
+ (dP +dz*)e " (63)

The constant ¢ is the Cartan vorticity vector, n =1, and
¢ = — «a generates the spinless dust van Stockum solution.
For other » values, there is spin and pressure with an asymp-
totic equation of state p =¢&. These constant spin van
Stockum solutions will not match pressures to an exterior
vacuum. This is always true for the general relativistic solu-
tion with its required constant spin. The Cartan solution
allows nonconstant spins, and a vacuum match is possible in
this case.

VI. THE VACUUM MATCH FOR THE CARTAN
SOLUTIONS

The general solution for the Cartan calculations is
ds’ = —dt?— 2K d¢ dt + 1 d¢* + e “(dr* + dZ°),

= — %P,
K, /2r=S8,/2r+c,
iy (64)
pe“: _— ,¢C/r,
I=r —K?,

get=cS,,/r+4c,

where S, and K, are not yet specified.
This metric can be matched to a van Stockum exterior
solution found by Bonner'®:

eﬁ = e—1/4(R /r)l/l’

1= (rR/4)[3 +log (r/R)],
= —4r[1 +1log (r/R)],
7= (+/R)[1 —log (r/R)].

(65)

Al
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This metric is one of three exterior van Stockum metrics
found by Bonner; it is Petrov I1. Here R is the boundary
between interior and exterior.

The matching conditions'' identify the first and second
fundamental forms of the bounding surface, » = R. Match-
ing the metrics, one finds two conditions

cR2=1, (66)

K(R)= —R/2. (67)

Identifying the second fundamental forms, there is one new
relation
K,(R) — S, (R) =K,(R)
or (68)
K, (R) —S,4(R) = — 1.

Using the relation requiring the Cartan vorticity to be con-
stant,

K, —S5,, = 2rc,
the sign of ¢ in Eq. (66) is determined as
c= —1/2R. (69)

The functional form of K(7) and S, (r) is constrained by
these matching conditions:

K= |S8,dr+rc+C,
where C, is an integration constant. At r = R, this becomes

K(R) =f s,dr—% ¢, (70)
{r=R) 2

Therefore at the boundary we have the spin constraint

f S,, dr = const.
(r=R)

In addition, if the pressure is to be zero at the vacuum bound-
ary then the spin density is constrained to be zero at the
boundary:

S, (R) =0 (72)
Any function satisfying (71)and (72) is acceptable. Choos-

ing S,, (r) = rf(r), f(r) regular at r = 0, will produce finite
pressure and energy at the origin.

(7

VIi. DISCUSSION AND CONCLUSION

General relativity and the Cartan theory both admit
physical spin-fluid solutions for a rotating cylinder. The so-
lutions in general relativity are only for constant spin and
angular speed. The Cartan theory also has a constant spin
solution but it is only one of many possibilities. Both con-
stant spin sources lead to van Stockum-type metrics. The
general relativistic source approaches the equation of state
€ = 3p, and the Cartan source approaches £ = p, in the high
spin limit.

There is another important difference between the Car-
tan and relativistic solutions in the case of constant spin. In
both theories, the spin and w, = K,/2D are related through

S, =2w4,(n —1).

Both theories allow n<1, giving S, the opposite sense to
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w,- The Cartan theory also allows n> 3; .S, and w, can be
parallel.

There is a very interesting driving relation between spin
and cylinder speed in general relativity:

S,/2=w, —c

Vortex formation in rotating superfluids is one of the
possible applications of the spin-fluid formalism. This driv-
ing relation, although in the continuum limit, could be inter-
preted in this context. Here ¢ would be the critical speed for
vortex formation to begin.

In conclusion, there are some similarities and also some
fundamental differences between the two spin-fluid sources
used for this calculation. With spin fluids being used as mod-
els in astrophysics and condensed matter physics, it is hope-
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ful that a test of the two theories might occur in the near
future.
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In this paper exact solutions of the Klein-Gordon and Weyl equations in some rotating

universes are presented.

J. INTRODUCTION

The study of gravitational interaction on quantum me-
chanical systems is a field of investigation recently explored
by a number of authors. The Klein—-Gordon equation and
the Dirac equation in covariant form have been used in
curved space-times for such studies.' The electromagnetic
equation in Godel’s universe have been studied by Cohen et
al” The Klein-Gordon and the Weyl equations have also
been studied in the same universe by Pimentel and Macias.®
In this paper we consider the same two equations in three
other well-known rotating universes, viz., Som—Raychaud-
huri, Hoenselaers—Vishveshwara, and Reboucas universes.
Exact solutions of the two equations in all three cases are
presented in this paper.

il. SCALAR SOLUTIONS

The governing equation for a massive scalar field with
arbitrary coupling to the gravitational field can be taken in
the form

(—=V,V'+ER+m*)yY=0, .1
where £ is a real dimensionless coupling constant and
R =R, g" is the Riemann scalar.

A. Som-Raychaudhuri (SR) metric
The general form of the Som-Raychaudhuri metric is
given by
ds’ =dt? — dr — dz* + 2qr* d¢ dt — (¥ — ¢*r*)d¢>.
(2.2)
On assuming g = 1, the metric (2.2) takes the form
ds’ =dt* —dr* —dz2 + 2r d¢ dt — r*(1 — r*)d¢’.
2.3)

To calculate the Ricci scalar we consider the following
basis one-forms:

0'=dr, 0*=rdp, 0°=dz, 6°= (dr+rds),
(2.4)

so that
g; =diag{ —1,—1,—1,+1}
Taking the exterior differentials of (2.4), expressing

them in terms of the basis two-forms 8 ‘A @ /, and comparing
the expressions with the first equation of structure

do'= —w' NG/, 2.5)
we get the following set of connection one-forms:
1 _ o0 __ 2 __ 2
w',=0 (1/rf° = —o*, (2.6)

o =0=aw'y %= —0"'=d,.
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We get the curvature two-forms {2/ from the second

equation of structure
Q) = do'; + o', No*, Q.7

and, finally, the components of the Riemann tensor R %,
from

Q) =1R", 0% N6 (2.8)

The nonvanishing components of 2/, and R,,,, are found
to be
0L, =30'A0%= — Q"7

2.9)

N =60'A0°= —Q%, 0% =0%N0°= — Q%
and Ry, =2, R,; =2, R,, =2, and R, = 0. The Ricci sca-
lar is found to be

R= -2, (2.10)
With Eqgs. (2.2) and (2.10), Eq. (2.1) reduces to

[(1=r)a} — 8% — (1/A)d3, — 32,

+2d3 — (1/nd, —p* |y =0, (2.11)
where

pr=m*—2¢ (2.12)
Let us choose ¢ in the form

Y=t riapR(p), (2.13)

where /, w, and k are constants. Substituting (2.13) in (2.11)
we obtain

R"(r) + (1/NR’(r)

+a@[ 1Y — P+ A% R(r) =0,
with

A2 =w? — k? + 20l + m¥/d® — 2 /d". (2.15)

Equation (2.14) is reduced to the confluent hypergeometric
differential equation

yF”" 4+ [(al 4+ 1) —y]F’

(2.14)

—[(1+al)/2 —al?/40]F =0, (2.16)
if we make the substitution
R(r) =y“%e="F(y), (2.17)

where y = awr’.
Equation (2.16) has two independent solutions given by

F1(b,c,y)
and

Y TOR[(I+b—0)2~cyl,
where

b=(1+al)/2 —al%*/4e, c=1+adl. (2.18)
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The general solution, which satisfies the usual boundary
condition that R(r) will decay when r— o0, is given by

I'(l—c¢)
Ulbcy) = ————— Fi(bs,
(b,c,y) Td+b—0) ' 1(b,c.y)
I'i(c—1 c
+—(ri(5—)f‘ Fill+b—c)2 —cyl.

(2.19)

B. Hoenselaers-Vishveshwara (HV) metric
The Hoenselaers—Vishveshwara metric is given by
ds* =dt? —dr* —dz* + 34%(c — 1) (c — 3)d¢?
+2(c — 1)d¢ dt, (2.20)

where ¢ = cosh VK 7 and 4 VK = 1. On assuming 4 = 1,
K =1, the metric (2.20) takes the form

ds* =dt* —dr* —dz* + §(c — 1) (c — 3)d¢’
+2(c — 1)d¢ dt. (2.21)

The Ricci scalar is calculated as in the previous case
considering the following basis one-forms:

0'=dr, 02=(c*—1)/2d¢,
03=dz, 8°=dt+ (c— 1)d¢. (2.22)

The nonvanishing components of &', Q’;, and R,,, are
found to be

o'y =02 — (c/NF—1)0%*= —o?,,

o’ =10*=0'y, %= —(1/V2)8'=0d?,
0L, =40'A0%= — Q"

00, =10'AO°= — Q°,

0%, =16%A0°= — Q%

R,=0, R,=0, Ryy=0, Rpp=1l.

The Ricci scalar is then

R=1. (2.23)
Using (2.21) and (2.23) in (2.1) we get
2 c—3 4
32 _ 82 82 32 — 3
[” @ et oat O T O
+( SR L '1)8,+u2]¢=0,
J&—1  Je+1
(2.24)
with 4? = m? + €. Let us now choose ¢ in the form
Pp=eur BT IR(p), (2.25)

where w, [, and k are constants. Substituting (2.25) in (2.24)
we get the equation

R"(r) 4+ R'(r) cothr
+ [A, + A, coth rcsch » + A, csch?r]R(r) =0,

(2.26)
with
A, =m? + & — dPw* — a’k?,
A, =4d’w(w + 1), (2.27)

A, = —4a*(1%/2 + ol + o).
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Substituting
R(r) =y"*"(1 = y)"UW),
where
y=Q1+coshr)/2, m= —al/V2, n= —v2ao,
(2.28)

in Eq. (2.26), we get the following equation:
y—»U"(y) + [ (1 +v2al — 2V2aw)

— (2 — 2V2al — 2V2aw)p]U' ()

— [2a%1? + d*w? + 4a’w] — V2al

—V2aw —a*k*+ m* + E1U(p) =0. (2.29)

Equation (2.29) is the Gauss hypergeometric equation. The
two linearly independent solutions of (2.29) are

Fl@b'a +b'—c + L1 —y)
and
(1=~ 9""F(c' —a'\c — b’} —a' —b'+ ;1 — ).

The general solution, which satisfies the general boundary
condition that R(r) will decay when r— «, is

L)' (c—a —b")

Fla'b'ey) = I'(c"—a")T'(c'—b")
XF@b'a+b'—c +1;1—yp)
c—a—p L@ +b"=¢)
T T(a)T(b")
XF(c —ad, —b'ic" —a' —b'4+ 1;1 —yp),
(2.30)
with

a =1[1—2v2al — 2V2aw + 1 + 46%0% + 40°k T — 4u?] ,
b =41~ 22l — Wiaw — T+ 480" + 4k — 4],

¢ =1—v2al — 2V2aow. (2.31)
C. Rebougas metric
The Rebougas metric is
ds’ =dt*> — dr* —dz* + 4 cosh 2r d¢ dt
+ (3 cosh?2r + 1)dé*. (2.32)

The Ricci scalar is calculated as before considering the
following basis one-forms:

0'=dr, 67?=sinh2rd¢, 6°=dz,
0° = dt + 2 cosh 2r d¢.

The nonvanishing components of wij, Q‘j, and R in this
case are found to be

(2.33)

o, =20"=0"y %= —20'=d?,
o', = —2coth2rf*+20°= — o,
Q,=80'A02= — Q"
0°,=49'A60°= — Q°,

Q°, = 469200° = — Q%

Ry=8, R,,=4, R,,=4

The Ricci scalar for the metric is found to vanish, i.e.,
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R=0.

Using (2.32) and (2.34) in (2.1) we get

3cosh?2r+1 92
sinh? 2r “

d% +2coth2rd, + mz] ¥=0. (2.35)

(2.34)

1
az + d%s+3% +
[ sinh?22r  **
__ 4cosh2r
sinh? 2r
Let us choose ¥ as before in the form
¢ _ eia(wr+ ¢ + k’)R(r),

where a, @, /, and k are constants.
Putting (2.36) in (2.35) we get

R"(r) +2coth2rR’(r) + [ — (*? + 4a’w?*)csch® 2r
+ 4a%wl coth 2r csch 2r + (m? — 3d%w?* — a*k?)]
XR(r) =0. (2.37)

Equation (2.37) is reduced to Gauss’ hypergeometric
differential equation,

y(1—-»U’(y)
+[(—aw—al/2+ 1) — (2= 2aw)yU’(y)
— 1[@°0* — 4aw — @*k* + m*1U(p) =0,
if we make the following substitutions:
R(r) =y?(1 - y)U),
with
y=1i(1+cosh2r), p= —(a/2)(w+1/2),
g= —(a/D)(w—1/2). (2.39)

The general solution of Eq. (2.38), which satisfies the
usual boundary condition that R (r) will decay when 7— oo,
is

(2.36)

(2.38)

L'(d)I'(d—b—c)

Flhedy) =K@ —bTd—o
XF(behb+c—d+ 151 —y)
d—b—c L@ (b+c—d)
+(1-y» O
XFd—-bd—cd—b—c+ 1;1—y),
(2.40)
where

b=4{1— 200 + JT—m* + 387 + o’k 2},

c=4[1-2a0 — 1 —=m* + 3% + i’k ] ,
d=1—aw—al/2.

(2.41)

Ill. SPINOR SOLUTIONS
The Weyl equations for a massless spin-} field are

YV .9=0, 3.1
(1+7)¥=0, (3.2)
where
= rrer
and
V*=he Y. 3.3)
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The ¥~ are generalized Dirac matrices and are given in
terms of the flat space-time gammas ¥, and A, * are vier-
beins defined by the relations

(a)(b) __
h(a)ah(b)ﬂﬂ DO = g,

A. SR metric

First we consider the Weyl equations in the SR metric.
For this metric we shall use the following set of vierbeins:

hoy®=6%, hg,*=r[6%— (1/P7)6%,],

(3.4)

heiy “=08%, he = 6%. (3.5
Now we have

Vo =[d, - T, 1¥, (3.6)
where

T, = — 37’(a)7’(b)h(a) “Bibyvias 3.7
and

h(b)v,a =My — Fﬁah(bm- (3.8)

Using Egs. (3.6)-(3.8) we obtain

T,= — oy,

Ty = (/2)P"0 + 47 — DY, (3.92)

T,=0, To=1y"y"

We now choose ¢ in the form

— o —la(wt + ¢ + kz) 771("))
Y=g it (nzm ’ (3.9b)

where 7, and 7, are two-component spinors.
Using the standard representations of gamma matrices
Eq. (3.2) is reduced to

_ _ Rl("))
mr) =n(r) = (Rz(r) .
On using Eqgs. (3.6)~(3.10) in Eq. (3.1) we get

(3.10)

{ 1 1
g9 +94_ __]R —i [k —-—]R, 3.11
[ + r aer 2r] 2 ajrtedt 2a v )

6. -2 +aor— LRy =ialo -k~ L& G12)

Eliminating R, from (3.11) and (3.12) we get
PR —rR;

+[G—al— Al?) + AP — aza)zr‘]Rz =0, (3.13)
where

A?=2d%] — aw + a’w* — a*k* + ak — ). (3.14)

This equation can be reduced to the following confluent
hypergeometric differential equation:

VF" + 2k, —p)F' — (k, — A*/4aw)F=0, (3.15)
if we make the substitutions
R,(r) =yke™"F(y), (3.16)

where y = awr?, and k, is a constant.
Equation (3.15) has two independent solutions given by

Fi(k, — A%/4aw,2k,,p)
and
yl — 2k, lFl(l _ kl —A 2/400),2 —_ 2k1,y).
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The general solution, which satisfies the usual boundary
condition that R(r) will decay when r— o, is given by

ﬂ, 2
U(kl - 2’;}' ,ZkuJ’)

T(1— 2k, ( P )
- F(k,— 2 2k,
T(—k,—A%4a0) " '\ " aan
[(2k,—1) 1— 2k,

+ T'(k, — A%/4aw)

2'2
><F(1—k——
141 1 4aw

2~ 2k,,y) . (3.17)

B. HV metric

For the HV metric we choose the following set of vier-
beins:

ho)*=8% ha,*=8%, h; " =8%,
2e — 1 (3.18)
c+1

Using Egs. (3.6)-(3.8) in this case we obtain
T, = — (V2/4)y?,

T, = (V& — 1/4)y"%° — (v2/4)y2/, (3.19)
T3 = 0, To = (VQ/4)7}2)7’“).
As before, we choose
— o~ ia(at + 1§+ k2) 771(")) 3.20
p=e (), (3209

where 7, and 7, are two-component spinors. Using standard
representation of gamma matrices, Eq. (3.2) is reduced to

_ _ Rl(?’))
1(Y) =n(y) = (Rz(y) .

Using Egs. (3.6)—(3.8) and (3.18)-(3.21) in Eq. (3.1)
we get

(3.21)

[3,+ v2al _Vi(c—l)aw_ ¢ ]R2
Jé—1 JZ—1 2yt -1
=ia[w+k+—VZ] R, (3.22)
4q
and
[ar__ v2al v?(c—l)aw_ ¢ ]R1
Vi —1 Vi —1 2yt —1
=ia[a)—k———£—] R, (3.23)
Eliminating R, from (3.22) and (3.23) we get
Ry —cothrR |
+ [4+ Bcothreschr+ Desch? r]JR, =0, (3.24)
where
A= —d*e* — d*k* — (1/V2)ak + },
B = 4a*0* + 4d’wl + VZaw + V2al, (3.25)

D= —4d*0’ — 4d’wl — 24*1* —V2aw + 3.

Equation (3.24) will be reduced to Gauss’ hypergeometric
equation,
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y(=»U"(p) + [( —V2al — 2V2aw)
— (2 — 2V2al — W2aw)ylU'(y)
— (§ + 28%1* — V2al + d*0* — V2aw

+ 4d’wl — a’k? — (1/v2)ak)U(y) =0, (3.26)
if we make the following substitutions:

Ri(r) =y"*"(1 = »)"U(y),

m=—(1/V2)al+3} n= —vdaw—},

y=4(14coshr). 3.27)

The two linearly independent solutions of (3.26) are
Faba+b—c+11—y)

and
(1=y)~ " Flc~ac—bec—a—b+1;1—y).

The general solution, which satisfies the usual boundary
conditions that R, () will decay when r— w0, is

L'(e)T'(c—a—>b)

F(a,bc;y) =
¢ ) T'(c—a)T(c—b)
XF(abja+b—c+1;1—y)
—a—sl ()T (@a+b—c)
1—yp)e—¢ b
+(1—-y) T T
XF(c—ac—bc—a—-b+1;1 —y),
(3.28)
where
a =£[l — 2\2al — 2\2aw
+ i+ 40%0” + 4%k 2 + 22ak |,
b=4[1~22al — 220w (3.29)

— V1 + 4% + 4a%k* + 2\2ak ],
¢ =1} —2al —~ 2\2a0.

C. Rebougas metric

For the Rebougas metric we choose the following set of
vierbeins:

ha,®=68%, hi®=08% he*=6%,
ho = /=1 [ 2e6% —~ 6%,].
We have as before

va¢= [aa - Ta]'ﬁy
with

(3.30)

Tr,=— ,I;V(a)y(b)h(a) vh(b)v,a
and
h(b)v,a = aah(b)v - Fﬁah(b)la
whence we get
T, = — yOp®,
T, = J?':Ty(1>7(o> + 2Dy,
T;=0, T,=y®PyV,
As before we consider

(3.31)
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g - fator 18 (’h(’)) (3.32)

72(7)
where 7, and 7, are two-component spinors. We get from
(3.2)

R,(r)
() =n,(r) = (R;(r))‘ (3.33)
Using (3.31)-(3.33) in (3.1) we get
[6 + al _ 2caw _ c ]R
"TJEST =1 J&=1l "
=ia[w+k+i] R, (3.34)
a
[& __a 2ca0 ¢ ]R
7 B s S U
- ia[a) k- i] R, (3.35)
a

Eliminating R, from (3.34) and (3.35) we get

[0 —2coth2rd, + (3 — a*l* — 4aw — 4a*w®)csch? 2r
+ (2al + 4@®’wl)coth 27 csch 2r
— (3a¢%»* + a*k® + 2ak) 1R, = 0. (3.36)

Equation (3.36) is now reduced to Gauss’ hypergeometric
equation,

y(—mu”(y)
+[(F-2 - ) - a-2en]| v
2 2
aw* a*k? ak 1 ]
- = = _—|um=0,
[ R 4
if we make the following substitutions:

R,(r) =yP(1 —p)?U(y),
where

3.37)
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y=1(1+ cosh 2r),
p= —aw/2 —al/4+},
g= —aw/2+al/4+}

The general solution of Eq. (3.37), which satisfies the usual
boundary condition that R,(r) will decay when r— o0, is

L(c)T'(¢—a —b')

(3.38)

F@b ) = e —aTe —b7)
XF@b';a+b'—c +1;1—y)
e—ap D@ +b' —¢)
+(1—y) NS
XF(¢'—d, —b'yc —a —-b'+ 1;1—y),
(3.39)
with

ad = —aw+ W30’ + a’k* + 2ak + 1
b'= —aw — W3d’w® + a*k T 4 2ak + 1
¢=}—~al/2 - aw.

(3.40)
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The framework of Lie-Backlund (or generalized) symmetries is used to give a unifying view of
some of the known symmetries of Einstein’s field equations for the vacuum or perfect fluid case
(with a u = p or a u + 3p = 0 equation of state). These symmetries occur if space-time admits

one or two Killing vectors (orthogonal or parallel, respectively, to the four-velocity in the

perfect fluid case).

I. INTRODUCTION

When looking for exact solutions of Einstein’s field
equations with a perfect fluid source,

Rab = Tab - Tgab/2 = (/.L +p)uaub + (:u _p)gab/zl
(L.1)

it certainly is good advice to use the symmetries of the prob-
lem as much as possible. Although an infinite number of
those symmetries does always exist, it is very difficult and in
most cases even practically impossible to find and to use
them. The symmetries we have in mind are the Lie-Béck-
lund, or generalized, symmetries'—; we shall discuss them
briefly in Sec. II.

Symmetries of the vacuum field equations are known if
one or more Killing vectors are assumed. Then it is also well
known how to exploit these symmetries for generating new
solutions. For the case of one Killing vector, we will formu-
late the relevant results in terms of Lie-Bécklund symme-
tries in Sec. III. These results can easily be generalized to
perfect fluid solutions if they obey an equation of state z = p
(or 4 + 3p = 0), and if the Killing vector is orthogonal (or
parallel) to the fluid’s four-velocity u“. We will do this in
Sec. IV.

If there are two commuting Killing vectors that possess
two-surfaces orthogonal to the group orbits, then in the
vacuum case there exist numerous techniques to use the
many symmetries explicitly known. We will sketch briefly in
Sec. V how they are related to Lie-Backlund symmetries. If
the Killing vectors are orthogonal to 1 then all this can be
carried over to the perfect fluid case. But an additional sym-
metry also exists that can be used to generate the general
perfect fluid solution (with 4 = p) from the vacuum (Sec.
VI).

We close with some remarks on possible generalization
to other symmetries and/or sources (energy-momentum
tensors) in Sec. VIL

Il. LIE-BACKLUND SYMMETRIES OF EINSTEIN’S FIELD
EQUATIONS

By definition, Lie-Bicklund symmetries map solutions
of ordinary or partial differential equations into solutions. If
such symmetries exist and form a group depending on (at
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least) one arbitrary parameter €, then any (general) solution
{&as-t,-1,p} of Einstein’s equations (1.1) will be a member
of a one-parameter set {g,, (€)%, (€),i(€),p(€)} of solu-
tions connected by the action of the symmetry.

To any such symmetry, an infinitesimal generator X de-
fined by

d ad Jd )
X=f,— +v, +m-—-—+7T—,
Pl il VI »
9z, (€) ou

a =Xa = N va=Xua= =
Jab 8ab Je o % .o
m=X,u=a—‘u , 1T=Xp=a—p , 2.1

36 e=0 af €e=0

can be associated. Since the symmetry under consideration
maps solutions into solutions, the field equations have to be
invariant under the action of X, 1.e., we must have

AR, =X(T,, — Tg,,/2) . (2.2)
To evaluate the left-hand side we have, of course, to extend X

to the derivatives of the metric. Since X commutes with tak-
ing the partial derivative,

X8avi = (X8ap) i = fai s (2.3)
we find after a short calculation that

AT = 18" (fose +Suess — JSain) (2.4)
and

XRoy =3(f"aom + [oan — Fab™"n — ["was)  (2.5)
hold.

Conversely, if we can find functions f,,, v,, m, 7 so that
the symmetry condition (2.2) is satisfied, then these func-
tions determine the generator of a symmetry, and the finite
symmetry transformation can be constructed by exponen-
tiating this generator. Application of this transformation to
a known solution will yield a one-parameter family of solu-
tions.

The difficulties hidden in this appearingly simple ap-
proach to symmetries are, first of all, that the symmetry con-
dition (2.2) has to be fulfilled for all solutions of the field
equations, i.e., for a/l solutions to which the symmetry will
be applied. That means that (2.2) must hold identically in
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the field variables {g,,,4,.u,p} and all their derivatives [oc-
curring, e.g., in the covariant derivatives in (2.5)]. We
therefore have to expect, e.g., the £, to depend on the metric
g, (and on u,, &, and p) in a very complicated, nonlocal
way, possibly by depending on the curvature tensor and its
derivatives of arbitrary high order. To make the symmetry
condition less stringent one therefore often narrows the class
of solutions for which it has to be satisfied by imposing an
extra constraint, mostly by assuming the existence of a Kill-
ing vector. This constraint has to be invariant under X, too,
but it can be used to eliminate terms from the symmetry
condition.

The second difficulty arises when one tries to exponen-
tiate the infinitesimal generator X. If for brevity we denote
the set of independent functions by ¥, then the equations
we have to exponentiate are of the form

Xv,=Ww,, (2.6)

where the W, depend on the V, and their derivatives. In fact,
this means that the system

v,

%€

we have to solve to obtain the finite symmetry transforma-
tions ¥, = ¥, (¥,€) is a system of partial differential equa-
tions of perhaps greater complexity than the original field
equations it was invented to be used for. The way out here is
to find new variables (or generators) for which no deriva-
tives will appear on the right-hand sides of (2.6) and (2.7),
so that the integration is easier to perform (the Lie-Back-
lund symmetries then reduce to Lie point symmetries).

People often speak of “hidden” symmetries of Einstein’s
equations when they have found an unexpectedly rich set of
solutions to these equations. In particular the symmetries on
which the generation techniques for stationary axisymmet-
ric vacuum solutions rest have earned this attribute. Because
of the very definition of a Lie-Bidcklund symmetry as
sketched above, it is clear that any generation method must
rest on them; they are those hidden symmetries. It is the aim
of this paper to show that this is indeed the case, and to
indicate how the two difficulties mentioned above have been
overcome.

For a detailed treatment of Lie-Bicklund symmetries
and their applications we refer the reader to textbooks on
this subject.!>

2.7)

1. A SYMMETRY OF THE VACUUM EQUATIONS WITH
ONE KILLING VECTOR

Finding symmetries of the vacuum field equations
R_, = 0 means finding solutions f, of the symmetry condi-
tion

fna;bn +f"lr,an _fab;";n —fnn;ab =O (31)
As pointed out in Sec. I1, it is very difficult to find solutions
to this equation. In the general case, only the trivial solution

fc‘zb = §gab +Mgab ’ M = const ’ (3-2)

is known. It corresponds to arbitrary coordinate transforma-
tions
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ii=fi(xn’€)’ é-l____(_?f_'
56 €e=0
and to the multiplication of the metric by a constant factor.
If, however, one assumes the existence of a non-null
Killing vector £° (£,£°=A+#0), then a Lie-Bicklund
symmetry can be constructed that leaves the system

3.3)

Rab = O ’ ?gab =§a;b +§b;a = 0 (34)

of field equations and Killing equations invariant. This sym-
metry was found by Kramer and Neugebauer* and redis-
covered by Geroch.® In the notation of Geroch, it rests on
the existence [guaranteed by (3.4)] of a scalar & (the twist
potential) and two vectors a, and S,, which can be deter-
mined from the system of partial differential equations

@4 = €apeab hEL, (3.5)
Qg — Qgp = €apeal ¥, (3.6)
Bb,a ~HFab = 4'i'§b;a + 2w€abcd§ e . (37)

Since these equations determine «, and S, only up to gradi-
ents, we can impose the gauge conditions

E,=w, EB,=a+A%, A=E£E° (3.8)

(which slightly differ from Geroch’s conditions). In terms
of these quantities the generator of the Lie-Backlund sym-
metry is then given by

Xgab =f;1b = - 2a)gab + 2(§aab + §baa) L

X§a=0, Xé-a =uaa . (39)

One can easily check that f,, satisfies (3.1) so that
XR,, = Oholds, and that also £g,, = O is invariant under X.

Moreover one can derive from (3.9) and (3.5)-(3.8) how X
actson 4, 0, a,, and B,. The result is

XA =20, Xo=0*>—A12, (3.10)

Xa, =2wa, —B,, XB,=2(0>+A%a,. (3.11)

In particular, Eq. (3.9) shows the (expected) complicated
dependence of the generator £, on the metric quantities and
the Killing vector field.

To construct the finite symmetry transformations, the
general advice was to introduce variables such that in terms
of these variables the generator X does not depend on their
derivatives. As Eq. (3.10) shows, the variables A and w are of
this type, i.e., no derivatives appear on the right-hand side
(and no new variables either). To take them means to take

the Ernst potential
€ =A+iv (3.12)

as variable. Also a, and 5, may fit into this framework, but
an even better choice is the tensor 4_, defined by

Bap = 8ap — $abs/A (3.13)
which, because of (3.9), obeys
Xh,, = —2wh,, . (3.14)

It is best to start with (3.10) and (3.14) in order to
determine the finite symmetry transformations. The final
result is
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A=A/[1-2e0+EA*+ )], (3.15)
d=Alw—€eA*+a»)]/A, (3.16)
Bop =Ahy /A +EE /4, (3.17)

Ea =§a +Z(26aa - ezﬁa) .

It says how to construct the “new” metric g, if the “old”
metric g,, (and 4, o, a,, and B, constructed from it) are
known. The Killing vector components £ remain un-
changed.

When inspecting all the formulas given above, one im-
mediately sees that most of them are valid only for A # 0.
But it has been noticed already by Geroch® that the final
transformation (3.17) of the metric is valid also for null
Killing vectors with £, £ ® = A = 0. Here we want to sketch a
different approach, which runs as follows.

It is known that for a null Killing vector not only 4,
but—for vacuum solutions—also the twist @ vanishes.
Moreover it follows from the definitions (3.6) and (3.7) of
a, and B, that both are parallel to &,. So in generalizing
(3.9) to the null Killing vector case we may suspect that the
symmetry generator has the form

Xgap =NE.&ps £a6°=0, &up +8&a=0, (3.18)
with some (unknown) function N. When starting with this
ansatz, it turns out that the symmetry condition (3.1) leads
to

N, £°=0, (3.19)
N,"E&r +ANETE'R iy — 2N (€, 46 + 6,,:6:) =0
(3.20)

(also the second set is in fact only one equation, all terms
being proportional to £,£, ). Since these two equations are
compatible with XN =0, X¢, =0, X£ "¢ 'R,,,;,, =0, there
exist functions N which do not depend on those components
of the metric that change under the symmetry operation.
That is, (3.18) generates a simple Lie-point transformation,
the finite transformation being given by

8ab = 8ap + EN(XNEE, (3.21)

where N(x‘) is a solution of (3.19) and (3.20). These trans-
formations can be used to generate the pp waves from flat
space-time and all other vacuum solutions (with a nuli Kill-
ing vector) from a special type D metric.®

IV. ASYMMETRY OF THE PERFECT FLUID EQUATIONS
WITH ONE KILLING VECTOR

If one analyzes the conditions for the existence of the
functions @ and «, defined by Egs. (3.5) and (3.6), i.e., if
one checks when the right-hand sides of these equations sat-
isfy the necessary integrability conditions, then one arrives
at

€anpqm.a;n = - 2§m(§pqu - qump) =0 ’ (4-1)

eabn maa;b;m = 4§ aRan = 0 . (42)
In deriving these equations use has been made of the identity

ga;b;c = R l-cbagi ’ (4-3)
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which is valid for Killing vectors £,. If (4.2) holds, 8, also
can be introduced.

It is evident from the integrability conditions (4.1) and
(4.2) that functions o, a,, and 3, exist also in the perfect
fluid case if only

Rab§b= 0 (4.4)

holds. Since the existence of these functions was crucial for
the construction of the Lie-Béacklund symmetry (3.9), one
may suspect that a symmetry will exist in the perfect fluid
case, t0o. Indeed it turns out that if only R, & * = 0 holds,
then also XR_, = O follows with X given by (3.9), and the
generator X can be extended to the variables #,, u, and p so
that X(T,, — Tg,,/2) is satisfied and both sides of the per-
fect fluid equations (1.1) are invariant under X. In detail this
runs as follows.

The condition R, & © = 0 can be satisfied in two distinct
cases: the Killing vector & ° has either to be parallel or or-
thogonal to the fluid’s four-velocity u°.

In the first case we have

§a=uav —A" .u+3p=09

Rab =§/1'(gab + uaub) =%:u’hab ’

and from the symmetry condition Xuh,, = 0 and the struc-
ture of X given in Sec. III we obtain

(4.5)

Xu=20wu, Xu'= —ous
Xu, = ~ou, —2a, —1 . (4.6)
In the second case we have
§.u°=0, p=p, R, =2uu,u,, (4.7)

and the symmetry condition Xuu,u, = 0 yields
Xut = owu® —2£%(u"a,) .
(4.8)

The finite symmetry transformations are given by
(3.15)-(3.17) for the metric and the two Killing vector in-
variants A and w, and —upon integrating (4.6) and (4.8)—
bv

pb=u/F, F=1-2e0+A*+0%),
and

b /2
= uF'\?,

Xu=0, Xu,= —ou,,

(4.9)

foru+3p=0,
prop (4.10)

i, =u,F'? foru=p.
They associate a one-parameter family of perfect fluid solu-
tions to any given solution (withu + 3p = Ooru = p), each
of them admitting the Killing vector £°. Since R,, and
T,, — Tg,,/2 are separately invariant under JX; it is not pos-
sible to generate perfect fluid solutions from the vacuum by
means of this specific Lie-Backlund symmetry.

V.SYMMETRIES OF THE VACUUM EQUATIONS WITH
TWO COMMUTING KILLING VECTORS

If there are two Killing vectors, then it is obvious that a
symmetry of the kind discussed in Sec. I1I is connected with
both of them. Moreover it turns out that an infinite number
of Lie-Bicklund symmetries can be found (the Geroch
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group) if these two Killing vectors commute and if there are
two-spaces orthogonal to the group orbits of these Killing
vectors.” This infinite-dimensional Lie group is the basis of
the many generating techniques developed during the last 20
years.

We do not want, and are not able, to give a detailed
account of how the many thousands of pages written on this
subject can be translated into the language of Lie-Bicklund
symmetries. Any transformation that generates (new) solu-
tions from given solutions is a Lie-Bicklund symmetry,
since it maps solutions into solutions, although it need not be
a member of a continuous group in every case. So such a
translation is always possible. But it may prove difficult to
find the underlying group explicitly. The two typical ques-
tions one should always try to answer when discussing a
special generating technique are (1) do the symmetries form
a continuous group, and which is the generator X, and (2)
how did the author manage to write this symmetry as a Lie
point symmetry? A third question (which we have not pur-
sued in this paper so far) is which are the similarity solutions
of a given symmetry, i.e., which are the fixed points in the
space of solutions defined by Xg,, = 0.

VI. SYMMETRIES OF THE PERFECT FLUID EQUATIONS
(FOR p=p) WITH TWO KILLING VECTORS

It is clear from the results of Sec. IV that all the Lie—
Bicklund symmetries and all the generation techniques that
rest on the existence of two Killing vectors exist and can be
used also in the perfect fluid case if only (4.4) holds for both
Killing vectors. For two Killing vectors these conditions can
be satisfied only if both are orthogonal to the four-velocity,
i.e., for

U b =un*=0, pu=p, R, =2uu,u,. (6.1
As u, is timelike, the Killing vectors have to be spacelike.

Thus one can pursue the same program as in the vacuum
case, repeating everything for the perfect fluid case (the first
to do this was Belinski®). But in a certain sense this is unnec-
essary, since all these perfect fluid solutions can be generated
from the vacuum by means of a Lie-Backlund symmetry.
The existence of this additional symmetry is mainly due to
the fact® that because of the Bianchi identities the vector

S, = /24 has to obey
sa;a = 09 Sa(sa,b - sb‘a) - 0 s (6-2)
and that in two dimensions (orthogonal to £ and %) the

second part of these equations implies that s, is a gradient.
The field equations

R, =5,5,, 5°,=0 (6.3)
then admit the symmetry with generator
X8 = Q[8a — (W/WH{n,n,E7€,

+EaboMNn — (Mo + EaM)E™,3] . (64)

Xs, =71 ,, (6.5)
where the functions 7 and () have to satisfy
7, =0, (6.6)
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Q= W /W W) (7" W5, + 5 Wty — 175, W,)
(6.7)
and the invariant W is defined by

WZ = §"§nnana - (5"77" )2 . (6'8)
This symmetry is in fact a Lie point symmetry, and it can
easily be exponentiated. The finite transformation is best giv-
en in coordinates adapted to the Killing vectors £ = J, and
1 = d,, i.e., in terms of the line element
ds* =eM(dz* —dt?) + We¥(dx + Ady)*> + e~ Y dy*],

(6.9)
cf. Ref. 6. All metric functions except M are invariant, and
the finite symmetry transformation is

M=M+Q, §=s+er, (6.10)
where 7 satisfies (6.6) and ﬁ is to be determined from
2W
W, W

+62(7-"'W_"1-’a_7—'"1-_,,wa)] * (611)

(The existence of the possibility of generating the vacuum
from the perfect fluid by choosing er = — s was first no-
ticed by Tabensky and Taub® and Wainwright et al.'®)

Q,=

,a

[26(r " Woass +5"Wor o — 75, W,)

VIIi. CONCLUDING REMARKS

It is clear from the examples given above that the Lie—
Bicklund symmetries provide a framework to understand
and to classify other classes of solutions and generating tech-
niques, too, e.g., for Einstein-Maxwell fields. Here we want
to give an example of a different character.

If one sets out to linearize, e.g., the Einstein-Maxwell
(or vacuum) equations on a given background (g,,.F,,),
then one usually starts with an ansatz

gab=gab+6.fab’ Faszab+€¢ab’ (71)

where the parameter € indicates that f,, and @,, are small
and that products of these terms are to be neglected. Obvi-
ously the linearized field equations then coincide with the
conditions that £, and @,, are components of a symmetry
generator X, the difference being only that in the context of
symmetries the fields g, and F,, are arbitrary whereas when
linearizing one usually starts from a fixed background.

One sometimes is interested to find out whether (and for
which background fields) the solutions of the linearized field
equations are also solutions to the exact field equations, i.e.,
whether g, and F,, are exact solutions. From the symme-
tries’ point of view the answer is simple. In the notation of
Sec. II, the question is when

V,=V +eW,, W,=XV, (7.2)

is the solution to Eq. (2.7), and the answer is that (7.2) is the
solution only if W, does not depend on €. That is, the solu-
tions f,,@,, are solutions also of the exact equations with
background g, .F,, if

XXg =Xf0p =0,
XXF,, =X¢,, =0

(71.3)

holds. An example where this problem is discussed (without
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referring to symmetries) can be found in Xanthopoulos.'!

The result that so many solutions can be understood,
and could have been found, in terms of Lie-Backlund sym-
metries makes one hope that more new solutions can be ob-
tained by exploiting this method.
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The spinor structure associated with the local gauge group GL(4,R) of the nonsymmetric
gravitation theory (NGT) is based on a spinor wave equation constructed from a vierbein, a
GL(4,R) spin connection, and the infinite-dimensional irreducible representations of the
universal covering group .%.% (4,R) of the noncompact group SL(4,R). The multiplicity-free
irreducible representations of .~.#” (4,R) correspond to bivalued spinorial representations of
SL(4,R) that contain an infinite number of half-odd integer spin particles. By adjoining the
translations 77, the extended group ./ = T, X GL(4,R) replaces the Poincaré group #. The
properties of the mass spectrum are obtained from an infinite-component wave equation and
the physical spinor field consists of an infinite sum of finite, nonunitary representations of the

Lorentz group.

I. INTRODUCTION

The classical nonsymmetric gravitation theory (NGT)
has been developed in a series of papers'~ in which it has
been shown that the macroscopic predictions of the theory
are consistent with observational data. The local gauge
group of general relativity (GR), associated with the four-
dimensional fiber bundle, is the homogeneous Lorentz
group SO(3,1). In NGT, the gauge group SO(3,1) is ex-
tended to a larger gauge group U(3,1,Q), based on the hy-
perbolic complex ring of numbers 2, which is isomorphic to
GL(4,R). Moreover, we find that a complete dynamical so-
lution of space-time can be achieved within the classical
framework of NGT. It is mainly for these reasons that an
intensive study of the consequences of NGT has been pur-
sued. In the following, we shall investigate the role played by
spinor fields in NGT.

In GR the introduction of a pseudo-Riemannian metric
reduces the structure group of the frame bundle from
GL(4,R) to the group of transformations SO(3,1) that pre-
serves the metric. In NGT, the underlying mathematical
structure of the theory can be formulated in a real eight-
dimensional fiber bundle space which has a hyperbolic com-
plex structure imposed upon it, generated by a complex op-
erator E satisfying E? = + 1.5° The hyperbolic complex
number system forms a ring and not a field as with ordinary
complex numbers. The subgroup of GL(8,R) of the eight-
dimensional fiber bundle space that preserves E is isomor-
phic to GL(4,R)XGL(4,R); this group reduces to
GL(4,R) when a metric is introduced. Thus the group
GL(8,R) reduces to GL(4,R) XGL(4,R) when it is re-
quired that VE = 0, where V denotes the covariant deriva-
tive with respect to the connection in the fiber bundle. The
introduction of a metric g in the fiber bundle, which satisfies
Vg =0, then reduces GL(4,R) XGL(4,R) to GL(4,R).
This latter group preserves the nonsymmetric fundamental
tensor g,,, (u,v =0,1,2,3), which decomposes according to

gyv =g(yv) +g[,w1: (11)
where
g(;tv) = £(guv +gv,u)) g[y.v] = 5(gyv —gvp)' (12)
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In (1.1), gy, is a pure imaginary skew tensor g,,,, = €a,,,,
where @, , is a real quantity and € = + 1. Thetensor 8uv 18
hyperbolic complex Hermitiang,,, = §,,,- Theinverse of g,,,,

is defined by

guv ov = V#gvo =6‘;' (1'3)

For a sesquilinear, hyperbolic complex-valued g,,,
there exists a Jocal GL(4,R) gauge symmetry, which corre-
sponds to “orthogonal” (i.e., g,, preserving) rotations of
the generalized frames. It should be stressed that, in NGT,
the GL(4,R) appears as an internal symmetry group, which
is not a priori related to the linear subgroup GL(4,R) of the
group of general coordinate transformations € over the
four-dimensional space-time manifold M, (group of diffeo-
morphisms) under which NGT is invariant.

It is only in NGT that the group GL(4,R) appears cor-
rectly as the local gauge group of the fiber bundle in the space
of anholonomic coordinates. This is in complete analogy
with the existence of the Lorentz group SO(3,1) as the local
gauge group of GR.

We can define hyperbolic complex vierbeins by means of

e, =Re(e;) + €Im(ey), (1.4)
where a = 0,1,2,3. The sesquilinear form of g,,,, is given by
8. = €LET,,. (1.5)

Here n,, = diag(1l, — 1, — 1, — 1) is the Minkowski flat-
space metric and &, is the complex conjugate of the hyperbo-
lic complex vierbein e, . This formalism has been extended to
an n-dimensional space.”'® It has been proved that in the
linear approximation to the field equations of NGT, the hy-

perbolic complex structure is free of ghost poles.!!1

Il. GEOMETRICAL STRUCTURE OF NGT
The hyperbolic complex vierbeins e, obey

ey =8), ejeb =5 (2.1)
and satisfy (e, , = d,e})
€io+ (@,)e, — Wh,e5 =0, (2.2)

© 1988 American Institute of Physics 1655



where o, is the spin connection in NGT and Wﬁ,, is the
nonsymmetric affine connection defined by

Wi, =Wi., +W

(uv) [uv] (23)
The skew part W{,,, is pure imaginary, W{,,,=€L{,,,
(L {,,, s a real skew-symmetric tensor).

We can solve for W in terms of e and :
Wa'/lp =g6p W?ﬂ. = Nab (Daeg.)é;’::’ (2~4)
where D, is the covariant derivative operator defined by

D,e;, =e,, + (0,)ce. (2.5)
By differentiating (1.5), we obtain

8uvio — 8o Who — 8up I7V’,’,(7 =0, (2.6)
where we have used the condition that

(05)ca = ~ (D5 ge- 2.7

Thus the spin connection (@, )., is skew-Hermitian in the
indices a and b. The connection Wﬁv is assumed to be Her-

mitian: #7%, = W, giving the compatibility condition

g,uv.a - gpv WZU - gyp ng =0. (2'8)
A group of isometries is defined by
e; = e ()3, (2.9)

where Uis an element of GL (4,R ) that leaves the fundamen-
tal form g, invariant. Moreover, the connection W will re-
main invariant under the transformation (2.9) provided we
satisfy the non-Abelian transformation

(0,)5 - [V, U™ — (8,0D)U']5. (2.10)

A curvature tensor can be defined by

([D..D. 1) = (RL)5, (2.11)
where

(R, = (@,)5, — (@,)5, + ([@,0,])5.  (2.12)
In terms of the transformation (2.10) with

(U5 =m0 (Din, (2.13)
we have

(R,)5-U2(R,)G(UHs. (2.14)

The curvature tensor in holonomic coordinates is given
by

R%,,., = (R,)ieze, (2.15)
and the scalar curvature takes the form
R =e"&"%(R,,), (2.16)

The action for the theory in the absence of matter is

Sg = —Tgizjd"xle(x)m(x), 2.17)

where || = (e&)'/? withe = det(e;) and G is the Newtoni-
an constant of gravitation. A variation of the action (2.17)
with respect to  and e yields the field equations

[lel(euaévb ___eva'éub)],v 4 |e|[(a)“)'c’(e““é"”—— evaépC)
+ ()% (€78 — &%) ] =0, (2.18)
R.. =0, (2.19)

where
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R, =2"(R,.) 0. (2.20)
By contracting (2.18) over the indices @ and b, we obtain

[lel(e*e; — e &) ], =0, (221)
which is equivalent to

((—g)'/%g"), =0. (222)
Ili. SPINORS IN GL(4,A) SPACE

In GR a spinor transforms according to the law

Y=Y +8.9, S.9= —£9,9, (3.1)

where £7 (x) is defined by the infinitesimal transformations

x7>x7 4+ £7(x). (3.2)
The ¢ belongs to a finite-component nonunitary spinor rep-
resentation of the universal covering group ¥ & (3,1)
~SL(2,C) of the Lorentz group. Under infinitesimal Lor-
entz transformations with the coefficients a,, (x)

= — a,, (x), aDirac spinor transforms under the infinitesi-
mal Lorentz transformations according to

S = —la,o'®y, (3.3)
where the six generators o!?°! can be constructed from the
Dirac matrices y" = Vv using the (real) vierbein V', de-
fined at every point x = x’ by

e - (Zw)

ax*
The X° correspond to a set of anholonomic coordinates that

are locally inertial at x = x’. The Dirac matrices satisfy the
rules

{Va")/b} = 27}"", ol = — i[?’aﬁ’b]

In NGT, the covariant derivative operating on a spinor
1 is defined by

D (%) = [, + (@, (X)) 2= |9(x), (3.6)
where ¥(x) transforms under the group of transformations
of GL(4,R) as an infinite-component spinor. The GL(4,R)
representations whose O(4) reduction yields multivalued
representations become single-valued for the covering
groups ¥ .7 (4,R) and & (4). The double covering of the
group ¥ .2 (4,R), taken as a matrix group, exists only for
infinite matrices.-

The generalized Dirac scalar operator is defined by

DxX)Y(x)=Y°D ,(x)¥(x)
=g"%.,. YYD, (x)¥(x).

In (3.6) we have

(wo (x))ab = (wo (x))(ab) + (wa (x))[ab 1K

Sob = (@b 4 ylab]
The Y* are algebraic operators determined by an infinite
irreducible representation of the algebra GL(4,R) and the
3% are the 16 generators of the noncompact group
GL(4,R).

For a generic infinite-component spinor ¥, which can
represent a spinor ¥ or a Rarita~Schwinger spinor carrying a

(3.4)

3.5)

3.7

(3.8)
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“world” suffix ¢, the infinite-component wave equation, in
NGT, takes the form'®

(iZ (x) — k)¥(x) =0, (3.9)

where « is a constant. The action for NGT now takes the
form

S=25r + Sy, (3.10)
where Sy is given by
Sy =fd4x V(x)(iD (x) — k)¥(x). (3.11)

IV. PROPERTIES OF THE GROUP GL(4,R) AND THE
ALGEBRA SL(4,A)

The generators £, of the noncompact group GL(4,R)
can be split into the one-parameter group of dilations and the
SL(4,R) group, with the latter being the group of volume
preserving transformations in a nonsimply connected pa-
rameter space. We picture the group elements of GL(4,R)
as being described by 4 X 4 matrices. Then the subgroup of
dilations consists of constant, diagonal matrices that com-
mute with those of the semisimple noncompact Lie group
GL(4,R). The maximal compact subgroup of GL(4,R) is
SO(4) and the universal covering group of SL(4,R) is
Z % (4,R), which has the same Lie algebra as SL(4,R).
Here . .% (4,R) is simply connected and contains the maxi-
mal compact subgroup ¥ & (4), which is isomorphic to
SU(2) XSU(2). The factor group of ¥.¥ (4,R) with re-
spect to Z, is isomorphic to SL(4,R):

&L (4,R)/Z,~SL(4,R).

Moreover, . .% (4,R) and .¥ & (4) are the double-covering
groups of SL(4,R) and SO(4), respectively. The complete
center Z, of “.% (4,R) gives the factoring .%.% (4,R)/
Z,~S0(3,3). The spinor representations, in NGT, are the
infinite-dimensional irreducible representations, which are
double-valued representations of SL(4,R). The fact that in-
finite-dimensional multivalued spinor representations of
SL(4,R) exist was proved by Ne’eman.'® The homogeneous
Lorentz group SO(3,1) is a subgroup of SL(4,R) and, con-
sequently, the Lorentz double-covering group
KZ 0 (3,1) =SL(2,C) is a subgroup of ¥.¥ (4,R).

We identify 2|_,; = M, as the six generators M,
of the homogeneous Lorentz group formed from the angular
momentum operators J; and the boost operators K;
(i = 1,2,3). The remaining nine generators of SL(4,R) are
the shear tensor S, wWith Tr(S,,, ) = 0. The dilation gen-
erator S and the nine generators.S,;, together determine the
ten generators 2 ,,, . The commutation relations of the alge-
bra SL(4,R) are!*"®

My \Mica 1] = — i(NacMpa ) — NaaM e
— NoeMiaa 1 + MaMac1)s
(M 15Sccar ] = — i(NacSoay + MaaSioer

— NpeStady — MoaScacy s
[Scavy Sceay ] = iNacMipa y + NaaM pe

+ NoeMiaa ) + MoaMac))-

4.1)

(4.2)
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We can write the commutation relations (4.2) in the more
compact form

[Kab’ch] = h]chad - inachb’ (43)

where K, = S, and K, | = 24 ; = M|, |. From the
commutators with the angular momentum generators
Y =164 M) (5 j,k=12,3) that form the subalgebra
SU(2), we find that the S ,,, separate into J = 2 associated
with the S 4,, J = 1 associated with the S ;,, and J=0
associated with the Sy, The generators 2£°° of the algebra
GL(4,R) are given by

2 =4(Mj + S5 +16:8) (4.4)
and satisfy the commutation relations
[Eab9zcd] = inbczad - iﬂadzcb' (45)

SL(4,R) has the subgroup SL(3,R) that exists in the
spatial subspace of Minowski space. The latter group has
eight generators formed from the angular momentum opera-
tors M(;;, (i,j=1,2,3) and the five shear operators S,
which transform under the subgroup SO(3) of SL(3,R) asa
quadrupole operator. The noncompact subgroup SO(3,3)
possesses the compact subgroup SO(3) XSO(3) with the
double covering SU(2) X SU(2). The generators of the lat-
ter group can be constructed as follows:

(1 _
Ji _%eijkM[jk )+ %S(on:

(4.6)
2)
I =€ u M) — $S0n >

The Lie algebra SL(4,R) is isomorphic to the algebra
SO(3,3). The generators of SO(3,3) can be written in terms
of Dirac matrices.'® Let us introduce the notation

Vm = 71’7/2’7/39 - 1'1,5’,}/0’ - II’ m= 112’3’4:5( EO))69
4.7)

and set
QU — pylmym, (4.8)
The commutation relations for the algebra SO(3,3) read as
[Q[m"],Q [pq]] =h an('nql —h ranInq]
—h an [mpl + 4 qu [np]’ 4.9)

where the metric A™ is given by A™
=diag(—1,—1,—1,4+1,+1,+ 1). The SL(4,R) gen-
erators K°° that satisfy the commutation relations (4.3) can
be identified with the 15 generators Q'™

In NGT, the Poincaré algebra & is replaced by the alge-
bra & = T,XGL(4,R), where T, are the translations in
space-time. However, the algebra .« cannot be gauged di-
rectly by the fiber bundle structure in NGT. This situation is
analogous to GR, in which the Poincaré algebra & cannot
be obtained directly as a local gauge structure. The algebra
&/ can be used to obtain kinematical information about
masses in NGT since the momentum operator P, satisfies
P, P* = m® The algebra of 7 is obtained by supplementing
the commutation relations (4.2) with

[M[ab ch] =iy Py — Moo Py ),

[StasysPe] = — i(NaePy + Mo P — M P.),
[PasPy] =0, [SM)] =[580u]=0,
[SP,] = —iP,.

(4.10)
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V. UNITARY REPRESENTATIONS OF .¥ .7 (4,R)

Ne’eman and Sijagki!” have constructed a classification
of the multiplicity-free irreducible unitary representations of
SL(4,R) using the representations of the maximal compact
subgroup SU(2) XSU(2). Work on this problem has also
been done by Kihlberg,'® Speh,'® and Friedman and Sor-
kin.?® At present there does not exist a complete classifica-
tion of all the unirreps of SL(4,R). We shall list the classifi-
cation for the multiplicity-free set obtained by Ne’eman and
Sijagki'”:

(i) the principal series,

D™ (ex)1J2): LR,

i1=0,4,=0, {|J)|+]%|}=0 (mod?2),

jl = 1’ j2=0’ {I J1| + I‘IZ|}El (mOdz)’
(ii) the supplementary series,

D*®(e;jvia), leldl, =1, =0
(iii) the discrete series,
gdisc(j’O) and gdisc(o,j),

{J} = %9153)21"‘ | Jll - I J2l>j’
(iv) the ladder series,
g4, {j} =04, |L|=|hl=j+]|Z]|

The j,, j, denote the coordinates of the lowest .~ ¢ (4)
submultiplets. Also, e = e, + le,, €,,6,€R, where e denotes
the ¥ .% (4,R) representation label.

The second-order Casimir operator for *.%"(4,R) is
given by

(5.1)

| il + | J2o|=j (mod 2);

C,=K, K= —4+1(e, +ie,)”. (5.2)
The C, for the principal and ladder series is
C,= —4—1e, (5.3)

while for the discrete and supplementary series, we obtain
Co=—4+1(jo—1? (5.4)
and
C,= —4+14,

respectively, where j, = 1,1,3,2,... .

It has been noted by Ne’eman and Sijagki?! that the
£ .% (4,R) algebra commutation relations (4.2) are invar-
iant under the automorphism

Ji=J, K!=iN, N;=ik,, (5.6)
where N, = S, and the ( J,,iK;) make up a new compact

algebra SO(4)’ and the (J,,iN;) make up the algebra
SL(2,C)".

(5.5)

VI. DYNAMICAL FIELD EQUATIONS OF NGT

The field equations, in NGT, obtained from a variation
of the Lagrangian density, including a matter Lagrangian,
take the form in holonomic coordinates,?

G,,(W) = 87GT,,, (6.1)
g[.uvl,v = 47SH, (6.2)

where G, (W) is the Einstein tensor, formed from the W
connection
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G, (W)=R, (W)~ g, . R(W), (6.3)

gl = (— g)"2%g and §* = (— g)'/2$* is a conserved
current density

$*, =0. (6.4)

The field equations (6.1) and (6.2) are invariant under
the group ¢ of nonlinear coordinate transformations (dif-
feomorphism group) in the base manifold, as well as the
Abelian U(1) (or R_ ) gauge transformation

W,=W,+4,, (6.5)

where W, is the torsion vector defined by W, = W7, .
This Abelian gauge invariance gives rise to the conservation
law (6.4) by virtue of Noether’s theorem. The four conser-
vation laws obeyed by the nonsymmetric energy-momentum
tensor T/ follow from the invariance of the Lagrangian
density with respect to the group of transformations % .

A possible model for $* is to interpret it as a fermion
number current density

S"=fon,.,

where the f; are coupling constants for the i species of fer-
mions and #n; is the number density of fermions; f has the
dimensions of a length. The coupling constants fand G set
two mass scales in NGT, f~'>10° GeV and
G ~ 2 = 1.2 10" GeV, where the latter mass scale corre-
sponds to the Planck mass. The precise value of the constant
Sfwill be determined by gravitational experiments.’ Thus we
can anticipate that, in NGT, the lowest mass scale is at
m = 0, corresponding to the standard hadron and weak in-
teraction mass scale, while there exists an intermediate mass
scale at >10° GeV before we reach the Planck mass scale
~10" GeV.

In NGT, we can choose a local inertial frame at a point
x = x' such that the metric tensor g,,, takes its Minkowski
values g,,,, = 7,,,- Accordingly, in the definition of the met-
ric tensor in terms of the (real) vierbeins E,,

8w =E;E577ab’ (6.7)

we have Ej, = §;, at the point x = x". The equivalence of
inertial and gravitational masses still holds in NGT,’ al-
though a new composition-dependent force occurs in the
post-Newtonian order of approximation that behaves like 1/
r>, which will cause test particles to fall at different rates in
the gravitational field of a spherically symmetric body. In
the local inertial frame, the NGT Christoffel symbol defined
by

(6.6)

A 1
{ ] == 7,(:10') (g(po),v + g(av),y, - g(/.w),a)’ (6‘8)

uvl 2
where ¥ satisfies ' g,,, =85, will vanish at the
space-time point x = x'.

Vii. THE MASS SPECTRUM AND .~ 7 (4,A)

In standard relativistic quantum field theory, the phys-
ical particle states are characterized by their three-momen-
tum, spin, and mass and are Wigner’s basis states for a uni-
tary irreducible representation of the Poincaré group. The
fields transform as finite and nonunitary representations of
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GL (4,R) when tensorial and of SO(3,1)—or its double cov-
er SL(2,C)—when spinorial. We require that a Lorentz
boost acting on, say, a proton with J = | should increase its
linear momentum or velocity, but not change its nature. If
the proton field were associated with a unitary representa-
tion of SL(2,C), then the Lorentz boost would transform the
J =} state partly into a J =3 state which is unphysical.
Thus if we use unitary representations of SL(4,R), then the
Lorentz subgroup SL(2,C) will also be represented unitari-
ly, leading to unphysical results.

Infinite-component fields were first introduced by Ma-
jorana,’>*® who implemented the two irreducible represen-
tations of SL(2,C) to introduce an invariant, linear wave
equation

(iX* 3, — K)P(x) =0, (7.1)

where the operators X* close on the algebra
S P (4,R)=5¢(3,2) and the ladder representation of
Sp(4,R) is unitary and separates into the direct sum of the
two Majorana?*?® representations. Because of Major-
ana’s’>? use of unitary infinite-dimensional representations
of SL(2,C), Eq. (7.1) leads to unphysical results. The mass
spectrum predicted by Eq. (7.1) decreases in mass with in-
creasing spin, contrary to our experience. Infinite-compo-
nent wave equations were studied by Barut,>* Fronsdal,?
and Nambu?® in the context of the hydrogen atom using
representations of SO(4,2) and the correct hydrogen spec-
trum was obtained by fixing certain parameters in the non-
relativistic limit.?” Relativistic field theories of infinite-com-
ponent fields have been studied®>-?*?° and various potential
difficulties inherent to a particular form of these theories
have been noted: (i) problems with spin and statistics and
the associated PCT theorem, and (ii) spacelike solutions
with P, P# <0. These difficulties can all be associated with
the use of unitary infinite-dimensional representations of the
Lorentz group.

A new motivation for studying infinite-component
fields and noncompact groups comes from recent develop-
ments in string theories,>**! in which the boson string or
superstring spectrum is generated by infinitely many excited
particle states with all spins.

Let us now consider the GL(4,R) invariant wave equa-
tion

((Y* 3, + K(x) — k)gp(x) =0, (7.2)
where the operators Y# and ¥(x) take their values in the

Hilbert space 57 of the representations of .%.% (4,R) and
the operator-valued function K(x) is

K(x) = Y¥a, (X)), . (7.3)

The mass spectrum and its mass scales depend on the form of
K(x). The specific dependence of K (x) depends on the solu-
tion for (w(x),, ) ,,—the NGT spin connection—which is de-
termined by the field equations. This is analogous to the situ-
ation in quantum electrodynamics, in which the minimal
coupling assumption

8,—3, + ied, (x) (7.4)

is used in the Dirac equation, where the potential 4* (x) is
determined by Maxwell’s equations.
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The skew part of the spin connection (@, (X)), ;» in
(3.8), is associated with the gravitational field whose cou-
pling constant G possesses the Planck mass scale
G~ Y2=1.2x10" GeV, while the symmetric part
(@, (X)) (as) is proportional to the NGT coupling constant f
that measures the strength of the coupling of g, ; to matter.
The latter coupling constant has the mass scale f~'>10°
GeV. We expect that there will be three mass scales in NGT,
namely, m = 0, m>10° GeV, and m ~10'° GeV.

In the case of the standard treatment of the Dirac equa-
tion, each particle is labeled with a mass m and a spin Jin
terms of the four-component Dirac spinor. Each particle, in
NGT, is labeled by the two spin variables j,, j, associated
with the compact subgroup & (4) =SU(2) XSU(2). It
has been shown that a Lorentz invariant infinite-component
wave equation with a local spinor field that is an infinite
unitary irreducible representation of SO(3,1) ~SL(2,C)
has a degenerate mass spectrum.*?=3* A field theory with an
infinite-component field that is associated with a unitary
representation of the Lorentz group that is invariant under
Lorentz transformations violates locality unless the masses
in the towers of particles are all degenerate. This theorem
will also hold true in our case if we extend the transformation
group SO(3,1) to that of GL(4,R). This difficulty can be
circumvented in the following way. As noted in Sec. V, the
commutation relations (4.2) are invariant under the auto-
morphism (5.6). We can use the “Weyl unitary trick™ (5.6)
to convert the irredicible representations of ¥ (4)
=~SU(2) XSU(2) into nonunitary finite representations of
the Lorentz group SO(3,1).%! The boost operators K; be-
come anti-Hermitian operators under the unitary trick ana-
lytic continuation. Once the finite nonunitary representa-
tions of SO(3,1) are identified correctly, the physical spinor
field representations will be described by infinite sums of
finite, nonunitary representations of the Lorentz group.
Only nonunitary spinor representations in SO(3,1) have a
physical meaning because the scalar density ¢' ¢ = E /m has
the correct boosting property. The anti-Hermitian intrinsic
spin pieces cancel in the angular momentum operator, so
that the boost acts only orbitally, as in the case of standard
finite-component spinors. This avoids the unphysical excita-
tion of a given spin state to other spins and masses.

We are required to decompose the infinite-dimensional
representations of SL(4,R) into those of ¥ ¢ (4), while at
the same time we implement the unitary trick to obtain the
infinite sums of physical nonunitary, finite spinor represen-
tations of the Lorentz group. The unitary trick corresponds
to the transition from an Euclidean space to the Minkowski
space-time with the signature (1, — 1, — 1, — 1). We could,
as an alternative, have started with nonunitary infinite-di-
mensional representations of SL (4,R )} and proceeded direct-
ly to the infinite sum of nonunitary, finite representations of
the Lorentz group. However, working with the unitary trick
accomplishes the same results and the classification of uni-
tary irreducible representations of SL(4,R) is more com-
plete at this time.

This decomposition scheme avoids all the standard
problems associated with infinite-component spinor equa-
tions; the infinite-component field theory will be free of any

J. W. Moffat 1659



fundamental difficulties such as spacelike solutions and
spin-statistics problems.

Cant and Ne’eman'® have presented an SL(2,C) invar-
iant, infinite-component wave equation with a spinor that is
a unitary irreducible representation of .¥ .7 (4,R) given by
Dy jo)sfor jy=pi+ 1, =00r j; =0, =p, + 1,
where p, = — 1,433,..., 7, =0, and | j, —j,|>p, + 1. The
physical spinor particles will be described by ¥(x)
:gdiSC(%’O) ® gdiSC(O,% .

The Y# operators that take values in the Hilbert space
# of the representations of SL(4,R) transform as an
SL(2,C) vector, i.e., we demand that Y # be a covariant vec-
tor only under Lorentz transformations. With this require-
ment the .¥.% (4,R) towers of particles that make up the
representations describing ¥ are not mass degenerate and the
field theory underlying this formalism should display local-
ity.

Ne’eman and Sijacki®® have shown that the spin content
described by ( j,, j,) in the SL(4,R) unirrepsin (5.1) can be
used to provide a shell-model-like description of the baryon
and meson resonances for each flavor. The infinite-dimen-
sional representations of the subgroup SL(3,R) have been
shown to be associated with a Regge behavior.3”*® This
scheme provides a phenomenological basis for the towers of
particle states at the lowest mass scale. The hadron descrip-
tion that emerges from this program complements the dy-
namical calculations based on quantum chromodynamics.

Viil. CONCLUSIONS

The nonsymmetric gravitation theory possesses the lo-
cal gauge symmetry GL(4,R) with a spin connection that is
constructed from the 16 generators 2*° of GL(4,R). Multi-
valued spinor representations of the unimodular group
SL(4,R) exist only for infinite irreducible representations of
SL(4,R) and its covering group .* . (4,R). This represents
afundamental departure from the physics of Einstein’s theo-
ry of gravitation. The particle spectrum of NGT consists of
infinite towers of particles with all spins, whereas GR is con-
sistent with a finite number of particles that are described by
nonunitary representations of SL{2,C). This picture of the
particle spectrum in NGT, which is forced upon us by the
nature of the covering group of . %" (4,R), is similar to the
one predicted by string theories. The GL(4,R) symmetry of
NGT is broken down to the experimentally observed Lor-
entz invariance corresponding to SO(3,1), with the associat-
ed finite nonunitary particle representations displaying mass
splittings. The infinite-component wave equation is Lorentz
invariant, with spinors that are described by infinite sums of
finite nonunitary representations of *.% (4,R).
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A gauge formulation of gravity, based on the notion of the connection of Cartan, is given. The
Cartan connection involves two principal fiber bundles P and P’ with groups G and G,
respectively; G’ is a subgroup of G and can be regarded as a symmetry group to which G is
broken. When the differential form defining the connection in P gives absolute parallelism in
P’, one speaks about the Cartan connection. General geometric framework is specialized to the
case in which G is the de Sitter group SO(4,1) and G’ is the Lorentz group SO(3,1). The
action of the Yang-Mills type is similar to, but not identical with, the action derived earlier by
Townsend. The field equations in P are translated into a system of coupled equations for
curvature and torsion in P’. Under contraction of SO(4,1) to the Poincaré group ISO(3,1),
and for vanishing torsion, the equations become Yang’s equation and Einstein’s equation in
vacuum. The BRS invariance of the theory, supplemented by Faddeev—Popov and gauge fixing

terms, is analyzed in some detail.

I. INTRODUCTION

Early attempts to formulate gravity as a gauge theory
emphasized the similarity of the gravitational field and the
non-Abelian field of Yang and Mills.! Geometrically, the
Yang-Mills field potential can be identified with the connec-
tion form in a principal fiber bundle P(M,G) with structure
group G over space-time M. Since all known gauge formula-
tions of gravity assume that the Lorentz group O(3,1) is
contained in G, the bundle P is then the bundle L(M) of
frames, and the connection in Pis a linear connectionin L. In
contrast to P, in which only connection form w is defined, L
is also endowed with the canonical form (solder form) 6.
That the gravitation, regarded as a theory based on @ and 6,
is richer than other gauge theories has on various occasions
been stressed by Trautman.? A comprehensive discussion of
gauge treatment of gravity can be found in the review of
Ivanenko and Sardanashvily.?

In a different yet related context, gauge invariance is
obtained as a consequence of the spontaneous breaking of a
larger symmetry.* The massless gravitational field emerges
then automatically as the corresponding Goldstone field.
Typical examples are provided by breaking of the general
linear group GL(4) to SO(3,1),° the Poincaré group
ISO(3,1) to SO(3,1),% and the de Sitter groups SO(3,2) and
SO(4,1) to SO(3,1).” The last two schemes, involving the
Poincaré and de Sitter groups, enjoy a special feature, not
shared by GL(4). To explain it, denote the initial symmetry
group as G and the subgroup to which G is broken as G".
When G is identified with ISO(3,1), SO(3,2), or SO(4,1),
and G’ is identified with SO(3,1), then dim(G/
G') = dim M, the dimension of space-time. This, however,
is one of the ingredients of the soldering condition to M of a
fiber bundle E(M,G /G ’,G,P) with fiber G /G’ associated
with P(M,G).% Corresponding to two structural groups G
and G, one obtains two principal fiber bundles Pand P'; P’
C P. A connection in Pis called a connection of Cartan®? if it
satisfies the following condition: the differential form @ de-
fining the connection in P gives absolute parallelism in P’.
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[ The last phrase simply means that dim G’ + dim(G /G"’)
vectors form a basis of 7, (P') for every u €P’.] The notion
of a fiber bundle with Cartan connection has become of con-
siderable interest in physics as a basis of geometric descrip-
tion of gravity'® and strong interactions. '

We note that the de Sitter gauge theory of gravity was
already discussed earlier, starting with the papers of Town-
send'? and MacDowell and Mansouri.'* From a geometric
viewpoint, however, Townsend works with the bundle
P(M,S0(4,1)) facing interpretive problems of the form &,
which exists only in P(M,SO(3,1)). Furthermore, Town-
send’s action, in which the group indices are contracted with
the aid of the unit metric in the tangent plane, is not of the
Yang-Mills type, as advocated in this paper. MacDowell
and Mansouri, on the other hand, construct an action invar-
iant under SO(3,1), and not under SO(4,1).

The purpose of this paper is to set up a general frame-
work to describe gravity in terms of the gauge formalism on a
fiber bundle with Cartan connection. In this description, the
metric tensor will be regarded as an auxiliary quantity to
satisfy general covariance”'* and is considered as a certain
background without dynamical role. Such an approach, in
which only the connection forms are regarded as dynamical
fields, allows us to bypass the problems of ghosts and ta-
chyons that appear in metric theories linearized about the
Minkowski metric.'* On the other hand, when the theory is
supplemented by the Faddeev—Popov (FP) ghosts and aux-
iliary gauge fixing fields, it becomes a quantum gauge theory
satisfying the unitarity postulate for the S matrix.

The remainder of this paper is organized as follows. In
Sec. 11, we outline the formalism of Cartan connection. The
specification to fiber bundles with the de Sitter structure
group is the subject of Sec. I1I. This is followed, in Sec. IV, by
a formulation of the gauge theory based on SO(4,1). Al-
though SO(4,1) yields ISO(3,1) under contraction, the re-
sulting theory is quite different from the existing theories'®
based on gauging of the Poincaré group. Rather, it is remi-
niscent of the theory of Lépez'” with a quadratic Lagrangian
in curvature and torsion. The field equations of our theory
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are obtained from a Lagrangian having the Yang—Mills
form. One can contrast this approach with the Yang theory
of gravity.'® In both formulations, the Lagrangian is qua-
dratic in curvature. While Yang’s theory uses the curvature
of the connection in P’, we use the curvature of the Cartan
connection. In Sec. V, we introduce the FP fields and discuss
the Becchi, Rouet, and Stora (BRS) transformation. In the
spirit of the findings of Kugo and Ojima,'® the BRS invar-
iance is regarded as an underlying principle for constructing
a quantum gauge theory.

. CONNECTIONS OF CARTAN

A convenient starting point of our discussion is the de-
finition of soldering of a fiber bundle E (M, F,G,P) with fiber
F associated with the principal fiber bundle P(M,G).?° In
conformity with Ehresmann?’ and Kobayashi,®
E(M,F,G,P) is soldered to M, if the following conditions are
satisfied.

(s.1) G acts on F transitively; F can be identified with
thehomogeneousspace G /G ', where G ' is thestability group
at a point o of F.

(s.2)dim F=dim M.

(s.3) The structure group G of E can be reduced to G .
(When E is considered as the fiber bundle with the structure
group G, it will be denoted as E’; similarly, P’ denotes the
principal fiber bundle associated to E'.)

(s.4) If T, (M) is the tangent space of M at x and
T*(M) is the space of all tangent vectors to F,, then for x
running through M one can identify 7', (M) and T *(M) by
an isomorphism.

Let & and ¥’ be the Lie algebras of G and G, respec-
tively. A homogeneous space F = G /G’ is called weakly re-
ductive, if there is a vector subspace ¥ satisfying the condi-
tions

G=9"+7 n

(9. F1CF. (2)

For a weakly reductive homogeneous space F = G /G’ a
fiber bundle E is soldered to M, if and only if there exists an
Z -valued linear differential form & on P’ with the following
properties.

(6.1) If XeT(P’) and 8(X) =0, then 7w(X) = 0; 7 be-
ing the projection of P' onto M.

(0.2) 8(Xa) =a"'6(X)a, XeT(P'),
(6.3) 8(Xa) =0, XeP', acT(G').

Let us now assume that a connection in Pis defined by a
one-form & with values in % . Since P is an extension of P’,
there exists an injective map y: P’'— P. Then the pullback
@ = y*@ (the restriction of the form @ to P') is a % -valued
linear differential form; @ does not give a connection in P’,
because it is not &' valued. A connection in P defined by @ is
called a connection of Cartan, if the restricted form @ satis-
fies the following condition: If X'e7T(P’) and @ (x') =0,
then X' is the zero vector. This implies that @ defines an
absolute parallelism in P’.

aeG’.
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Let
w=w-+0 (3)

be the decomposition corresponding to Eq. (1), sothatwisa
%'-valued form on P’ and @ is a .% -valued form on P’'. If
F= G /G’ is weakly reductive, then Eq. (3) expresses the
correspondence between a connection of Cartan in P and a
unique pair of a connection form w and a solder form @in P’.

The structure equation of the Cartan connection reads

Q=db+}[3,8] . 4

By restricting both sides of Eq. (4) to P’ and by comparing
the &' -components and the % components, we obtain

Q=0, —14[68]s , (5)

®=df +1i[0,w] +i[w0]. (6)
Here

Q=do + {[ow] (7)
is the curvature form of the connection in P’, and

O=0, —1[60], (8)

is the torsion form of the connection of Cartan.

If, in addition to Eqgs. (1) and (2), the condition

(¥, F]1Cc¥’ 9
also holds, then ¥ is called a symmetric space. In this case—
to be dealt with in Sec. III—Eq. (8) simplifies to ® = Q .,
whereas ( is given by Q0 = Q. —1[6,8 ]. For the sake of
completeness, we mention that if the homogeneous space
F = G /G ' satisfies the stronger condition [.¥ ,.% ] = 0, then
® =0 and Q = Q.. In that case, a connection in P’ is
called a linear connection.

We shall denote by {X, } the set of generators of the Lie
algebra &, with the Lie brackets

[X4:X5] =fisXc. (10)
Following the notation introduced by MacDowell,?? the
generators of the subgroup G’ will be denoted by {X, } and
the generators of the coset space G /G’ will be denoted by
{x, }. Interms of the set {X, }, the connection form and the

curvature form of the Cartan connection in P can be written
as

(11)

where the one-forms & and the two-forms 0 are related by

Q4 =do + ) f- " N&°. (12)

InP’, Eq. ( l2lcan be rewritten in terms of the pulled back
forms @* and (4. As in Eq. (3), we first write

' = o™X, + 04X, , (13)

where w? and 8 4 are the connection forms and solder forms
on P’'. Furthermore, we set

Q, =0%%,, O, =0'X, . (14)
Then, in P’, after splitting into the components 4, and 4,
Eq. (12) becomes
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% =do™ + J(f i, 0" N0+ [ 07 AO%),  (15)

Q" =d0* + {(fhc, @™ NS + fi 0% NwS) . (16)

Equations (15) and (16) will allow us to relate the com-
ponents of the curvature of the Cartan connection in P to the
components of the curvature and torsion in P'.

111. FIBER BUNDLES WITH THE de SITTER STRUCTURE
GROUP

The de Sitter Lie algebra ¥ (4,1) has generators
M, = —M,,ab=0,...4, satisfying
[Mab’Mcd] = ”achd + nbdMac - ”adec - nbcMad )
‘ an
where

Ny =diag(l,— 1, —1,—1,—1). (18)

Let now M,, = /I1,, i =0,...,3, where ¢ is the de Sitter
length. Then

[MyMy] = n0My + 1My — 1My — 1My, (19a)
[M::My ] = a1l — 5,10, (19b)
[MLIL) = — (/)M (19¢)

where 7, =diag(l,—1,—1,—1,—1). In the limit,
/- », the algebra ¥ & (4,1) contracts to the Poincaré alge-
bra £ . ¢ (3,1). Equations (19) show that SO(4,1)/
SO(3,1) is a symmetric space. The structure constants /5
of & (4,1) are seen to have the form

[ = 1ab78] + 1 878; — ud78% — 787, (20a)
Sk = by — 167 5 (20b)
fon= — (/28087 . (20c)
Therefore, the Cartan metric tensor, defined as

Cis =ficf5p > (21)

is given as”®

o [c

Cij,k] _ [6(77i1"71k — M) 0 ]
Co; Cy ’

0 (6/¢%)7;
(22)

Let x*, g =0,...,3, denote local coordinates in M, the
space-time, and y* denote local coordinates in SO(4,1).
Then, since the bundle P(M,SO(4,1)) is locally trivial, the
pair (x*,y") defines local coordinates in P. In the (x,y) space
the one-forms & of the Cartan connection can be written as

' =atdx*+Chady. (23)
Here the forms dx* and dy* locally span the cotangent bun-
dle T*(P). Similarly, the curvature forms {24 are

Q4=1(R}, dx*Adx"+ R Ay dx* Ndy”
+ R4, dy®Adx® + Ric dyP Ndy©) . (24)

Because the curvature form is horizontal, the last three
terms in Eq. (24) vanish.?* This will be of importance in Sec.
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V, where we derive the BRS transformation for the gravita-
tional field. By choosing a section o: M- P, one can pull
back @ and £ to M. For simplicity, the pullbacks o*@ and
o*} will be denoted as & and 2.

We now restrict the forms @ and (1, defined on P, to the
bundle P’ = P’(M,SO(3,1)). The restricted forms, after be-
ing pulled back to M, become . & (4,1)-valued one-forms
defined on M; they are denoted @ and 2, respectively. Equa-
tion (1), specified to the de Sitter case, is

FI4,1)=56(3,1)+R,
whereas Egs. (15) and (16) become
09 = do + o} Ao’ — o} No™ — (1/26*)0°N 67, (26)
Q'=do'— o} NO*+ 0* N\, . (27)
The curvature and torsion tensors of the Cartan connection
(reduced to P’) are introduced through the equations

(25)

QY=1IRY, dx*Ndx, (28)

Q' =|T., dx*Adx". (29)
If we write

o'= —lol dx*, §'=¢, dx*, (30)
then Eqgs. (26) and (27) yield

k-zv = —4{RE + (2/%)ellel, (31)

T, =T,,. (32)
Here

R}, =3d,0! —3,0] + w0 — afo, (33)
and

T., =0d,6 — 3,6 +oj.e —w, e (34)

are the curvature and torsion tensors of the connection @ in
P’

IV. SO(4,1) GAUGE SYMMETRY

In this section, we consider a model of the classical grav-
ity, based on the local gauge group SO(4,1). By classical we
mean a theory without FP and gauge fixing terms. We define
a gauge configuration to be a Cartan connection @ on the
principal fiber bundle P = P (M,SO(4,1))over space-time M.
Once a section 0: M — P of Pis chosen, the pulled back forms
@, related to @ through @ = @ X ,, define the potentials in
gauge o. For each point u € P, the vectors {d,,D,} span
T,(P); {a,,} are coordinate basis vectors in M, whereas
{D,} are the fundamental vector fields corresponding to
X .2 Alternatively, another basis is provided by {D,,D,},
where

D,=4, +w.D,

are the horizontal lifts of d,,.
Under the action of an infinitesimal group element
U=exp(e'D,)=1+¢€'D,, (36)

the connection coefficients @;; (gauge potentials) transform
as

(35)

Andrew Zardecki 1663



85 = — (D,)se®= — (3,88 + 35 &), (37)

where the second line of Eq. (37) defines D, in the adjoint
representation of the group. On the other hand, the curva-
ture coefficients (gauge fields)

R2, =0, 3,68 + fa-ataC (38)
transform tensorially under U:

To write the field equations for @, we use the Yang-
Mills Lagrangian density

L= — (k/2)C ;0 A+Q7, (40)

where « is a coupling constant and where the Hodge * opera-
tor defines the dual form *§2. In curved space, the Hodge
operation involves the metric g,,, , in terms of which Eq. (40)
becomes

L= — (x/4)C,38"'g " RARE |g|"2dx°\ -+ Ndx>.
(41)

We stress that, as in Ref. 7, the dynamical variables are the
gauge potentials @ that make up R 4., whileg,,, is a specta-
tor and does not participate in the dynamics. This viewpoint
also implies that a possible link between the metric and the
solder form in P’ can be established only affer* the variation
of the action based on the Lagrangian density given by Eq.
(41).

By making use of Egs. (33) and (34) and of the explicit
form of the Cartan metric, Eq. (22), the Lagrangian density
(41) can be expressed in terms of the connection and solder
forms in the fiber bundle P'(M,SO(3,1)). Dropping the in-
variant volume element, we obtain

L =3«[(1/2¢*) Ry, e¥e” + {R;, R

+ (1/2/4)8”'181'0(77,'177;1( — MMk )eLeieﬁeZ
— (17269, T”‘"] . (42)

v

i).uve

The interpretation of different terms in Eq. (42) was given
by Townsend.'? As mentioned in Sec. I, Townsend does not
use the Cartan metric to contract the group indices in Eq.
(41), but rather the diagonal metric 7,,; this results in dif-
ferent coefficients of the terms in the Lagrangian.

The Euler-Lagrange equations deduced by varying o}
in the action (41) are

,18""R 3/ b gl "R = 0. (43)

According to the decomposition of the Lie algebra
S & (4,1), described by Eq. (25), we can convert Eq. (43)
to a pair of equations in the bundle P’(M,SO(3,1)). By split-
ting Eq. (43) into components along the generators X, and
X,,, we obtain

V. (lgl' 2R 4 (2/ %) et e + (2/¢67) g * T =0,
(44)

V. (lg|'2T*) + |g|' (R ™ + (3/¢%)e™) =0, (45)
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where V, denotes the covariant derivative in P’ defined in
terms of »¥. Explicit formulas are

V,R#™W =39 R™ @, R +a, R, (46)

V.T*=38,T*" v, T*. 47)
As a consistency check, the same field equations can be de-
rived from Eq. (42), when the action is varied with respect
to oY and ¢,.

Let us now assume that g, = 7;¢., ¢, and that the con-
nection w}, is a metric connection, related to the vierbein
field in a standard way. If SO(4,1) is contracted to
ISO(3,1), and the torsion is required to vanish, Eq. (45)
yields the Einstein limit in vacuum. Equation (44), on the
other hand, becomes the Yang equation, the physical con-
tent of which was discussed by Fairchild.?® The theory de-
scribed by Eqs. (44) and (45) is therefore equivalent to Ein-
stein’s gravity when the de Sitter length is large. The
differences, which emerge only for small ¢ can be significant
in quantum gravity.

V. THE BRS SYMMETRY

We now supplement the Lagrangian of the Yang-Mills
(YM) theory by gauge fixing (GF) and FP gauge-compen-
sating terms. The total Lagrangian density for the quantum
gauge theory of gravity thus becomes

L=Lyy +Lge + Lgp , (48)
where

Lyy = — («/4)R R, (49a)

Lgr = @&13*B, + (2/2)B,B*, (49b)

Lep = —i3%C,(D,)5e%. (49¢)

Here ¢ and ¢ are the FP ghost fields, with Hermitian assign-
ment:

et=¢ =5 (50)
whereas B 4 are the Kugo—Qjima'® auxiliary fields. The pa-
rameter a in Eq. (49b) specifies the choice of gauge.

The presence of the Lgy and Lgp terms results in the
BRS symmetry of L, replacing the original gauge symmetry
given by Eq. (36). A geometric derivation of the BRS trans-
formation relies on vanishing of the last three terms in Eq.
(24). If, in addition, one imposes a constraint 8¢t = B4,
where § = dy” 3, , then the BRS equations read

8&t = (DA, (51a)
54 = — L fAEENEF, (51b)
5¢4 = iB4, (51c)
5B1=0. (51d)

In a similar way, the anti-BRS transformation is obtained by
considering a fiber bundle locally homeomorphic to
M xS0(4,1) xSO(4,1).”” The requirement that the curva-
ture form be horizontal then yields three more conditions
involving the anti-BRS operator §' = dy'* d,,
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8@t = (D)4, (52a)
5= — }faEENE, (52b)
8¢t + 8¢+ fACENE =0. (52¢)

Equivalently, Eq. (52c) can be written as
8= —fACENE —iB4, 8B = —fAcEABT.
(53)
As usual, the operators § and &’ satisfy the nilpotency condi-
tions

&7 =688 +686=686"=0. (54)

There are more general methods, based entirely on the BRS
symmetry, to construct the correct quantum Lagrangian
from the classical one.?® The Lagrangian given by Egs. (48)
and (49) is known, however, to be invariant under both the
BRS and anti-BRS transformations.?

Thus far, both the Lagrangian of the theory and the BRS
transformations have been written in the fiber bundle
P(M,S0(4,1)). To obtain the BRS equations in the bundle
P’(M,SO(3,1)), we follow the by now familiar procedure.
First, we restrict the FP forms ¢ and ZtoP'to get ¢ and C.
Second, similarly to Eq. (30), we write

= — el (55)

Then, after projecting Egs. (51a) and (51b) along the gener-
ators of ¢ (3,1) and R*, we obtain

¢=c.

808 =Vl + (2/¢6%)elic? , (56a)
del, =Vc' +elci, (56b)
8ci=2¢ Ac¥+ (17261 N, (56c)
8¢t =ci Nck. (56d)

Similar equations can be written in place of the remaining
BRS equations and the anti-BRS equations.

Finally, we note that the Noether currents J  and J 2" of
the BRS and anti-BRS transformations, as well as the ghost
current 7; ,'%2% can be introduced in a standard way:

Jz= -%Tafﬁ—)wv)géf ;a(aﬂa)f
+i-a-(;’—’;?—)ﬁﬂ (5T)
j a—(a‘?ﬁ—”wv)f"‘ B a(gfz,) 485 NE
a(aﬂcA) (fLCENEE +iB4)
a—(;%—)fm: BT, (58)
Je =i[c,(D,)Yac® —3,c,&] . (59)

As has been shown by Kugo and Ojima, '®?° the unitarity of
the .S matrix results when physical states are subject to the
following subsidiary conditions:

O |phys) = Q. [phys) = 0 ;|phys) =0
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(60)
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where the Qs are the charges associated with the Noether
currents. The initial proof, carried out for compact groups,
was already extended in Ref. 29 to the noncompact group
S1(2,C). In the absence of a formal proof for the simple, but
noncompact, SO(4,1), we follow the trend to recognize the
BRS invariance principle as a general procedure for gauge
theory.2®

An argument in favor of unitarity goes as follows. If 7/
denote the canonical momenta conjugate to @, the equal-
time commutation relations

(@7 (x,0), 72 (y,0)] =iC*%g,.,6(x —y) (61)
imply that the fields @] for x =0 and 4 = 1,2,3,12,23,31,
and for u = 1,2,3 and 4 = 0,01,02,03 are nonphysical nega-
tive-metric fields; this is similar to the situation encountered
in the quantization of the S1(2,C) Yang-Mills field.>® As-
sume now that by using the gauge freedom, one can elimi-
nate the fields E)ﬁ, where =12 and where
4 =0,3,01,02,03. Then, by following the proof of Kugo and
Ojima,"® one checks that the quartet mechanism—implied
by the BRS equations—Ileads to exact cancellation between
the nonphysical classical modes (longitudinal and scalar)
and the ghost modes. The remaining ten fields &, where
p=12and A4 = 1,2,12,23,31 are all positive metric. We also
note that a different construction of gauge theory of non-
compact groups was proposed by Cahill.3!

VL. CONCLUSIONS

We have formulated the gravity as a gauge theory with
the structural group SO(4,1) or its contraction®? ISO(3,1).
The natural setting for this theory is a fiber bundle endowed
with a connection of Cartan, and not a bundle of frames in
which one can define the forms of linear connection and of
soldering. In the bundle P (M,SO(4,1)) the torsion is thus
undefined; the only gauge fields of the theory being the com-
ponents of the curvature tensor. By postulating a quadratic
Lagrangian, we are thus led to Yang’s formulation of gravity
expressed in terms of the Cartan connection. In the restrict-
ed bundle P'(M,S0(3,1)), we recover a theory with torsion,
thus extending Einstein’s gravity. The quantum gauge theo-
ry—with the gauge symmetry taken over by the BRS sym-
metry—is also formulated naturally in P(M,SO(4,1)). To
include the matter fields, one can set up a gauge theory with
sources. A better method, however, seems to be provided by
supergravity; the theory would then remain sourceless.
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Discrete velocity Boltzmann models with three or four independent densities and only one
independent binary collision term are considered. As has been suggested, multiplying the
binary collision term by 1 + 7M, M being the total mass (the sum of all densities), one could
include ternary collisions. However, a phenomenological point of view is adopted, 7 being an
effective parameter for multiparticle collisions, while the restriction 1 + 73 > O ensures the
validity of the H theorem. Exact solutions for three (1 + 1)-dimensional models, the six-
velocity Broadwell model and the four- and the six-velocity planar models, are discussed. Both
similarity shock-wave solutions and (1 4 1)-dimensional solutions with two exponential
variables are obtained. These last solutions are either periodic solutions or infinitely weak

shock solutions.

I. INTRODUCTION

As a result of many difficulties occurring in the study of
the continuous Boltzmann equation, physicists and math-
ematicians have suggested simpler models where the veloc-
ity can only take the discrete values v,. The oldest model, the
four-velocity planar model, is attributed to Maxwell. Since
the discovery of the popular six-velocity Broadwell' model
many others have been proposed.” To each discrete velocity
v, |v;| = 1, is associated a density ¥, and in 1 4+ 1 dimen-
sions (space x, time ¢) the number of independent densities is
in general less than the number of velocities.

For the Boltzmann collision term it is assumed that only
binary collisions between the particles can occur. Conse-
quently for the Boltzmann discrete models the N, satisfy a
system of semilinear coupled partial differential equations
with quadratic nonlinearities. The similarity shock-wave so-
lutions are rational solutions with one exponential variable,
exp(yu), with u = x + ¢t and ¢, |¢| < 1, being the shock ve-
locity:

NE=ny+n/D, D=1+dexp(yu), u=x+ct.

(1.1)

It has recently been understood® that the (1 4 1)-dimen-
sional rational solutions are simply the sums of two such
similarity waves and four classes of solutions were found: (i)
(1 + 1)-dimensional shock waves,? (ii) periodic solutions
in space propagating when the time is growing,? (iii) period-
ic nonpropagating solutions,* and (iv) densities N, not re-
laxing towards constant Maxwellians.’

The first motivation of the present work is to investigate
whether or not similar exact solutions exist when the colli-
sion term includes ternary collisions. Then the semilinear
discrete model equations have a mixing of cubic and qua-
dratic nonlinearities.

The problem of the inclusion of triple collisions (more
generally, of multiple collisions) is not simple; however, in
1 + 1 dimensions a recipe has been proposed by Harris,>
Gatignol,? and Platkowski.® Let us consider discrete models
(more than two v;) having only one independent collision
term. The system of equations being of the type
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N, + N, = Col?, it was suggested that ternary collisions be
included by the substitution

Col?— Col! = (1 4+ 7M)Col?, M=ZN,., (1.2)
with M being the total mass and 7> 0 being interpreted as
the ternary cross section. For such cubic nonlinearities the
exact similarity shock-wave solution is no longer a rational
solution with pole singularity but a solution with algebraic
branch point of the square-root type

Nl=ny +nD"V2,

D=1+dexp(yu), (1.3)

To my knowledge, similarity solutions (1.4) were not pre-
viously known and their study is the second motivation of
this work.

As in the binary case, the exact (1 4 1)-dimensional
solutions are the sums of two similarity waves:

NB=ng, + 3 n,D ',

i=L2

NT=ny+ 3 mD/ 7,

j=12

u=x-4ct.

D; =1+d; exp(y;x +p;t), (1.4)

RoisNsisYjsp;,d; being constants.

As recalled above 7 has been considered as a positive
quantity. However, here we adopt a phenomenological view-
point and the collision term (1.2) is more like an effective
collision term including the multiple collision process, 7 be-
ing a phenomenological parameter. If corrections to the bi-
nary collisions have to be included, there is no physical rea-
son why the additional factor 1+ 7M would be always
larger than 1. Of course the character of gain minus loss
terms must be respected and we must require 1 4+ 7M>0 for
the H theorem. However, it seems reasonable that the cor-
rective factor be sometimes larger than 1 and sometimes
smaller than 1. So the third motivation, a phenomenological
one, is to compare both the 7> 0 and 7 < 0 possibilities.

We study two (1 + 1)-dimensional models with three
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independent N;: first, the six-velocity Broadwell model with
equations

No: +N0x =N2: — Ny,
= —bN;, =(1+7M)(N] —NoN,), (L5)

with M = N, + N, + 2bN, being the total mass and b = 2;
second, the four-velocity (Gatignol®) planar model with
b = 1in (1.5). We report also some results for the hexagonal
six-velocity planar model with four independent N;,

Ny + Noy = N3, — N;, = —2N,, — Ny,

= —2N2, +N2x = (1 +TM)(N1N2_N0N3) ’
(1.6)

with the total mass M = N, + N; + 2(N, + N,). For these
models the conservation laws of mass and momentum are
satisfied; however, for the H theorem with H = 2N, log N,,
the condition 1 + 7M>0 is necessary:

H,+3,(:) = (1 4+ TM)(N? — N,N,)log(N,N,/N?%) ,
H,+3d,.(--*) = (1 + TM)log(NoN,/N\N,) . (1.7)

In Sec. II, for (1.5) we study the exact similarity shock
waves, both from the macroscopic and microscopic view-
points. We are mainly interested in the ratio of the two shock
thicknesses whether ternary collisions are included or not.
For the macroscopic study we find that the nonlinear differ-
ential equation satisfied by the total mass M is quadratic in
the binary case (M?®) and cubic in the ternary (M7 ) one.
Assuming in both cases the same shock limits and the same
shock velocity we find, in the variable u = x 4 ¢t,

MB=m0+m/DBy DB=1+exp(7Bu), T=O;

MT=mo+m/yDT, DT=1+exp(yTu), 7#0.
(1.8)

We notice the change of analytical structure at 7 = 0. Fur-
thermore 7 is not arbitrary, being fixed by the macroscopic
shock limits. We determine the shock thickness w = |m|/
Max|M, | and compute the ratio R =w”/w® We find

R <33/8 < 1if 7> 0 [compare with the Gatignol result” for
the model (1.6) ] while if 7 <0 we cannot draw that conclu-
sion, both R > 1 and R < 1 being allowed. Then starting from
the same knowledge of macroscopic quantities we construct
the exact microscopic similarity solutions and build up their
total mass. The results of the microscopic study confirm
those of the macroscopic one. From explicit examples we
show that in the 7 <0 case we can have both ratios R larger
or smaller than 1.

In Sec. I11, always for the models (1.5), we build up the
(1 + 1)-dimensional solutions of the type (1.4). We have
obtained two classes of exact solutions for 7 <0. In the first
class the two similarity components are real and we find
solutions with infinitely weak shocks. In the second class,
the two components are complex conjugate and we obtain
periodic solutions

N;,=ny +2Ren,D~Y%, D=1+dexp(iy;x + prt),
(1.9)
with d,n; complex and ¥,,p, real which means that the solu-
tions are nonpropagating.
In Sec. IV we sketch briefly some results for the model
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(1.6) with four independent N,. We still construct solutions
that are periodic in the space variable but nonpropagating
when the time is growing.

Il. EXACT SIMILARITY SHOCK WAVE SOLUTIONS FOR
THE MODELS WITH THREE INDEPENDENT N,

Equation (1.5) with the 4 = x + ¢t variable becomes a
nonlinear differential system

(c+ 1N, = (c—1)N,,
= —bN,, = (1 + TM)(N3 — N,N,) . (2.1)

From (2.1) we can deduce the nonlinear differential equa-
tion satisfied by M® (binary collisions) and M7 (ternary
included). All N,, as well as their linear combination M,, are
proportional. Consequently all N; and M are proportional
(up to constants) and the rhs of (2.1) becomes a quadratic
polynomial for M2 and a cubic one for M”. In order to
compare the shock profiles in both binary and ternary colli-
sions included we assume the same shock limits and the same
shock speed. Here M, must vanish at the shock limits and
we deduce from (2.1),

M=AMP—-a)(M2-P),

MI=21+™MHYMT—a)(MT—PB),
with A,a,/3 being constants. We notice that for the nonlinear
(2.2) equation, M is not necessarily analytic at 7 = 0, and
for the exact solutions (1.8), 7 = 0 is a singular value. From

both a macroscopic and a microscopic studies we build up
M2 M T and compare the ratio of their shock thickness.

(2.2)

A. Macroscopic study

We seek exact solutions of (2.2) depending only on the
variable exp(yu) (in the following sometimes we suppress
the superscript B or T when no confusion is possible). As-
suming in (2.2) denominators D”, then the balance of linear
versus nonlinear parts gives p = 1 in the binary and p = 1/2
in the ternary cases. We find the ansatz (1.8) that we substi-
tute into (2.2) and get in the binary 7 = O case

m4ymy=p, Y*=Am, wP=4/|y%|,

(2.3)
with, as usual, w = |m|/Max|M,|, Max|M,| being ob-
tained at = 0 and D? = 2. In the ternary case Max|M,, | is
for ¥"u = log 2 or D7 = 3; substituting M7 into (2.2) we
find a constant term (1 + 7my)(my—a)(my— ) =0
which leads to two different classes A and B depending on
whether 1 + 7m, = O or not. Further, for class B we find two
subclasses 1 + rmg=84rm, { = T 1

m0=a,

ClassA: 7= —mg ', my+m=a, my~m=p;
Class B: 7= ({m —mg) ™", mo=a, mo+mé=p;
Classes A and B: y"=2Arm? w™=33/|y"|. (2.4)
We find for the ratio R = w” /w® = |33y%/4y7],

R =33(8|rm|)~!. (2.5)

We note the different 7 values in classes A and B determined
by the shock limits mg,m, + m. We must have M >0 or (due
to D>1) my>0, my + m>0. Further, for the H theorem we
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require 1 + 7M>00r 1 + 7my>0, 1 + 7(m + m,) »0. Tak-
ing into account these constraints and (2.2)-(2.5) we find
the following.

(i) If 7>0, then M” belongs to class B, { = 1 with
m>my>0, |tm|~'=1—my/m <1, leading to R <3,3/8
< 1. The ternary collision thickness is smaller than the bina-
ry one.

(ii) If 7<0 we find for class A — my<m<0 or
|7m|~!> 1. Then R > 3v3/8 which can be either larger or
smaller than 1. For the subclass B, { = 1 with — m,<m<0,
|tm|~'=1+ my/|m|>2 or R>3V3/4>1, it is the only
case where we can conclude that the ternary thickness is
larger than the binary one. For the other subcase B,
&= —1,thenm>0,and R = 3v3(1 4+ my/m)/8 can be ei-
ther larger or smaller than 1. We summarize the results:

7>0:class B,{=1: R<3v3/8<1;
t<0:class Aorclass B,{ = —1: R>3V3/8;
7<0:class B, =1: R>3V3/4>1. (2.6)

In conclusion, if 7> 0 then necessarily R > 1 while if R < 1
we cannot draw that conclusion.
]

Binary: bn,(ng + n,) 4+ 2non, =0,

n, + ng=c(n, — ny),

B. Microscopic study

We assume that mg,mg + m positive shock limits and
the shock velocity ¢ are given macroscopic quantities. We
wish to construct the associated classes of positive micro-
scopic densities N;. For the binary collisions alone and the
ternary collisions included we start with

NP=ng +nf/D®, DZ=1+exp(y®u),
Nl=nli+nl/(DT)y"V2, DT=1+exp(yu),
2.7

and build up M? and M7 of the (1.8) type. In both cases
M=Ny,+ N, +2bN,, my=ng+ ng, + 2bny,, m=n,
+ n, + 2bn, (where the omitted superscripts B and 7T must
be understood). We get, if we substitute (2.7) into (2.1), the
relations between the parameters in both binary alone or not
alone collisions. In the binary case, the constant present only
in the collision term gives ngny, — 13, = 0, while in the ter-
nary case (14 7mg) (13, — neong,) = 0 still leads to two
classes A and B. As in the macroscopic formalism for the
class B we get 1 + 7m, = {7m with two subclasses { = F 1
(we drop the superscripts B and T):

u=x+ect,

— 2bcy = 2n, + b(ny + n,),

2n,n0; = Rohg, + Nalg + Mol — N3, R3L = RooMgy ; (2.8a)
Ternaryclass A: 7= —mg ', bn(ny+ny) = —2ngn,, ny+ng=c(n, —ng),
chy = —1tm(2n, + b(ny+ ny)), 2nng; = Ngghy + Rgply, Mo, = Mogligy — N7 + Moy 3 (2.8b)
Ternary class B: 7= ({m —mg) ™", bn(ng+ n,) = — 2ngn,, 1y, + ng=c(ny — ng)
cby = —tm(2n, + b(ny + n,)), 2n,ny, = Rohgy + Nhgg + E(nony, — n3), 13, = ngohy, - (2.8¢)

As in the macroscopic formalism, 7 has the same values fixed by the shock limits m, and m + m,. For the ten remaining
parameters ng;, 1;, ¥, ¢, my, m we have seven relations, so that we can choose (mg,m,c) as the three arbitrary macroscopic
quantities. We notice for the subclass B, { =1, that the relations are the same as the binary ones (except
for y).

From the second and third (2.8a)-(2.8c) relations we find 7 = 2m7y?, leading to a thickness ratio R = w”/w? = 3v3
(8|7m|) !, which is the same as the macroscopic one (2.5).

We want to show that the shock-limit difference m and the shock speed ¢ give the same n; values or n? = n”. For this
result we remark that the first and second (2.8a)—(2.8¢c) relations are the same. We introduce intermediate parameters
y = ny/n, and 71, = n,/n,, functions of c alone while 1, can be expressed in terms of m and c. Finally, multiplying by »,, we re-
cover the original parameters nq,n;, functions of c,m (n, = yn,, n, = fn,):

y=ny/n,=(14¢)/(1-c),

Ry=n/n,= —2p/b(1 +y),

ny=m(14+p)/(1~-y)?*.
When n;,7 are known as functions of (m,m,c), from the third (2.8a)—(2.8¢) relation we determine ¥® and ¥” as functions of
these free parameters.

Wedetermine the ny, parameters. In the binary formalism and the ternary B, § = 1 subcase these n,; are the same while in
the other cases the relations are different. We notice that even if at the macroscopic level my = mg = m/, at the microscopic

level nf, and ng; can be different. There exist two linear relations between the n,,; and a third one which is quadratic. There is a
common relation 2n,, = (my — By, — yng,)/b while the two others can be different:

(2.9)

Binary: 2ng, = (ngy + yng, + 1, (y — A7)/ Ay, N3, = ngohess (2.10a)
Ternary class A: 2n, = (1o + Yno2) /Ay Me) = Rohgy + Ma(y — 73 ), (2.10b)
Ternary class B: 2n,, = (ngo + yng, + Eny(y — B2)V/A,, 12, = Rgghigy- (2.10¢)

—

Choosing any one n,,; with i fixed, we find a second degree
algebraic equation with two solutions. This means, for in-
stance, that for class B we have four subcases.

For the N; being constructed we must check their
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positivity as well as the positivity of 1 4+ 7M which is trivially
tested from m, m,, and 7. The necessary and sufficient condi-
tions for N, >0 are n,>0 and n; + n,,>0. We must use the
computer for the numerical resolution and as an illustration
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we give some numerical examples. The reader can check the
physical constraints: my, mg + m, 1 + rm,,
1+ 7(m + my), ny;, ng + n; are non-negative quantities.
In ali cases we choose m, =1 and discuss first the Broad-
well, b = 2 model for different m,c values. In Fig. 1 we plot
only the total mass M 2M 7. For 7> 0, as explained above,
we must choose class B, £ = 1 for which we know R < 3v3/
8<1 and nd =nl, n?=n!. In Fig. 1(a) we choose
m=1.1,¢c= — 0.9 and deduce 7 = 10, R = 0.06, as well as
neo = 0.29, ny, =0.16, ny, = 0.085, n, = 0.94, n, =0.05,
n,= —0.05, ¥ =0.52, y7 = 11.53. For 7<0, we begin
with class A knowing only that R > 3v3/8 and give examples
withR < 1and R > 1. In Fig. 1(b), starting withm = — 0.9,
c=—-09 we find 7= -1, R=072<«1,
ny,= —0.769 — 0.043, n, = 0.04, and for the n, and y
which are different, y® = —043, y" = —0.77, nk
=0.76, nl, =0.046, n), =0.045, nZ =0.773, nd
= 0.056, ng, = 0.04. Moving on, in Fig. 1(c) starting with
m= —0.1, ¢=03 we find an example r= —1,
R=65>1 and n,=001, n,= —0.022, n,= —0.019,
¥® =0.05, ¥ =0.01, nl, = 0.36, nl, = 0.14, nj, = 0.058,
n&, =0.34, n§, =0.15, n, = 0.06. Finally for the last 7 <0
subclass B, { = — 1 for which macroscopically both R > 1
and R <1 are allowed, taking into account the microscopic
positivity N, >0, we have not found numerical examples
with R < 1 but only examples with R > 1.

For the four-velocity planar Gatignol model with & = 1
in (2.1), we give only one example of class A for which 7 <0
but R <1 in Fig. 1(d). Starting with my =1, m = — 0.95,
c= —098,wefind R=0.68, n,= —0.92,n, = —0.018,
n,=093, = —048, y"= —0.92, n) =092, nj,

=0.03, nT, =0.01, n&, =0.93, nf, = 0.031, n&, = 0.001.

In order to show that the M T — M 2 sign cannot be only
7 dependent, it is sufficient to remark that for 7 fixed, this
sign depends on u. For instance, in Fig. 1(a) this sign is
positive for ue(0,0.5) and negative outside; while in Fig.
1(b) M T — M2 positive for u < 0.7 is negative for u > 0.7.

=052

Class B Class A
n=1 m=-01 ¢=0.3
m=11 c=-0.9 T=-1 R=65
=10 R=0.06 =001
=15 ¥B=0.05

C. Scaling property

In 2.1 we note the invariance
(N,,Mu,7) - (§N;,¢M,6 " 'u,06~ '), ¢ being a scaling pa-
rameter. We directly find this invariance from the micro-
scopic relations (2.8a)—(2.8¢). If the macroscopic quanti-
ties (mg,m,c) become (dmgy,¢m,c) then ny; — dny,, n; - dn,,
T—71¢"", ¥~ dy, while the thickness ratio R proportional to
|® /7T | is invariant. In consequence the same shock profiles
(in particular Fig. 1) are represented by 7— ¢~ '7 if we scale
the u axis by u¢ ' and the M total mass axis by M¢. Doing
that transformation, Fig. 1 represents arbitrarily small 7 val-
ues as well as arbitrarily large ones. What remains invariant
is the product 7M. This transformation, while giving the pos-
sibility of small 7 parameter values, does not modify the con-
tribution of the ternary collisions into 1 4+ 7M.

Can we have |7M | small or at least less than 1? We recall
that 7Me(rmgy,7(my, + m)). For class A or subclass B,
§= — 1, either rmy= — 1 or 7(my+ m) = — 1 and the
answer is no. The same result holds for subclass B, { = 1 and
7> 0 for which m>mg> 0 leads to 7(m, + m)>0. The re-
maining case is for the subclass B, { =1, 7<0 for which

—my<m<0 and |TM |g(my/(myg—m), (my+ m)/
(my — m)) can be less than 1 but at least |[7M |>4.

ill. (141)-DIMENSIONAL SOLUTIONS FOR THE
MODELS WITH THREE INDEPENDENT N,

Wesstill study the model (1.5), b real being a parameter,
explain the algebraic determination of the solutions (all de-
tails are in Appendix A), and finally, make explicit the re-
sults for the physical cases: b = 1,2, N; >0, 1 + M>0. We
start with the ansatz (1.4) for the V,, write the associated M,

Ni=ny+ Y nD;” 2,

j=1.2

D, =1+d; exp(y;x +p;t), d;>0, (3.1)

—12
M=m,+ zmij Mg = Hgy + gy + 2bny,,

m; =n;, + n;, + 2bn,

[

L 1 | I L 1 1 ol
-5 0 5 U -100 0 50 150 U FIG. 1. Similarity shock waves:
(<) my= 1. (a)-(c) Broadwell model
(b =12). (d) Gatignol four-velocity
T Class A model (b= 1).
m=-0.95 c=-098
T?-‘I R=0.684
05 ¥'=-092
¥P=-0.48
0.05
1 L | |
-10 0 8 u -10 0 8 u
(b) (d)
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and substitute into (1.5). The collision term has a constant
(1 4 7mg) (13, — ngeny;) = 0. Depending on whether the
first or the second factor is zero, we should have the 1 + 1
generalization of the classes A and B of Sec. II. It turns out
that class B leads to impossibilities and there remains only
the class A of solutions:

T = — mo_l . (3-2)

If the two jth components are complex conjugate we define

n,=ny=n%, y="v =7 (¥ =y +iy =iy, for peri-

odic solutions), p = p, = p¥, m = m, = m¥ and we rewrite
(3.1),

N, =n, +2Ren,D~"2, D=1+dexp(yx+pt).

3.1)

A. Relations

The ansatz (3.1) has 13 parameters and 12 relations,
leaving one arbitrary parameter. It is in fact a scaling param-
eter with two opposite effective values I 1. We explain the
method for the determination of the parameters and note
that once the n,; are known, 7 has a fixed value.

First, we have five relations among the six n;;,

£=F1,

2
Ry — RNy, = §(nyohay + Ryl — 2n4405,)

m, ={m,, bnj1 (M0 +1;2) = —2n;0n;, ,
(3.3)

Besides the last of relations (3.3) mixing the #; and the ny,,
there exist two other relations for the n;:

2 .
= RooMor — Moys J=1,2.

(3.4)

Second, the linear (3.4) and quadratic (3.3) relations give
two possible solutions for the n,, which will be distinguished
by a parameter 7 = T 1. Third, once the n;,n,; are known,
there exist four relations giving the p;,¥;:

bp; + ™m;(2n; + b(n;o + n;,)) =0,
Yj(njo + nj2) =pj(nj2 — njo) .

Finally both the scaling parameters £ and 7 give eight possi-
ble algebraic solutions.

annjl = Npl;o + Rooll;y -

(3.5)

B. Determination of the solutions

Our strategy is the following. First, we solve the n;
equations, leaving one scaling parameter #n,,; second, we
solve those for the n,; (then all n;,n,, are functions of n,);
finally, we solve those for the p; and y,. The first step leads
todiscrete possible values for the two ratios y; = n;,/n;, and
for n;y =n; /n;, = —2y;,/6(1 4+ ;). The relations (3.3)
give two coupled polynomials in y,,y, which can be written
[(A12)] interms of P=pp,, S =y, + ¥,:

AP+ AP+ A, =0, p=12, (3.6)

with 4,, polynomials in S. Equation (3.6) has a simple solu-
tion:

P=1, S=S¥=(—-3FJ11485-2)/2,

yiory,=yF =(S FJS7-4).
For b>1,5_ givesreal y; while S for 5> 1 leads to complex
conjugate y; (in fact ¥ = iy, p = py or periodic nonpropa-

3.7)
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TABLE L. Sums of two real similarity shock waves.

No/ngo=1+b(1+p) (D2 +y~'D;7V)/4

Ny =No(y=1/y,D;~D)) ne>0 y¥=y yy =1
yt+y =8 D,=1+d exp(yx+pt)

D, =1+dyexp(—yx+pt) y(1+yp)=p(1—yp)
Broadwellmodel: =2 S=5"= — (3+13)/2
BT = — B +VT2F V3 +413)/2

Mooy Lype 125
Ny 4 Nyo

(1 +13)/nge= — 1
Four velocity planar model: b =1
T = —SF 21 Tr/nge= —2

N, 3 1 e M7 7 v B
N2 2§D, Z =L _°1vybp: B
ne 4 7 2D 720

ng 2 Noo

S=8"=-5

gating solutions). Once the y; are fixed in (3.7), then all n;;
are functions of n,, with two classes of solutions
Ny =Yi6nis §= F 1, njo =y;m;5, 1y =H;,ny,. In the
second step we find ng, = nyy, 1, = — b(S + 2)ny/4, and
(n,2/ny)? is a known y;-dependent number. We must dis-
tinguish between the two cases, n,, real or complex. For
instance, n,, = Preb(1 + y,) /4y, with two possible solu-
tions 7 = T 1 for n,, real. Finally, all n; and n,, are func-
tions of the scaling parameter n,, and of discrete values for
the y;, {, and 7. From (3.5) we see that this property holds
also for ¥ and p. Among these solutions, we must select the
physically relevant ones, which can be found in Tables I and
II.

C. Solution sums of two real similarity shock waves
(Table I)

We note that 1 + 7M proportional to a positive constant
multiplied by D~ '/? is positive. For the N; >0, we begin
with the Broadwell model b = 2 and look at |x|— . The
limits for (N,,N,) are either (3 +y)/2>0 or (3y+ 1)/
2> 0, while those for N, are (/13 — 3)/4 >0 with y = y¥
and 7y, = 1. Then for the positivity at fixed x values and
t =0, we can always manage the d; constants in D, 3 We
notice the invariance: if yF <>y * and d,<>d, then Ny«>N,,
NN, M—M.InFig. 2 we present the solution fory = y*.
We note that for the total mass the shock limits are the same;
there are no discontinuities when |x| —» . This corresponds
to an infinitely small shock.

TABLE II. Periodic solutions for the Broadwell model b = 2.

S=8*=(-3+V13)2 y=yp+ip, ly=1
2, =3B = 1)/2 <0 (T3 —1) = ng,
—N/ng= —1+Re((1 +13)/4 + iy )D /2
N, =Ny(y;— —y,.D-D) —N/ngo=(1+13)/4—Re D'
—~M/ny=\13 -1+ (JI3—7)Re D~'/2/2

D=1+dexp(T —JI3)(t — ix4y,/(1 + J13))(n,0/16)

2y =S
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y =12 [3YTN2 + 3120 N)
dy=5 d;=05

Ngo=1
p=0662

FIG. 2. Broadwell model.

We go on with the planar four-velocity model with
b =1 and we can check that the asymptotic x positivity for
the N, are satisfied. In Fig. 3 we present the exact solution
for y = y* and remark that still the two shock limits are the
same.

D. Periodic nonpropagating solution for the Broadwell
model =2 (Table Il)

Choosing 7y, <0, then pr = p <0. We can check that
ny; + 2 Re n; and — 2 Re m/m,, which are the t - oo limits
of, respectively, N; and 1 + 7M, are positive. Then we can
always choose® the complex d parameter in D so that N, >0
and 1 + 7M>0 will be satisfied for all x values and all £>0. In
Fig. 4 we present the relaxation curves for this solution peri-
odic in x, damped but nonpropagating in ¢.

IV. SIX-VELOCITY PLANAR MODEL WITH FOUR
DIFFERENT N,

We sketch some results for the model (1.7). With the
nonlinear differential equation satisfied by the similarity M
solutions being (Gatignol®) the same as (2.2) for three dif-
ferent N;, the macroscopic results are the same as in Sec. IIL.
If 7>0 we find for the ratio of the two shock thickness
R = w"/w® <1 while if 7 <0 we cannot draw that conclu-
sion. At both macroscopic and microscopic levels we must
distinguish the two classes 1+ 7my=0 or #0, with
MEMTNENT of the type (2.7). Physically acceptable
similarity exact shock-wave solutions exist.

In Appendix B we determine a class of solutions (see
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=1 Y=-(5+V 22

de1  dp=t

n,

0=0875  ¥=-1376

FIG. 3. Velocity planar model.

03

0.1

0.03
0.22

0.1

0.05

0.3

0.15

yr= -3V 13)/4
yI=1IZV/3/W1_3T1)

—nge=1 d=(14il/B  p=-0.212
¥=0.182

FIG. 4. Broadwell model.
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TABLE III. Periodic solutions for the hexagonal six-velocity model.

Moo= —1 —126<n;< —0.79 po=(—17+265)/12
Yi=1—p z=(5+3pg)/8

Mo/ — 42%) = ndy + nko + Nty (1 — 1022) /322

2my= —3(1 + yr)(ngo + Nes) Mepr = — (1 — %) (3ny5/42)?
Np= oo + 2n,5 Re(l + iy, /( +pp))}D 12

N, = 2(ngg — 3ng3) — 2~ 1y Re(l + iy, /2(1 + y ))D /2

Ny = Ny(ngy—ng3,y, - — y,D—- D)

N, = N,(nggeng,y, -~ — y,D-D)

M=my— (3/22)n,5 (1 — yg)Re D ~1/2

D=1+dexppplt— iy;x/(1+yg))

Table III) periodic in the space variable and nonpropagating
when the time is growing. As in Sec. III we find solutions
only for 7mmy= —1 with M=my;+2Rem/D,
D=1+ dexp(pgt + iy;x). These solutions depend on two
arbitrary parameters #y,,n,; and for

— 1.26 <ny; < — 0.79 we find physically acceptable solu-
tions (N; >0, 1 + 7M>0) with my>0andpy <0. Fort— «
we can check that the limits ny, + 21,5, — 2m/m, for both
N, and 1 + M are positive. When the asymptotic — oo pos-
itivity is satisfied we can manage the complex d parameter in
Dsuch that N, >0, 1 + 7M>0 for £>0. We report in Fig. 5 a

noo= ""1,

numerical example for ny,= — 1, ng; = — 1.1, d=0.1
(1 4 #), the other parameter values being obtained from Ta-
ble I11, for instance, pr = — 0.2, ¥, = 0.22.

V. CONCLUSION

This paper presents the first determination of exact solu-
tions for discrete models when ternary collisions are includ-
ed. We find fewer 1 + 1 exact solutions than for the binary

H-N0+N3

Yp = (-17+ V265) /12

collisions alone, the reason being that the presence of both
quadratic and cubic nonlinearities require more relations to
be satisfied while the number of parameters is the same.

For the present exact solutions, two classes occur de-
pending on whether 7m, = — 1 or not. While the second
class is close to the exact binary solutions (but the limit 7—0
is singular), the first class is really new, being due to the
presence of ternary collisions. It is clear that going from qua-
dratic to cubic, quartic, etc., nonlinearities some solutions
have links while other entirely new solutions are due to the
introduction of higher nonlinearity.
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APPENDIX A: SOLUTION SUM OF TWO SIMILARITY
WAVES FOR THREE DIFFERENT N,

We seek solutions

Ni = ny; + 2 nj,-Dj_ 1/2,

j=12

D; = 1+4d,; exp(y;x + p;t),

(AD)

— 172
2, My = Ngy + Ngy + 2bny, ,

M=m0+.2mij )

i=12
m; =ng +n, +2bn;, ,
of the nonlinear PDE
Not + Nox = Ny, — N,
= —bN,,=(1+7M)(NT — NoN;), (A2)

where we assume 7 = — m; '. We cover both cases where
the two jth components in (A1) are real and where they are
complex conjugate. In the last case we put n, = n,;, = n,;*,

m=m =m*,p=p,=p,% V=7 =7"

FIG. 5. Six-velocity planar model.

~Z(NI*NZ)

ngo=-1 ngy=-11

d=0.1{1+i) X'=y) X/2n

p=-02 ¥=0.216 - 1 1
0 05 1
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1. Relations

We substitute (Al) into (A2). The terms
D', D7Y’D;',and D; 'D ; '/* are present in the non-
linear part and not in the linear one:
m;(2ng,n; — gy — Rgghp ) =0,

(A3)
z my (2’101”,'1 —~ Rl — gty ) = 0, j#k,
J

ny — nghpy + m (200, — Ry — Ryghyp)/my = 0.

(A4)
The first terms represent jth similarity component relations
while the others are compatibility relations between them for
a sum solution. The terms D;~'/? and D;~*?, which are
other jth component relations, are present in both linear and
nonlinear parts:

no(p; + 7)) =12 (p; — ;)
(AS5)

We have 13 relations; however, m; = 0 for j = 1 or 2 is not
possible; otherwise (AS5) becoming zero for that component
leads to an impossibility. Consequently

2
= 21m; (RyaMo — Moy ) -

(A3)
in the first two (A3) relations while the third one is identi-
cally zero. We have 12 relations for 13 ny,;,n,,y;,0; param-
eters leaving only one arbitrary scaling parameter. Later on,
we choose ny, to be the scaling parameter so that at the final
stage all ny; /Moo, M,/ Nogs Pj/Moos ¥/ Roo Tatios will only de-
pend on b, and for the physical » = 1 and b = 2 models, these
ratios will be fixed numbers.
From the last (AS5) relation we see that n}
— Mo, = Ngy Mgy — 13, is independent of the two j = 1,2
values and we can rewrite (A4):

21011 = Rephtjo + oMtz

my (Ngy Ngg — ”(2)1 )+ my(2n vy — By — Baghyp) = 0,
k#j. (A4)

We cannot have ny,ny, — n3, = 0 or all the (A5) relations
equal to zero and we must have m? = m3:

E=+1 (AS")
(m = {m* for complex conjugate components),

m, = gmz’

2 —
ny — Righj, = §(nyohyy + nphyy — 214,15,)

= Hoollgy — N5y, j=12. (A6)
The elimination of p;,¥; into (A5) leads to
bn;(njo +n;,) = —2n;on;, (A7)
and the determination of the p;,y; from the n;
bp; + ™m;(2n; + b(n;o +n;,)) =0,
Vi + nj0) = p;(ny, — 1) (A8)

Our strategy for the determination of the parameters as
functions of ng, is the following. First, in (AS)-(A7) we
have five relations among the six n;;, leaving one scaling pa-
rameter chosen to be n,, and two possible { = + 1 values.
Second, (A3') and (A6) give two linear and one quadratic
relation for the ng;, so that the ratio (n,,/ny)? is only b
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dependent, leaving two possible solutions n,, = gnrg(- )
distinguished by two values 7 = + 1. Third, (A8) gives
V;sP; as n;; (or nyy) dependent. Finally, the ny, scaling pa-
rameter can be either positive or negative, so that for b fixed
we shall find eight different possible types of solutions with
f=xLnp=xLnep=+1

2. Determination of the n, as a function of n,,
We introduce intermediate parameters and use (A7):
Yy =nio/n;, By =n,/n, = —=2y/b(14+yp). (A9)

As we shall see the y; are fixed numbers when b is fixed.
From the definition of m; and (A3’) we find a first expres-
sion for the ratio n,,/{n,,:

B/ Eny = (1 4y, + 2b0,) /(1 + y, + 2bAy,) .
From (A4'), (A5'), and (A6) we obtain
§(2ny iy — nyghyy — Baghtyy) = ”}1

and two other expressions for the above ratio:

(A10)
— Ry, j=1,2,

R/ Chyy = (py + Y2 — 20,,7,,) /(02 — p;)

= (”272 =)/ (Y1 +p,— 2047,,) . (A107)

In (A10) and (A10') we have two independent relations for
the y;. Introducing the sum S'=y, 4 y, and the product
P=yy, wefind

(1 =y P,(y) + X(1 —,)> =0, k#j,
Py(y) = (1 +y,)* —4/by,
X=S(P+1)+S*—8P/b?.

Equations (A1l) give two second-order polynomials in P
with S-dependent polynomial coefficients:

AZA,,P2 +A4,P+4,=0, p=12, 4, =1,

A, =8S?—45 -6+ (24 —85)b 2,

Ay =8%+1—-45bp"2,

Ay = — 257+ 65+ (205 —24)b 2

+4(1—-66"H(1+b677),

A, =35>—-8S24+25+16S(S+ 1)b 2,

Ap= —S*(S+1)2.
Wehave found solutions for P 5 1 with (S,P) = (2.79,4.79),
(0.58,0.208), ( — 1.79,0.208), ( — 8.58,4.79), correspond-
ing either to real or complex conjugate components. How-
ever, we have not found, for these values, solutions sharing
both N;>0 and 1+ 7M3>0. In the following we assume
P=y,y, =1 for which the two (A12) polynomials have a
common factor:

($—-2)Q(8) =0,

(S?+25—4—4b"2)Q(S) =0,

Q=84+354+2(1—-6b7%).
Here Q = Oleads to two S, values for S and with P = 1 we
determine the y;:

2S, = —3FB, (y, or y,) = (S FJS§7—-4)/2,

S=8, or S, B=.1+4+48"2. (A13)
Let us consider b as a continuous parameter b>1. Due to

(Al1)

(A12)

(A13)
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3(S*—4)/2 =8b ~? — B we see that the y; are complex
conjugates for S =S, b>1 and real for S=S_, b> 1. For
b =2 we have both complex conjugate and real y; roots,
while for b =1 the acceptable y; are real. Once the y; are
known numbers, we recover the original parameters
Mjo = Y;N;3, b = N 1y, as functions of two parameters r,,
and n,,; however, if in (A10) we substitute for the 71, their
y; dependence, we get a relation between n,, and ny,:

np/mpd = (1+y)(1—p)/(1+p,)(1 —p)2 = 1/p,.
(A14)
Finally all the n; depend only on the scaling parameter n,,:

Gy =ny = —2n/b(1+p)), nyp=45n0/Y1=26n,.
(A15)

3. Determination of n,,,n¢, as functions of 71y

Werewrite (A3') and (A6) in terms of the known inter-
mediate parameters:

ngy — Rooloy = N3, (¥ — iy %) .

(A16)
Writing the first relation both for y, and y,, using y,y, = 1,
we get (ngo — ngy) (1 — ;) = 0. Then with ny, = ny, in the
lhs of this relation we find n,,. Finally the second relation
determines n?,:

Roo + Roy ¥ = 2ng0;

Ry, = Mg, N1 = — B(S + 2)ng/4,
(n12/n00) = (b(1 +y,)/4y,)*,

where we have used the identities
(1+y)=Q2+8y,
(B(S+2)/4> —1=(b*(S+2) —4)/16.

The last of relations (A 17) is the crucial one because either
n,,,p, are complex or they are real and we must distinguish
between these two cases.

(A17)

4. Sums of two real similarity solutions (b>1)

In this case, y;,n; are real, we choose §'=S_, and the
last real relation (A17) gives two solutions

ny=mneb(l+y)/4y, n=7F1. (A18)
With (A15), (A17), and (A18), all n;,n, have ny, as a

4

scaling factor. Similarly m,m,, which are linear combina-
tions of these parameters, factorize 7., also and we write the
four types of solutions in closed form:

Ny/ngo=1+b(1+y)(D[ V2 +y~'D ;7 ?¢)y/4,
Ny/no=1+b(1+y)(y~'D >+ D5 )y/4,
N/hoo=b(B—1)/8 —q(D[ "> +¢(D 5 12)/2,
4r/ngy= —8 —b*(B—1) <0, (A19)
M/ny=2+b*(—1+B)/4—nb(7+ B)
X (.D l_ 172 + ;Dz— 1/2)/8 ,
where yis any one of the two y; defined in (A13") for§ =5_
and B is given in (A13’). It remains to find ¥,,p;, which in
(A8) are deduced from the n;,m; of (A19),
P1=p2=1n(T+ B)ng/16,

(A20)
= —r2=p(1 =)/ (1 +p).
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For physical solutions we must have 1 + 7M > 0 with
1+rM=b(T+Bp(D[ V> +DyV¥)/
28+ b5%(B—1)). (A20')

Since the sign is given by (D [ '/ + D ; /*¢), looking at
the limits |x| - co we see that necessarily { = 7 = 1. Coming
back to (A20) with 7 = 1, n,, >0, we see that p; > 0 and the
limits N; = n,, are positive when ¢— «. We do not discuss
the positivity conditions anymore and for the physical case
b = 1 and 2 quoted in Table I and discussed in Sec. III C, we
require ny, >0, 7 = { = 1 (and appropriate values for the d;
in D; ). Finally we notice that while N,/ny, and M /ng, have
fixed numbers for coefficients, on the contrary N,/ngy, and
N,/ny, depend on the choice of the two y numbers: either y,
or y,. However, due to y,p, = 1, we notice the invariance: if
ye>1/y, then D,«>D,, ¥V, Noe>Ny, N,<>N, if we choose
d,=d,in D;.

5. Sums of two complex conjugate similarity solutions
b>1)

For the intermediate parameters we have y, = y*,
n,, =n,* We define n,=ng+in,=n,;, m=my,
+im;, y=yr+iy;=y, Wr=8./2), p=pr+ip;
¥ = ¥g + iy;, while the other parameters remain real. Re-
calling P = 1 = |y|?, wechoose S = S, in (A13’) and (AS’)
becomes m, = m = {m*. We restrict our study to { =1,
which means m = mg, m; = 0. We rewrite the expressions
(A13)-(A17), where the n, are now functions of n,5, the
ny; functions of ny,, and a quadratic relation (11,5 /70)? still
allows us to express the solutions in terms of the scaling
parameter ng,:
ny=y*n*, ng*=n,

n*=n= —2yn,/b(1+y),
Nor =MNyp, Mg = — 2Mr/b(1 + ),
Moy = — My =Y/ (L +yR), Vi+Vi =1,

ngy = —b(1 + yrlne/2,

n3 = (noob (1 4+ p)/4YF, nyp = qno(1 +p)b /4.

We still obtain two possible solutions with 7= + 1. We
noticethat m, = n;; = ny; + n,; = nggp — n,x = 0and, in-
serting these results into relations (A8) for the determina-
tion of p,y, we find

n” =0,
(A21)

Hop = Ngp,

bp 4+ 2tmp (nyg + bnyz), p; =0,
V=IprNy/Mpr, ¥Yr=0.
It follows that the solutions are periodic ¥z = 0 in the space

variable, but nonpropagating p, = 0 with the time and they
are written with the substitution 16n,; = 7b(1 4+ B)ny,:

No/noo =1+ Re((1 + B)/8 + iy,/2)bD ~ "2,

N,/ngo =1+ 1 Re((1 + B)/8 — iy,/2)bD ~ "2,

N,/ng= —b(1+ B)/8 —yyRe D~
M/ny=2—b%*1+B)/4+nb(—7+ B)/4Re D ~'/2
B=J1+4872, (A22)
Pr/Moo=(B—T)(—4+b+bB)/8(8 —b>—b?B),

Y1 = —A4pgy/(1+B),

D=1+ (dg +id;)exp(pgt + iy;x) .

(A8)
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For the physical b =2 value, 1 + 7M =Re D ~V/?( —7)
X (7 —v13)/2(1v/13 — 1) having the — 7 sign, we choose
7= — 1. Always for b =2, let us choose ny,>0; then
pr = (1—V13)ny/16>0, lim D =2 =0, lim N, = ny,
= — (1 +113)ny/4 <0 when ¢— «, and the positivity
property is violated. It follows that we must choose
7= — 1, ney <0 for the Broadwell b = 2 model for which
7= 1/nge(v/13 — 1) <0. We still notice in (A21) that N,/
ny, and M /ng, have fixed number coeflicients while Ny/ny,
and N,/ny, depend on the choice of y; or y. However, when
yoy* we find DoD*, NyoN, N,~N,, if we choose
d=dg, d;=0.

6. Specular reflection at a wall x=0

It is worth noticing that these solutions have a physical
meaning for specular reflection at a wall x = 0. The specular
refiection condition for the densities N,,N, associated with
the two opposite velocities perpendicular to the wall is

Ny(x=0,t) — N(x=0,t) =0. (A23)
First, for the sums of two real similarity solutions (A19), let
us choose d, = d, = d in D;; then we find

D(x=0,) =D,(x=0,t) =1+ dexp(p?)
and (A23) is satisfied. Second, for the periodic (A22) solu-
tions, let us choose d=dg, d;=0 in D; then
D(x =0,t) =1+ dg exp(pgt) is real and we find
No(x =0,t) — N,(x =0,t)

=(D(x=0,t))"2Re(ny + ny* —n, —n,*) =0.

APPENDIX B: SOLUTION SUM OF TWO COMPLEX
CONJUGATE SIMILARITY WAVES FOR FOUR
DIFFERENT N,

We seek solutions
N, =ny +2Ren,D 12

D =1+dexp(yx + pt),
M=my+2RemD 2,
My = Roo + Moz + 2(Noy + No2),
m=ny+ n;+2(n, + n,),
ny; real, n;,y,p complex, of the nonlinear PDE
No: + Nox =Ny, — N3, = — 2N, — N,,
= —2N,, + N, = (1 + TM) (NN, — N,V;) ,
(B2)
where we assume 7 = — m; '. We seek periodic solutions in
space, ¥ = ¥g + i¥;, Yz = 0, and nonpropagating in time,
p=pr +ip;pr=0.
1. Relations

We subsitute (B1) into (B2). We assume m #0 (in fact,
m = 0 leads to impossibilities). The terms proportional to
D', |D|~', D ~"2|D |~ present only in the collision term
give the relations

(BI)

noyny + Noatty = Rgohs — Hosho,
mn¥ 4 nn¥ — non¥ — nang + (nyny, — ngny)m/m* =0,
(B3)
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while D ~/2,D —3/2 present everywhere lead to
no(y +p) =ny(p—vy) = —n(2p+7%)
=n,(—20+7%)
= 2rm(nyn, — nyns)
(B4)

We have two arbitrary parameters among the n,,,n,,7,0 and
we choose (710,703) - From the last (B3)-(B4) relations we
find m/m* real and we choose m = m real. Similar to Ap-
pendix A we write the relations in three different groups.
First,

= 2m(ngghgs — NgiNgy) -

m=m* —2ngn;=n,(ng+ 3n;) = ny,(ny + 3ny),

n\n, — nghy = ngh¥ + nyn$ — nyny — n,nt (B5)

= RooMgs — Mo1Mo2 »

allowing the determination of the »; from a scaling param-
eter nyx (we define n, = n,z + in;). Second, the first (B3)
and the last (B5) relations give two linear and one quadratic
relation between the n,;, leading to a quadratic equation for
nsg- Then ny;z as well as all other »; are functions of the
arbitrary ngg,ny;. Finally, from (B4) we obtain g,y from the
Risnois

20 =m(n, + ny + 2(ng + n3))/my,
y(ny+ n3) + p(nyg—n3) =0.

Let us define y = ny/n;; then from the last relation we get
yr =0,p0, =0iffly| = 1.

(B6)

2. n, functions of n,,

We introduce other intermediate parameters 7, = n,/
n,= —2/(34+y), n,=ny/ny= — 2y/(1 + 3y). Equa-
tion (BS) gives four indentities:

ny/n¥=A*/A=B/C=C*/B,

A=1+y+2(n,+1,),
B=y+y*—nn¥ —n,nt, (B7)

and C = #,n, — y. We have two relations among y and y*.
Seeking solutions such that |y| =1, S =y + y*, S?<4, we
obtain

A*/A=1/y,

B=3(S+2)(35%+ 145 — 8)/(3S5 + 10)?, (B7")
C= —3p(S+2)/(35+10) .
Consequently we find 352+178+2=0, 6S7F

= — 17 F 265 with (S ~)?> 4, which is excluded. We put
y=yg + iy, withyk +»2 = 1,2pp = S and the acceptable
solution is for S * or
yr = (—174+4265)/12 = — 0.0601 <O. (B8)
The first (B7) relation gives n,y = n¥ and, recalling the
definitions of y, i1, n,,
Ny = — Ysp/ (1 4+ yg),
ny= —yinsp/(1 +yg)dz, ng = —nyp/22

m=mg =3(yp — 1)y /(42), z=1(5+3yz)/8>0,
(B9)

no=n¥, n =nj,
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where, for simplicity, we have introduced a new numerical
parameter z. All the n; are expressed as functions of n,, .

3. Relation between n,, and nge,03

From the two linear relations (B3) and the quadratic
relations (B5) we find

noy = 2z(ngg — 3ng3),
mo=( —3/2)(1 + yg) (1o + ng3),
(ga/Moo)? + (Mgs/Ngo) (1 — 1022)/32% + 1

= — (n3p/22ny)%/z .

gy, = 2(ng; — 3ng),s

(B10)

Here n,, solutions exist algebraically only if the lhs of the
last of relations (B10) is negative or 0.53 < ny;/ny, < 1.884.
Notice that we have two determinations, 7, >0 and
nip <0.

4. Determination of p, v
We find from (B6)
mypr = — (3n35/42)*(1 — y%) <0,

(B11)
Y= —pry/(1+yz).

5. Physical solutions

We have both the analytical results mgpn;g <0,
my(ngy + ng3) <0, mepr <0 and the two physical con-
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straints: when £— oo, lim V; equals either 7y, > 0 (if pg > 0)
or ng +2nx>0 (if pr<0) and 14+7M= — (m/
my)2 Re D ~'/25 0 or mym < 0. The only possible choice is
Roo + Ng3 < 0.

Starting with ny, < 0, ng; <0, it follows from the analyti-
cal results that my,> 0, px <0, mg <0 if we choose the solu-
tion n;z >0. Then we find 1 + 7M>0 and it remains to
check the condition ngy + 2n,z > 0. Choosing ny, = — 1,
numerically we have found physically acceptable solutions
for — 1.26 <ny; < —0.79.
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A theory for the pair correlation function of a fermion fluid is developed in terms of a function
St defined as a certain sum over graphs. The theory is further extended to derive expressions
for the radial distribution function and for the four distinct direct correlation functions. These
four direct correlation functions are combined together leading to an integral equation for
fermion quantum fluids, which is much simpler and is expressed in a computationally

convenient form.

I. INTRODUCTION

In recent years, much progress has been made in the
theory of the ground state fermion system.'~> The most suc-
cessful approach has been the Feenberg—Jastrow variational
method, in which a trial many-body wave function is chosen

as4,5
¢F = ¢Bq) y (1.1)
where
¥s = [Jexp %uz(i,j) =TI+ F;]12, (1.2)
i<j

i<j
is a bosonic wave function, and P is an antisymmetric func-
tion describing a state of the N-particle fermion system in the
absence of interaction. For a normal Fermi liquid, P is taken
to be a Slater determinant constructed from products of
plane wave orbital and spin functions,>¢

N
¢ = af [[exp(ik;r,)E:(m,) |,
i=1
where a is the antisymmetrizer and the &, are spin functions.
Equation (1.1) has been used to develop a cluster ex-
pansion of the distribution function in terms of diagrams
containing F- and f~bonds, where f'is defined by

Skpr) =3[sin(kgr) — (ker)cos(ker) 1/ (ker)®,  (1.4)

where k. = (67°p/s)"/? is the Fermi momentum at density
p and the factor s gives the degeneracy of the system (s =2
for the paramagnetic state of *He or neutron matter, s = 4
for nuclear matter).

The graphical theory”® for the correlation functions of
fermion fluids described by the function of the form of Eq.
(1.1) has been developed. The cluster expansion for the cor-
relation functions is expressed in terms of diagrams involv-
ing F- and f~bonds. In this case, a diagram is a collection of
circles (vertices or points) and F- and f~bonds connecting
some pairs of circles. The f~bonds are directional bonds and
always connect circles in such a way that they form a closed
loop or ring. For example, f~loops with two and three circles
may be constructed by connecting these circles with two and
three f~bonds, respectively:

(L.3)

—

N
X
(D { )

S~
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Each loop connecting P circles is associated with a factor
( — 5)! %, There are two types of circles: black and white.
The white circles are labeled, but the black circles are unla-
beled. The value of a diagram is defined in terms of F- and f-
functions and an integration over the position; which can be
assigned to each black circle.

Most of our theory for calculating distribution functions
of fermion fluids is, however, obtained under different ap-
proximations, by neglecting different sets of diagrams. Of
these, the Fermi hypernetted chain (FHNC) approximation
has been the most widely used.®° By partial summation in
the FHNC method, one tries to take into account the anti-
symmetry correctly, but this method is not expected to give
good results, at least not at high densities.'® Another method
for calculating the distribution function is the Fermi—Born—
Green-Yvon (FBGY) approximation.'' Recently Camp-
bell et al.'? have used the FBGY method to calculate the
ground state properties of the fermion quantum liquid and
found that this approximation also provides good results
only at low densities.

Recently, we’ have developed a method, which we have
called a “modified” FHNC method for calculating the dis-
tribution function of the fermion system, in which the series
is expressed in terms of the boson distribution functions and
the permutation expansions of the antisymmetry are partial-
ly summed. This approach differs from the FHNC method
in the selection of the subseries of diagrams to be summed in
the permutation expansion for the antisymmetry, and in ex-
pressing the series in terms of the boson distribution func-
tions.

At high density, a large set of diagrams should be in-
cluded in the series to give a reasonally accurate description
of the fermion system.

In this paper, we develop a theory that includes a large
set of allowed diagrams and is computationally convenient.
Much of the diagrammatic analysis presented here is based
on our previous work’ on the Fermi system.

In Sec. II, we present the theoretical background for the
cluster series of correlation functions in terms of F- and f
bonds. Section III is devoted to reducing the expansion in
terms of the pair correlation function 2y (generated by the
F-bond) and a new function S defined by Eq. (3.2). The
series is divided into five classes of diagrams. The five classes
of diagrams are summed and expressed in compact form in
Sec. IV. Final expressions for the radial distribution function
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and direct correlation functions are reported there under
different approximations. Section V is concerned with de-
veloping an integral equation for the correlation function of
the fermion fluid. Concluding remarks are given in Sec. V1.

Il. THEORETICAL BACKGROUND

The spin-averaged pair distribution function for the fer-
mion system is defined as’

1
2 (N=2)!

N N
Xff [[ 2OWy(1.2,.. M) ] dr,» (2.1)
i=1 J

i=3

pg(12) ="

where

N N
==Y %ff I1 2O Wy (1,20 ] dr,
N>0 4 i=1 i

i=1
(2.2)
is a generating functional for the distribution functions of the
fermion system and W, is the spin-averaged Slater sum

1
Wy= —I Z|W5|2 :

Here X, indicates the summation over all spin states and the
constant A is the norm of the wave function ¥ .

With the help of Egs. (2.1)-(2.3) we obtain the cluster
expansion of the pair correlation function 4(1,2) [where
h(1,2) = g(1,2) — 1] in terms of composite diagrams con-
taining F and f bonds. We adopt the standard terminology
and notation of Refs. 13 and 14. These diagrams have the
following specific features.’

(i) The exchange bond f'is a directional bond.

(ii) The f~bonds form a closed loop or ring. Each loop
with p circles is multiplied by a factor ( — s)! ~ 7.

(iii) Each circle is attached to at most one f~loop.

(iv) A black circle attached to an f~bond, must be at-
tached to at least one F-bond.

An allowed diagram is a diagram that does not violate
these restrictions, along with the usual restrictions adopted
for simple classical fluids'*'* or boson quantum fluids. In
terms of these diagrams, we can obtain the cluster expan-
sions of the pair correlation function 4#(1,2) and the direct
correlation function ¢(1,2) for a Fermi fluid. In the absence
of the exchange bond, the problem becomes analogous to
one discussed by Stell'* for classical fluids. We follow the
method of Stell'* for deriving a cluster expansion for the
Fermi fluid (in the presence of the exchange bond). Thus the
cluster series for the pair correlation function 4(1,2) and
direct correlation function ¢(1,2) are given by the following:

(2.3)

h(1,2) = [sum of all distinct connected composite dia-
grams (CCD) with two white one-circles la-
beled 1 and 2, respectively, some or no black
p-circles, some or no F-bonds, some or no f-
bonds forming a closed loop, at least one F-
bond and/or f~loop and no articulation cir-
cles], 2.4)

¢(1,2) = [the sum of all nodeless diagramsin #]. (2.5)
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We have adopted the diagrammatic notation of Refs. 13 and
14. Thus an articulation circle is a circle in a connected dia-
gram such that its removal divides the diagram into two or
more components of which at least one component contains
no white circles. The first few diagrams in the cluster series
for the correlation functions 4(1,2) and ¢(1,2) are shown in
Figs. 1 and 2, respectively.

Equations (2.4) and (2.5) thus give a graph theoretic
recipe for the pair correlation function and direct correlation
function.

lil. TOPOLOGICAL REDUCTION

In this section we use the topological reduction tech-
nique and eliminate F-bonds from Eq. (2.4) in favor of /-
bonds [where hj (7) is the pair correlation function genera-
ted by F-bonds only]. Thus we obtain

h(1,2) = hg(1,2) + H(1,2), (3.1)

where H(1,2) is the sum of all allowed CCD with two white
one-circles labeled 1 and 2, respectively, any number of
black p-circles, at least one f~loop, some or no /z-bonds, no
articulation circles, no articulation f~loop, and no articula-
tion Ag-bonds.

The expansion series of #(1,2) includes (a) diagrams
with a single loop of f~-bonds connecting all the circles asso-
ciated with a diagram and (b) diagrams with one or more
loops of f~bonds, connecting only some of the circles of a
diagram. It is clear from the definition of H(1,2) that the
circles associated with an f~loop may be connected by some
or no Az -bond, such that each black circle must be conected
with at least one /5 -bond. Further an f~loop may be connect-
ed with another floop or free circle by at least one 45 -bond.
By free circle we mean a circle not associated with a loop.

We first consider a set of diagrams of type (a) with two

h (1,2} o—F—o +
I 2

I~
€ X
INgr2

FIG. 1. The first few diagrams of 4(1,2) for a fermion fluid. The dotted line
represents the F-bond and the dashed line with an arrow denotes the /bond.
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FIG. 2. The first few diagrams of the direct correlation function ¢(1,2) fora
fermion fluid. The symbols are the same as in Fig. 1.

white one-circles appearing in the expansion of H(1,2). We
denote this set by a function .S ?(1,2). The first few diagrams
of $@(1,2) are demonstrated in Fig. 3, where Az- and
(1 + hp)-bonds are represented by solid and curly lines, re-
spectively. Similarly we get a function S'™ (1,2,...,m)
(m >2) with m white one-circles defined as

S (1,2,...,m) = [sum of all allowed CCD with m
white one-circles labeled 1,2,...,m
respectively, some or no black p-cir-
cles, some f~bonds forming a closed
loop connecting all circles, some or
no hg-bonds connecting circles in all
possible ways such that each black
circle is connected with at least one
hp-bond, no articulation circles and
no articulation 45 -bonds]. (3.2)

In terms of the function ™, one can obtain an expres-
sion for H(1,2) in a compact form. We first evaluate the
function S?(1,2) appearing in Fig. 3. Each diagram of
S§?(1,2) may be considered as the product of two chain dia-
grams at the white circles. Considering all the diagrams, the
function S® can be expressed in terms of a new function
L(1,2), which is defined by

(2) N
SM,2) = L+ ;, + L
AN ' ;

'(

W
N2 2 =yt 1~ 72
LFANS
+ ! M
2~— 7

FIG. 3. The first few diagrams of $ ?(1,2). The solid and curly lines repre-
sent the 4 ,- and gg-bonds, respectively, and the dashed line with an arrow

denotes the f-bond.
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L(1,2) = [sum of all chain diagrams with two white
one-circles consisting of only one path of f-
bonds, /,-bonds connecting in all possible
ways such that each black circle is connected
with at least one hg-bond, each black circle
has a vertex function ( — p/s)]. (3.3)

The first few diagrams of L(1,2) are shown in Fig. 4. The
function L can be expressed in a compact form in terms of
the % -bond, which is defined in our previoud paper,’
where a method of summing these chain diagrams has been
discussed in detail. In the present paper, we only mention the
final result. If €@ is the sum of the simple chains of /- and
(fh )-bonds, then €'? can be expressed as’

Oyf: 3y — 1 iker; J

eraD) Qm)3( — p/s) J
« [fA+B) +B2(1+1)
1—-B(1+1)

, (3.4)

where f and B are the Fourier transforms of f(kyr) and
JCkgr) h(r), given by

]:-—_S—pfdre_”"’f(kfr) , (3.5)

Bz;sp.fdre—ik"f(k,r)h,(r) . (3.6)

We can sum the complex chains by replacing the f~-bond by
the Z@-bond in Eq. (3.4). We can repeat the process of
summing the chain diagrams except that the basic link in
each chainis not f but ¥ "~ to obtain the new link % (.
Thus % ™ isexpressed by Eq. (3.4) using @ "~ " in place of
J- The L can be expressed as

.’ ' * .

LU =o-»—o + £ \

+ [more complex elementary diagrams with
more than two black circles]. 3.7)

Here O—:—+ ——-O represents the € * -bond. In terms
of the function L, § ® can be expressed as

L“,Z’ = o - +

~d

el W *-3 + o—»—‘—}:"‘é
| 1

> S

+ T—a—(—h—-ﬂ-—g + +: ;YI + +|—< +:
b b
t 2 ! 2

FIG. 4. Diagrammatic representation of L(1,2). The symbols are the same
as in Fig. 3.
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SP(1,2) =g (1,2)£(1,2), (3.8)
where
RN <4
(A =L+ 4 % 44 (39)
&

Here O—- - — - -—O denotes the L-bond. Similarly one can
obtain an expression for $™ (m>2) as

S™(1,2,.m) =gg(1,2,....m)L(1,2)L(2,3):--L(m,1) .

(3.10)

By including the elementary diagrams in the expres-
sions of L and S @, one can obtain an exact expression for S @.
However, one can neglect the elementary diagrams to obtain
S @ approximately as

S2(1,2) ~g5(1,2)¥(1,2)

=gz (1L,2)[ — (/)€™ (1,2)] . (3.11)

This approximation for S @ is expected to provide a reasona-
bly accurate expression for £(1,2) of the Fermi system.
In terms of ‘™ (m>2), Eq. (2.4) can be expressed as

h(1,2) = hg(1,2) + [sum of all allowed CCD with two
white one-circles labeled 1 and 2,
respectively, any number of black
p-circles, at least one S -bond
connecting any m circles (m>2)
such that each black circle at-
tached to an $“™ -bond is also at-
tached to at least one Agz-bond,
some or no 5-bonds, no articula-
tion circle, no articulation S-
bonds, and no articulation Ag-
bonds]. (3.12)

In this description of 4(1,2), the pair of circles is singly con-
nected either by an 4, -bond or an $“™ -bond. The first few
diagrams of 4(1,2) are shown in Fig. 5, where a solid line
represents the 4,-bond, a helical line denotes the S ?-bond,
and a helical triangle denotes the S ®-bond. In Fig. 5, the first

e A A
AT

+N+N+m

FIG. 5. The first few diagrams of /#(1,2). The solid line represents A,-
bonds, the helical line denotes the S®-bond, and the helical triangle repre-
sents the S ®-bond.

hiy,2) —
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diagram contains no S-bond, the last two diagrams contain
an S ®-bond, while the rest contain an S ?-bond. The second
diagram of Fig. 5 contains no 4-bond.

Similarly the direct correlation function ¢ can be written
as

c(1,2) = c5(1,2) + [sum of all nodeless diagrams in A4].
(3.13)

Equation (3.12) can be written as

h(1,2) = ¢(1,2) + [sum of diagrams with one or more
model circles]. (3.14)

Using the relation
g(1,2) =1+ h(1,2), (3.15)

we can write the pair distribution function g(1,2) for the
fermion system as

where
D(1,2) = [sum of all A, (1,2) irreducible diagrams in 4],

(3.17)

where an Ay (1,2) irreducible diagram means there is no di-
rect hp-bond between the white circles 1 and 2.

In order to obtain an expression for D, we write it as a
sum of five classes of diagrams,

D=D,+D,+D,+D, +D,, (3.18)

where D, is the subset of diagrams in D for which white
circles are linked directly with the § ”-bond, D, is the subset
of diagrams in D for which no white circle is the $*™ -circle,
D, is the subset of diagrams in D for which the left white
circle is the S ™ -circle, D, is the subset of diagrams in D
with the right circle being a $'™ -circle, and D, is the subset
of diagrams in D for which both white circles are S ™ cir-
cles, but with no direct S ?-bond between white circles. The
five classes of diagrams are shown in Fig. 6. A simple differ-
ence between D, and D, is that the former has a direct link
of the S ®-bond, but the latter has no such direct link.

Similarly, the direct correlation function can be ex-
pressed as a sum of five classes of diagrams

c=cg+cot+c+c¢, +¢y, (3.19)

whre ¢ , ¢o, ¢}, €,, and ¢, are the sets of nodeless diagrams in
h corresponding to D,, D,, D,, D,, and D,, respectively.

IV. THE SUMMATION OF SERIES

We first consider the contribution of simple chain dia-
grams appearing in Eq. (3.18), namely those diagrams of
Dy, D,, D,, and D,, which consist of only one path of lines
joining the white circles 1 and 2. The diagrams of these types
consist of alternate - and S ®-bonds, which may be con-
structed by repeatedly inserting a “propagator” of Fig. 7(e),
in place of black points. The few diagrams of series are
shown in Figs. 7(a)-7(d). In the previous paper,” we have
discussed the Fourier transform approach to summing these
series. These diagrams can alternatively be summed to give

P(12) = 0,(1,2) +pf 0,(,3)P,(32)dr,,  (4.1)
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FIG. 6. The first few diagrams of (a) D,(1,2), (b) D,(1,2), (c) Dy(1,2),
(d) D,(1,2), and (e) D,(1,2). The symbols are the same as in Fig. 5.
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s AT
4+ ---
(a)
P 1,21 = /3_\ + é + m
4 -
(b)
Py (1, 2) = m + | l + ——
(c)
P21 = é §+ é é + -

AL A

FIG. 7. Simple chains of - and §?-bonds: (a) P,(1,2), (b) P,(1,2), (c)
Py(1,2), (d) P,(1,2), and (e) propagator.

P.(12)=0,(12) + pf 0.(1L3)P,(32)dr,,  (42)

Py(1,2) =pf hp(1,3)P,(3,2)dr,, 4.3)

P,(1,2) =pJ P,(1,3)S?(3,2)dr,, (4.4)
where

Q,(12) = , (4.5a)

Q,(1,2)= . (4.5b)

Numerically, @, = @, and P, = P,. For agiven A5 and S?,
we can solve these linear integral equations to obtain P, P,,
Py, and P,.

The expansion of D can now be given in terms of A5 -, S-,
and P-bonds. This prescription includes a chain diagram (of
P-bonds), nodal diagrams, and elementary diagrams.

We now define a new set of chain sums by including the
set of nodal diagrams with one nodal point and one P-bond,
as shown in Fig. 8, in Eqgs. (4.1)-(4.4). These new chain
sums are given by

G, (1,2) = P;(1,2) + 4,(1,2), (4.6)
Go(1,2) = Po(1,2) + A4y(1,2), (4.7)
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(c)

wea = K+ £
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FIG. 8. Diagrams of (a) A4,(1,2), (b) 4,(1,2), (c) 4,(1,2), and
(d) 4,(1,2).

Gb(1a2) =Pb(112) +Ab(1,2) ’

where

(4.8)

4,(1,2) =pf[P,(1,3) + P, (1,3) g (1,3)h,(3,2)dr,

+pfS(2)( 1,3)Py(3,2)h5 (3,2)dr,, (4.9)

44(1,2) = ZpJ[P,(1,3) + Po(1,3) 1A (1,3)h5 (3,2)drs ,
(4.10)

A4,(1,2) = ZpIS‘Z’(1,3)P,(3,2)h3(3,2)dr3 . (4.11)

Here G, = G;.

Let 6 represent the remaining nodal diagrams with two
or more P-bonds, and/or two or more nodal points. For con-
venience, we may call these diagrams “‘complex” nodal dia-
grams, while the diagrams of 4 may be called ““simple” nodal
diagrams. Some complex nodal diagrams are shown in Fig.
9. The elementary diagrams appearing in the expansion of D
are given by

Ey(1,2) = + (4.12a)

E (1,2) = (4.12b)
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v O
O

o= Y-

Sl = m +m
0N P

FIG. 9. Diagrams of (a) §,(1,2), (b), §,(1,2), and (d) §,(1,2).

Now the diagrammatic expansion of D can be expressed
in terms of ‘™, G, 8, and E. This prescription consists of
summing these diagrams and their products at the white
circles. Introducing a new function B defined by

+

(4.12¢)

By = Gy + 8o + E,, (4.13a)
B,=G,+6,+E,, (4.13b)
B.=G,+6, +E,, (4.13¢)
B,=G,+6,+E,. (4.13d)

We now construct the ‘“‘composite” diagrams by connecting
the two white circles 1 and 2 by two or more B-bonds. Then
we can write the expansion of D in the compact form as

D,(1,2) =y (1,2) + [a set of composite diagrams
with two white one-circles, la-
beled 1 and 2, one ¥ -bond
and one or more B,-bonds con-
necting the two white cir-
cles], (4.14a)

Dy(1,2) =By(1,2) + [a set of composite diagrams
with two white one-circles la-
beled 1 and 2, two or more B,-
bonds connecting the two white
circles], (4.14b)
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D,(1,2) = B;(1,2) + [a set of composite diagrams
with two white one-circles la-
beled 1 and 2, one B,;-bond and
one or more B,-bonds connecting
two white circles], (4.14c)

D,(1,2) =B,(1,2) + [a set of composite diagrams
with two white one-circles la-
beled 1 and 2, one B, -bond and
one or more B,-bond, or one B,,
one B, -, and any number of B,-
bonds connecting the two white
circles]. (4.14d)

Finally using Lemma 4 of Mortia and Hiroike,"* the
expansions of Dy, D,, D,, D,, and D, can be expressed in
compact form. Thus

D, =y + ¥ [exp(G, + 8, + Ep) — 1], (4.15a)
Dy =[Gy + 8 + Ep] + [exp(Gy + 6o + Eo)

—1—(Go+ 6+ Ep)], (4.15b)
D, =[G, +6,+E]+[G +6 +E]

X [exp(G,y + 6, + Ep) — 1], (4.15¢)
D, =D, (4.15d)
D, =[(G, +6,+E,)

+ (G, +6, +EN(G, +6, + E,)]

X [(Gy + 8, + E,)

+ (G, + 8, +E)(G, +6,+E,)]

X [exp(Gy + 8, + Ep) — 11, (4.15¢e)

where 8,, 8,, and §, are sets of the complex model diagrams.
The first few diagrams of §,, §,, and 8, can be evaluated to

give

8o =p[To*T, + Ty*(Go + G)) + (Go + G,)*Tp] ,
(4.16a)

8 =p[S@*(Ty — hy Py) +2G,+T,
+ (T, + Tb)*(Go+ To)] s
6!) =p[Tl*Tr + 2T'b*(Gr + Tr)
+2(G, + G,)*T, + 25P%(T, — hy P)],

(4.16b)

(4.16¢)
where
Ty =gglexp Go — 1] — Gy, (4.172)
T, =85 G exp G, — Gy, (4.17b)
Ty =8,[G, + G, G, ]exp Go— G, - (4.17c)
Here * denotes a spatial convolution, i.e.,
(A*B)(r,r;) = J'A(rl,r3)19(r3,r2)dr3 . (4.18)

With the help of Eq. (4.15), D can be expressed as
D =explty + E)[1 + ¥ + (4, + E)) + (1, + E,)
+ & +E)+ (4, +EN, +E)N] -1, (4.19)

where
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t=G+ 6.

Then the final results for g is

g=2gz explto + Eo}[1 + 7™ + (4 + E))
+ @ +E)+(t,+E)+ (4, +ENU +E)],

(4.20)

(4.21)
and for direct correlation functions
ca =85 V" explt, + Byl , (4.22a)
co=gp explto+ Ey]l —1—[hp —cp + 1], (4.22b)
¢, =8g[t; + E ]explto + Eo]l — 1, (4.22¢)
¢, =8g[t, + E Jexplt, + E,] — 1, (4.22d)
¢, =8ty +E, + (t, + E))(t, + E,)]
xexplt, + Ey] — ¢, . (4.22¢)

In deriving Egs. (4.21) and (4.22), we have not consid-
ered the diagrams with $'™ -bonds (m>3) such as the last
diagrams in Fig. 5(a)-5(d). It is, however, possible to in-
clude some of these diagrams in the summation by simply
replacing Q [defined in Eq. (4.5)] by ¢ in the expressions
of P, and P,, respectively, where the Q° are defined as

Q?(lyz) =Q1(1’2) + » (423)

Q0;(1,2) =0,(1,2) + (4.24)

Expressions of P thus include a set of diagrams with S -
bonds. Equations (4.21) and (4.22) thus give formally exact
expressions for the correlation functions of the fermion sys-
tem. However, it is important to emphasize that different
approximations can be obtained from Egs. (4.21) and
(4.22) by neglecting a different set of diagrams.

If we set all E =0, this set of equations sums all dia-
grams of the HNC type, which we may term a modified
FHNC approximation. Thus under this approximation the
pair distribution function (PDF) is given by

grunc = 85 explL] [1 + YW+ttt 1]
(4.25)

and the direct correlation functions are expressed as

ca =8s¥'" €xp to, (4.26a)
Co=8pexplo—1— [hg —cp5 + 5], (4.26b)
¢; =8pli Xply— 1), (4.26¢)
¢ =cp (4.26d)
c, =8ty + 112, ]eXp ty — 1. (4.26¢)

It is interesting to note that this approximation is a close
analog to the FHNC approximation of Fantoni and Rosati
(FR).° However, it differs from the FR-FHNC in the sense
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that it is expressed in terms of 45. When compared with our
previous expressions’ for g, we find that the present result
includes & and 4, which are not considered previously.

The corresponding Percus-Yevick (PY) analog is ob-
tianed by further linearizing ¢. Thus we get

c, =SP=g,v", (4.27a)
Co=Cp + hply, (4.270)
¢, = hgt,, (4.27¢c)
¢, =c, (4.27d)
¢y = hgt, . (4.27¢)

This may be termed as a modified Fermi—Percus—Yevick
(FPY) approximation.

Another approximation can be obtained by setting all
8 = 0. Thus we obtain an expression for g as

g(r) =gz (Nexp[G°(N][1+ ¥ (r) + G/(r)

+ G, (1) +G,(r) + G,(NG.(N], (4.28)

and for the direct correlation function as
cs = 837" exp G, (4.29a)
Co=8p €xp Go— 1 — [hp —c5 + Gy), (4.29b)
¢, =856, exp G, — G, (4.29¢)
¢, =cp (4.29d)
¢, =8 [Gs + GG, |exp Gy — G, (4.2%)

Equations (4.28) and (4.29) give approximate expres-
sions for correlation functions. They are obtained by neglect-
ing highly connected diagrams, namely 6 and E, whose con-
tributions are expected to be small. It is interesting to note
that this approximation is in a close analog to the Exp ap-
proximation considered by Andersen and Chandler'® for a
simple atomic fluid. We may call this an F-EXP approxima-
tion.

Retaining the term of § given in Eq. (4.16), we obtain an
expression for g;

8(r) = grexp (Nexp 8o(r) [1 4+ {8,(r) +6,(r) + 8, (r)
+ G(r)8,(r) + 8,(NG,(r) +8,(nd, (N}
X{1+ " 4+ G,(r) + G, (1) + G, (1)

+Gi(NG, (N} (4.30)

This is an improvement over the F-EXP approximation.
This approximation corresponds to the RHNC approxima-
tion of Stell and Weis'® for simple atomic fluids.

V. INTEGRAL EQUATIONS

We first take into consideration only the simple linear
chains and write the pair correlation function A(7) of the
Fermi system as

h(r) =hg(r) + SP(r) + Po(r)
+ P (r) + P,(r) + P, (1),
where r = |r, — r,|. The Fourier transform of it yields
h(k) = hy (k) +SP(k) + Py(k)

+ P, (k) + P, (k) + P, (k).

(5.1)

(5.2)
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Using the Fourier transforms of Egs. (4.1)~(4.4) we get
an expression for 2(k) in the matrix form

H°=h—8S?=wczw/(1 —pocg) (5.3)
or

H®=wcy[w +ph]l, (5.4)
where o is the matrix with elements

w(k) =1+ pS?(k) (5.5)
and ¢ is the matrix with the element

cp(k) = fcs(r)exp [ — iker]ar. (5.6)

Here c (7) is the direct correlation function of boson system
generated by F-bonds only. From Eq. (5.4), one gets
x=1+4+ph=o+pH’=[1-pocy] 'o. (5.7)
InEq. (5.7), the contribution of diagrams involving S -
bonds to the direct correlation function ¢ are neglected. In
order to improve the result, their contribution should be tak-
en into account. One can improve the result by replacing the

direct correlation function cg by c. Thus Eq. (5.7) takes the
form

(5.8)

The bears a resemblance to the reference interaction site
model (RISM) integral equation'” for the site-site correla-
tion function for the molecular fluid, where the exchange
bond S @ is replaced by the intramolecular bond. However,
this approximation includes some unallowed diagrams,
which do not appear in the usual expansion. In this sense,
Eq. (5.8) is not a proper integral for the Fermi system.

When four direct correlation functions, discussed in the
previous section [ Eq. (4.22) ], are used, the cluster series for
the pair correlation function is expressed in the form

x=0+pH’=[1-poc] 0.

y=0+pHY=(1-pQc)'Q, (5.9)
where
Q= (1—pc;) (@+pc,)(1—pc,) '=w+ A0,
(5.10)
and
S=h—cy. (5.11)

Here ¢, is the Fourier transform of c,(r) given by Eq.
(4.29a). Equation (5.9) is the principal result, which is
identical to the proper integral equaiton of Chandler et al.'®
for the site-site correlation function of the molecular fluid.
No unallowed diagrams are included in Eqs. (5.9) and
(5.10). With the expressions for ¢, ¢;, ¢,, ¢;, and ¢, given by
Eq. (4.29), one can evaluate y and 4 easily.

VI. CONCLUDING REMARKS

We have developed a method that provides two routes
for calculating the correlation functions for the fermion
fluids. One is in terms of D obtained under different approxi-
mations and the other is the integral equation in terms of the
four distinct direct correlation functions. The integral equa-
tion is much simpler and given in the computationally con-
venient form.

Using cluster expansion and topological reduction, we
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have obtained systematically a set of computationally con-
venient approximations for the correlation functions of the
fermion system. These approximations are expressed in
terms of S®, which represents a partial summation of the
exchange expansion. A set of diagrams involving § ¢
(m=3), which have a very compact structure, are not taken
into consideration in these approximations. They are, how-
ever, highly connected diagrams, whose contributions are
expected to be small. The approximations developed here
are expected to yield the correlation functions of fermion
fluids with the same accuracy as their counterparts have
been found to yield in the case of classical fluids. The appli-
cation of this theory to some fermion systems will be a sub-
ject of future publication.
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Solutions of Euclidean o models on noncompact Grassmann manifolds

J.-P. Antoine and B. Piette®

Institut de Physique Théorique, Université Catholique de Louvain, B-1348 Louvain-la-Neuve, Belgium

(Received 5 August 1987; accepted for publication 24 February 1988)

A method for constructing explicit solutions of classical, two-dimensional, Euclidean o models
on Grassmann manifolds of noncompact type, and their supersymmetric extensions, is
presented. It generalizes the “holomorphic” method developed by Din, Zakrzewski, and Sasaki
in the compact case, by taking properly into account the geometry of indefinite metric spaces.
The solutions obtained are local, in the sense that they may become singular on certain curves
in the plane, and the signature of the solution may change across such a curve.

I. INTRODUCTION AND DEFINITION OF THE MODEL

There are many reasons for considering two-dimension-
al o models on noncompact manifolds. In the Minkowskian
regime, they have arisen in a number of physical situations,
such as the Gross—Neveu model,' relativistic string theory,>
gravitation® (black holes, Ernst equations), supergravity
models,* and gauge equivalence with various nonlinear dy-
namical systems.’> In quantum field theory, Euclidean o
models on Grassmann manifolds have been used quite often
as a laboratory for gauge and string theories, but almost al-
ways in the compact case.® On the other hand, Euclidean
noncompact ¢ models, even supersymmetric ones, are used
in solid state physics, for describing (Anderson) localization
properties in disordered conductors’ and superconductors.®
Finally the mathematical interest is obvious. A classical so-
lution of a o model is nothing but a harmonic map into some
(pseudo-)Riemannian manifold, and such objects have
great geometrical significance. Grassmannian models, in
particular, have received some attention recently,’ but in the
compact case only.

Since the object of a o model is a massless field con-
strained to live on a manifold M, but otherwise free, the
geometry of M is of central importance. In a previous pa-
per,'? we have clarified this issue for models on Grassmann
manifolds, both of compact and noncompact type. Then we
have discussed the implications of our results for the Back-
lund transformation method of Harnad et al.,"! and we have
also shown the validity of that method for Euclidean models,
in addition to the usual Minkowskian ones.

Now, for Euclidean models, the most popular method of
solution is the so-called “holomorphic’ method, introduced
by Borchers and Garber'? and developed systematically by
Din and Zakrzewski'? and by Sasaki,'* but only for the com-
pact case (except for some brief remarks in the last paper).
In the present paper we will show that the method (denoted
DZS in the sequel) works for noncompact models as well,
provided one takes properly into account the geometry of
indefinite metric spaces. The same is true for the supersym-
metric extensions of those models considered by Din et al.'*
and Fuijii et al.''" Indeed the key point in the DZS method
consists in constructing an orthonormal basis for a subspace
of C” out of a family of homomorphic vectors f=f (x + it ),

® Chercheur IISN (Belgium).
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using for instance the familiar Gram-Schmidt procedure.
Now for a noncompact model, the metric on CVis indefinite,
and the construction breaks down in general.The best one
can do is to construct an orthogonal family, but some of the
vectors may have zero norm. An additional condition is
needed to exclude this behavior, namely, that the subspace
be nondegenerate.

To be more specific, let V' = C?+ ¢ (we may take R* + 7as
well), equipped with the inner product given by the metric
t=1, =diag[1l, —1,]:

(fle) =Fltg= 5 Toga— 'S Toge. (LD
B=p+1

a=1

This metric is indefinite, but nondegenerate, in the sense that
no vector is orthogonal to the whole space: YNV* = {0}.
The geometry of such a space is described for instance in the
monographs of Bognar'® or Deheuvels.'® The crucial prop-
erty of a subspace WC V'is the equivalence between the fol-
lowing three conditions:
(i) Wis nondegenerate: WN W' = {0};
(ii) W is orthocomplemented: V= Weo W*;
(iii) W is the range of an orthogonal projection P:
W = PV, where Pis a (p + q) X (p + g) matrix
satisfying  the  relations P?*=P and
(Pflg) = (f|Pg).
This last aspect is the key one for Grassmannian o models,
since the field of such a model is precisely a projection
P = P(x), xcR?, as we discussed at length in Ref. 10.
Before proceeding, we have to introduce some notation.
Let F={f,,..., /., } be a family of m vectors in C¥. We will
denote by the same symbol F the N Xm matrix
F=[ f--f ], whose columns are the vectors f;, and by
(F) the vector subspace of C" generated by F. If P is an
orthogonal projection in C¥ (as defined above), its action on
the subspace (F) is given by

P(F)=(PFY=(Pf..Bf.) . (12)

Finally, if the subspace (G ) is nondegenerate, we denote the
corresponding projection by P or P{G].

For the sake of completeness we recall the main defini-
tions of (complex) Grassmannian o models. The target
manifolds are the following symmetric spaces:
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(i) compact type:

G, (C) =SU(p + ¢)/S(U(p) XU(g)}); (1.3a)

(ii) noncompact type:
0<i<p, 0<j<q. (1.3b)

The field Z = Z(x), xeR?, is a (p + q) X r matrix verifying
the relations

ZhtZ=1t,, (1.4)
wherer=g¢,t=1, gpandt; =1, in the compact case, and

t=1,,t,=1;, with i + j =, in the noncompact one.
The Lagrangian reads
L =1Tr[(D,2)t (D*2)tz], p=0,1, (1.5)
the covariant derivative being defined as
D,Z=9,Z—-27t,Z"4,Z
=(1-P4,Z, (1.6)

where P= Zt,Z is the projection on the r-dimensional
subspace spanned by the columns of Z. The Euler—Lagrange
equations derived from the Lagrangian (1.5) are

D#D“Z—th(DuZ)Tt (D*Z) =0 (1.7
or, in terms of the projection-valued field P = P(x),
[6,0“P,P] =0. (1.8)

Equations (1.5)—(1.8) are general, but from now on we con-
sider only the Euclidean metric on R Then, going over to
complex coordinates x, = (x +iy)/2, Eqs. (1.7) and
(1.8) become, respectively,

D,D_Z+Zt,(D_Z)t(D_Z)=0, (1.9

[d,0_PP]=0. (1.10)

The self-dual solutions are those fields that verify the simpli-
fied equation

D_Z=0 (1.11)
or, equivalently,
d_P-P=0. (1.12)

The paper is organized as follows. In Sec. I1, we describe
the general method of solution, valid for all complex or real
Grassmannian models, compact or not. It generalizes the
constructions of Din and Zakrzewski'* and Sasaki.'* The
key technical ingredient is a recursive process for construct-
ing an orthonormal basis in an indefinite metric space; this
process, which is described in detail in the Appendix, is a
proper substitute for the Gram—-Schmidt procedure. We also
consider the particular case of the symplectic models; these
have no self-dual solutions, since the target manifold is not
Kibhlerian. In Sec. ITI we discuss somewhat further the prop-
erties of our solutions. As mentioned above the solution of a
Grassmannian model is a projection-valued field, of a cer-
tain rank and signature. The rank of the solution may be
specified a priori; it is simply the number of linearly indepen-
dent vectors one starts from. But a novel feature appears for
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noncompact models: the signature of the solution is not
known beforehand, it can only be computed after the con-
struction is completed. Worse yet, the signature of the pro-
jection P(x) may vary across some lines of the x, plane, on
which the solution becomes singular ! In the same section, we
indicate how to evaluate the action of the solutions (not all
solutions have finite action !).

In Sec. IV, finally, we extend to the noncompact case the
supersymmetric versions of the models introduced original-
ly by Din et al.’® and Fujii et al.'®'”; more precisely, we
examine successively the case of a fermion in the field of a
bosonic background, and then the fully coupled supersym-
metric equation.

Il. SOLUTIONS OF THE NONCOMPACT
GRASSMANNIAN ¢ MODELS

In this section we will construct explicit solutions of the
Euclidean ¢ model on the complex Grassmann manifold
G,.,; (C) =SU(p,q)/S(U(p — i,g — j) XU(,j)). The ba-
sic field of the model is a projection on a subspace of dimen-
sion (i + j) and signature (7,7 ) of C°* 9 The method of
construction is an extension of the one used by Din and
Zakrzewski'® and by Sasaki'* for the compact case.

A. Self-dual solutions

As usual the simplest solutions are the self-dual ones,
and actually they will be needed later on for constructirg
more general ones. So we start with the self-dual case.

For any r, 1<r<p + ¢, choose a set of r linearly indepen-
dent holomorphic vectors F={f,,...,}, f,eC’*9,
d_f.=0 (m=1,.,r), and define the corresponding
(p + q) Xr matrix F = [ f,,..., f,]. Assume that the (rXr)
matrix ¢, = F't F is nonsingular. Then P, = Ft.~'F't is
the projection on the subspace (F ) spanned by the columns
of F. Following the arguments of Macfarlane,?° one shows
readily that P, verifies the self-dual equation d_ Py P = 0.
We emphasize that, whereas rank P, = dim(F) = r has
been chosen a priori, its signature is not: to obtain it, one
must diagonalize the matrix ¢, which is not so easy in gen-
eral. So we meet here the basic ambiguity of noncompact
Grassmannian models: the method yields a solution of the
modelon G, ; , for some pair (i, j ) withi + j = r, but oth-
erwise unknown. We will come back to this point in Sec. III.
It is interesting to notice that the same ambiguity was found
already'? in the Biicklund transformation method.

B. More general solutions

In the compact case, quite general, not necessarily self-
dual, solutions have been obtained by Din and Zakrzewski'>
and by Sasaki.'* For noncompact models, their methods ap-
ply, too, up to a point, because a given set of independent
vectors need not always be orthonormalizable. The relevant
information and algorithms are described in the Appendix,
with the main result summarized in Sec. I above.
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Again the starting point is a set of linearly independent
holomorphic vectors F={f,,...f;}, d_f, =0 for m
= 1,...,/. We emphasize that the set F is completely arbi-
trary; for instance, a vector f; might very well be the deriva-
tive of another one, say f,: f; = d, f,. Now we partition ¥
in an arbitrary way into subsets F,,F,,...,F,, some of which
may be empty (k is arbitrary). As usual each F, may be
considered as a (p + ¢) X r, matrix, where r, is the number
of vectors in F,,. Then we extend our set of vectors by adding
derivatives of the f,,’s, through the following recursive pro-
cess:

H'=F,,
H?={d,HF,}, 2.1
H"={d ,H""'F,} (2<n<k).

In those relations, if H ™is the subset { £{™, f{™,..},d , H™

denotes the set {3, f{™,d, f{™,...}, in the same order.
Furthermore, it is understood that, at each step of the recur-
sion, every vector linearly dependent on its predecessors is
dropped. Then taking together all the blocks H',....H*, we
obtain our basic set of holomorphic vectors,

H={H'H?*. . H%, (2.2)
where we may assume without loss of generality that
(H) = CP*+9. Next, we select out of H a certain number of
connected subsets E,,E,,....E,, with E, = {H*,.. .H %} and
denote by G,,G,,....G,,, the blocks of H™s left out
(“gaps”),

H={G,E,GyE,,....G,E,,G,, ,}, (2.3)

where all blocks E,,G, are nonempty, except possibly G,
and G, ,. Finally, we consider the following subsets of H:

E={E,E,. .E}, (2.4a)
H(E,) ={G,E,,G,E,,...E,}, 1<n<s, (2.4b)
H(Gn) = {GI:EI’GbEz;---’En_ 1 yGn }’ 1<n<s + l .
(2.4¢)
The following relations are immediate:
H(G,)CH(E,)CH(G,,..,), (2.53)
J,G,CH(E,), (2.5b)
d.E,CH(G,, ). (2.5¢)

We say that the partition (2.3) of H is completely nondegen-
erate if all subspaces (H(E,)),(H(G,)), forn = 1,....s, are
nondegenerate. In addition, any set of holomorphic vectors
E constructed by the process above will be called a DZ set
(for Din and Zakrzewski'?), and a completely nondegener-
ate one if the partition of H is. This definition is motivated by
the following property.

Lemma 2.1: Any completely nondegenerate partition
H={G,E,G,,...E,G, }generates an orthonormal basis
{°G,’E°G,,...”E .G, ,  } of CP T 4.
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Proof: By assumption, for each n = 1,...,s, the ortho-
complement of (H(G,)) in (H(E,)) is a nondegenerate
subspace, namely, (E,), where E, = (1-P[H(G,)])E,
and P [H(G,)] is the projection on (H(G,)),

(H(E,)) =(H(G,))e(E,) . (2.6a)
Similarly, foreach n = 1,....,s + 1,
(H(G,)) =(H(E,_,))e(G,), (2.6b)

with G, = (1—-P[H(E,_,)])G,. Applying systematical-
ly this procedure to the given partition of H, starting, e.g.,
from the left, we obtain a new parametrization of C# + 9,

H={G,E,G,,...G,E,G,, .}, (2.7)

where the subspaces (E,,),(G,) are mutually orthogonal
and have orthonormal bases °E,,,°G,,, respectively. Putting
all those bases together, we obtain the required orthonormal
basis of C** 9, and in particular for the sets (H(E,)) and
(H(G,)). n

The construction described in the proof of Lemma 2.1 is
a block-by-block version of the Gram-Schmidt procedure,
valid for any completely nondegenerate partition of H. The
bases °E,, ,°G,, verify the following relations that will be used
in the sequel [compare with (2.5)]:

P[H(G,, ))d, °E, =4, °E,, (2.82)

P[H(E,)]d, °G, =3, °G,. (2.8b)
An explicit construction of the bases °E,,,, °G, is described in
the Appendix. We emphasize that, whereas the vectors of
E, ,G, are holomorphic by construction, those of E‘,,,,é,,
and °E,,, °G, are not, in general.

For each n = 1,2,...,5, we define the following subsets of
H, which also span nondegenerate subspaces:

E™ ={E,E,,..E,},

G ={G6,,G5...G,}. (2.9b)

We also call P, (resp. Q,) the projections on (E ™)
(resp. (G‘™)), and denote by Z,=°E ‘" ={°E°E,,...,
°E.} (resp. W,=°G "™ ={°G,,°G,,...°G,}) the corre-
sponding orthonormal bases.

Proposition 2.2: Let E = {E,,...,E. } a completely nonde-
generate DZ set of dimension », P = P, the projection on the
corresponding subspace. Then P is a solution of the Euclid-
ean o model on a Grassmann manifold G, ; (C), where
i+j=r

Proof: We follow Refs. 13 and 14. The projection
P, + Q, = P[H(E,)] isaself-dual solution of rank r (since
it consists of » consecutive vectors, with no gaps). Hence

(2.9a)

d_(P,+ Q) (P, + Q) =0. (2.10)
From (2.8b), with n = 5, we get
(Ps +Qs)a+Qs=a+Qs (211)

and, using the analyticity of the starting vectors {r mts

(P, +Q,)d_Q,=3_0,. (2.12)
Taking conjugates, we get [d, Q,,P, + Q,] = 0. From this
and the relation P,Q, =0, (2.10) becomes
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d_P,-P +Q.d_Q =0. (2.13)
Taking conjugates again and deriving, one obtains finally
[0,9_P,P]=[3.9_0Q,,0], (2.14)

which means that P, is a solution if Q, is a solution. Now we
iterate the process: P, |, + Q, = P[H(G,)] is also a self-
dual solution. By the same argument, we obtain

[a+a—Qs’Qs] = [a+a—Ps—-1’Ps-—1] 3

i.e., O, is a solution if P,_, is one. Proceeding in the same
way, we end up with a last set, namely, {E,} if G, is empty,
{G,} otherwise, for which the corresponding projection is a
self-dual solution. Hence P= P, is a solution, and it has rank
r by construction. n

Exactly as in the case of self-dual solutions, the rank of
P,i.e.,dim E, hasbeen specified a priori, but the construction
gives no information whatsoever on the signature, i.e., we
know that Pis a solution of some model, but we do not know
a priori which one ! We come back to this point in Sec. III
below.

In view of Proposition 2.2, completely nondegenerate
DZ sets are the key ingredients for solving the noncompact
models, and in fact they are easy to construct with help of
Proposition A3. Let F={ f,,..., f,} be any set of linearly
independent holomorphic neutral vectors: d_ f,, =0 and
(foul fn) = Oform = 1,...,1. Then every derivative d . * £,, is
also a holomorphic neutral vector; thus the set H generated
by Fis composed of neutral vectors, and so is every DZ set E
contained in H. To get a completely nondegenerate DZ set E,
it is therefore sufficient to verify the nonorthogonality
asumption of Proposition A3; clearly this condition will be
satisfied in general, especially if dim E is large.

For the sake of clarity, it is useful to extend to our non-
compact model the terminology introduced by Din—
Zakrzewski'® and Sasaki.'* Let again H={G,E,,G,,...,
E,,G,, ,}theset generated from { f ..., f,}, P the solution
corresponding to E = {E,,...,E.}. Then, that solution P is
called (i) genericif s=1 (i.e., H={G,,E,,G,}) and [ = r;
(ii) degenerate if s = 1 and [ < r; (iii) self-dual if s = 1 and
G,isempty: H = {E,,G,}; (iv) anti-self-dual ifs = 1 and G,
is empty: H = {G,,E,}; and (v) reducible in all other cases;
indeed'*?! a solution corresponding to {...,E,,G,,E,,...} is
the direct sum of two solutions corresponding to E, and E,,
respectively.

Before closing this subsection, let us be more specific
about the solutions. Let L stand for E,G,.Z,,W, M,
={G,E,,G,...E,_,,G,} or N,={G,,E,,G,,....E,}. Then
the following relations determine, respectively, an orthogo-
nal basis of (L ) and the corresponding orthonormal one,

(2.15)

L=LU,, (2.16a)

°L=L|:|""*U,, (2.16b)

where t, =L tL, |t,|=(t}t,)"'? and U, is a unitary ma-
trix diagonalizing ¢, ,

tr=(t)aing = ULt U =Lt L.

We will use these various bases in Sec. III below.

(2.17)
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C.The X, and X, transformations

For the CP"” model, Din and Zakrzewski'® have found
all the finite action solutions. For compact Grassmannian
models, Sasaki'* has proposed a different method. The idea
is to start from an arbitrary solution and to construct a new
one, orthogonal to the first, using the so-called X, transfor-
mation. However, it is still not known whether the combined
DZS methods yield all finite action solutions. Those have
been constructed recently by Wood,” but it is not clear
whether his solutions are all different from the DZS solu-
tions. We show here that Sasaki’s =, transformation may be
generalized and extended to the noncompact Grassmannian
models, without, however, yielding a complete characteriza-
tion of all finite action solutions.

Let X°G,,; (C) be a solution of rank r =i+ j and
signature (7, ). Its covariant derivative, which is given as
(see Ref. 10, §5)

D, °X°%= (1 —Py.)d,X°, (2.18)
is a matrix of, say, rank m and signature (k,/). Sasaki as-
sumes the rank of D °X ° to be maximal, but it is enough to
suppose that D, °X °is nondegenerate, i.e., k + { = m. With-
out loss of generality, we may write D_ °X ° under the form
D,°X° = [Y;YA ], where Yis of order (p + ¢) Xm and of
maximal rank, and 4 is of order mX (p + ¢ — m). Since
D,°X° is assumed to be nondegenerate, it follows that
ty = Yt Y is invertible. Let U, be a unitary matrix that
diagonalizes t, and define X'= Y|t,|~'/2Uy, where
|ty| = (£ %2y)'/2 Then X' is an orthonormal basis of the
subspace (D, °X °) and, exactly as in Ref. 14, one shows that

D 'X'=(1—Py)d_X!

= — X%.B|ty|"?U, where B=[1;4]",
(2.19)

and that X ' is a solution of the model on G, (C). Notice
that Uisirrelevant in the compact case, since it is then a mere
gauge transformation. If D_ °X ° is of maximal rank, we re-
cover Sasaki’s result.

The 2, transformation just described is not sufficient to
yield all solutions. This prompted Sasaki'* to introduce an-
other one, called the X, transformation, that we now extend
to the noncompact case as well.

Let Z=[z,,..,2,] (r=i4 j) be a solution of the
G,:,; (C) model. We assume Z tobe in the triangular gauge,
ie.,

(2.20)

If D z,=(1 — P;) d,z, is not neutral, we can define the
vector

(z¢|z,,) =0, fork>m.

[t 2.21)
Then, as in Sasaki’s paper,'* if Z' = [z,,...,2,,Z, . , ] isin the
triangular gauge, one can show that it is a solution of the
G,ry; (C)model (i' + j'=i+ j),wherei'and;’'depend
on the signature of z, and z,. The proof, and all the remarks
of Ref. 14, go over from the compact case to the noncompact
one.

zZ,.y =D,z |D 2z
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D. Solutions of the symplectic models

In the case of the symplectic models, with target spaces

G,,; (H) =Sp(p,q)/Sp(p — i,g — j ) XSp(i,j), the pro-

jection P must satisfy the additional constraint (see Ref, 10
for the notation)

P= —tJPJt. (2.22)

Then the self-dual equation d_P- P = 0 implies, by (2.22),
the relation d, P-P =0 and therefore d P = P-d, P. Thus
we get d_P =49, P=0, i.e., the only self-dual solutions of
the symplectic models are constant. This is, of course, well-
known, since the symplectic Grassmann manifold is not
Kihlerian.

In order to get nontrivial solutions, we may proceed as
follows. Let F = { f,,..., /;} be a family of holomorphic vec-
torsin C*, N = p + ¢, and H be an extended set, in the sense
of Eq. (2.2), of dimension at most N (so here we take
(H ) = C"). Applying to this H the procedure of Sec. II B,
we construct a solution of the G, ;,, ; model, for some , j,
namely a projection T of rank (7 + j ) and s1gnature (4,j)in
C?. Assume now that (H ) and its conjugate (H ), where
H= —JtH, verify the following orthogonality conditions:

AUt H= 0, (2.23a)
H'td H=0 (2.23b)
(notice that z; = ¢, i.e., the two subspaces have the same
dimension and signature). Then T= —Jt TtJ is another

solution of the same model, orthogonal to T It follows that
O_TT=9_TT= 0, and therefore P=T+ T satisfies
condition (2.22). This means that P, a projection of rank
2(i + j ) andsignature (2,2 j ), is a solution of the symplec-
tic model.

A practical way of implementing this construction is to
start from a set F with special symmetry properties. For that
purpose it is convenient to revert to the standard parametri-
zation'' of the G,,; (H) model, in which both ¢ and J are
independent of / and j:

t =K, =diag[1,,—1,,1,,—1,], J=J,,,,
I =diag[]lp__,~,—]l,-,lq_j,—lj,lp_,-, _li)
1,_,,-1,].

In this parametrization, only the indices k¥ and N+ k&
(k = 1,...,N) are coupled by the matrix J; we call them dual.
Let now the matrix F=[F,, ] (1<a<2N, 1<m<1) verify
the following condition.

(S) For each row of F, one has either (i) it isidentical to
its dual row, or (ii) one of them consists of zeros only.

It is easy to check that the set H generated from such an
Findeed verifies Egs. (2.23), and thus yields solutions of the
symplectic models.

We give some explicit examples. Let p=2, g =1, so
thatJ = J,, t = diag[1,, — 1,1,, — 1]. Take for F the single
vector fT(x,.) = (4,0,0,4,0,0), where u=u(x,) and
v=uv(x,) are two arbitrary holomorphic functions; this
vector obviously verifies condition (S). Then the matrix

= [ f,d, f]isindeed orthogonal to H = — Jt H. Select-
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ing G,=2, E,={f}, G,={3,f}, we obtain T
={(fI)" ff1, T=(F1)) "I, where f= — Jtf,
(F1£Y=(F1fY=2ul*—|v|> and (f|F) =0. The re-

sulting solution is the 6 X 6 matrix,

P=Qul - o) {ff"t + FFh}. (2.24)
This solution is clearly singular whenever 2|u|? = |v[?, its

rank is 2, and its signature is (2,0) or (0,2) depending on the
sign of (f1f) =2[u|*—[v]* if (f|f)>0, (/) = (1,0)
and P is a solution of the Sp(2,1)/Sp(1,1) XSp(1) model;
and if { f|f) <0, (i,j) = (0,1) and P is a solution of the
Sp(2,1)/Sp(2) XSp(1) model. The generic form of this ex-
ample is given by the vector f7 = (u,v,w,u’,v’,w'), where
w'=uor0,v' =vor0,w = worO0. It can easily be general-
ized to arbitrary p and g, with the following result: if
(f1f)>0, (i,/) = (1,0) and Pis a solution of the Sp(p,q)/
Sp(p— 1,g) XSp(1) model; and if (f]f)<O0,
(,j)=1(0,1) and P is a solution of the Sp(p,q)/
Sp(p,g — 1) XSp(1) model. Another class of examples is
obtained by taking for F two nonorthogonal neutral vectors
and applying the procedure described in the Appendix. For
instance, in the case p = ¢ = 1, one may start from the vec-
tors 7 = (4,u,0,0) and g” = (v,0¢",0,0), where ¢ is a non-
zero constant phase; then, indeed, { f| /) = (g|g) =0and
(f|g) = uv(1 — ), so that the assumption of Proposition
A3 is satisfied. We leave the rest as an exercise to the reader.

lll. PROPERTIES OF THE SOLUTIONS

As we have mentioned several times already, the solu-
tions of the noncompact Grassmannian models constructed
in Sec. IT have a prescribed rank but their signature can only
be ascertained a posteriori, through a calculation that in-
volves the diagonalization of a potentially large matrix. In
other words, we do not know to which model they belong!
Actually, starting from a given set of holomorphic vectors,
one may choose different partitions H = {G,E,,...,G,, , },
which lead to solutions of different models. An explicit ex-
ample is given in the Appendix, for rank 1 solutions.

In fact the situation is worse. Indeed, everything is a
function of x _, i.e., this is a Jocal theory, as already pointed
out by Din and Zakrzewski'? and by Sasaki.!* As we have
seen in Sec. I, an easy way to get a well-defined solution is to
construct a completely nondegenerate DZ set from a family
of neutral vectors F={ f,..., f; }, provided that the non-
orthogonality condition of Proposition A3 is satisfied. But it
may happen that this is possible only Jocally, i.e., in some
region I' C C. Then one gets a local solution that has no glo-
bal extension. Furthermore, even if the solution is globally
defined, the norm (g|g) = g'zg of some basis vector g from
°E may vanish, necessarily along certain lines in the x_
plane; there the solution becomes singular. Moreover the
norm (g|g) may change sign across such a line, and then the
signature of the solution P will change across that line. The
only reasonable interpretation of this pathology seems to be
to consider the element of U(p,q) corresponding to P, name-
lyQ=1,,, . ;i+; (1 —2P),asasingular solution of the
principal model, which reduces locally to solutions of some
Grassmannian models on G, ; .

Let us give an example. Take G = U(2,1), t = 1,,, and

J. -P. Antoine and B. Piette 1691



consider the rank 1 self-dual solutions generated from the

vector f7(x, ) = (1,x,%x,2a), a>0. The norm of the
vector is { f| f) = |x|* — 2a|x, |* + 1. So there are three
cases.

(1) a<1: {(f|f)>O0forall x_ ; we get a global solution
of positive signature, i.e., a solution of the model on
Gy1.0 = U(2,1)/U(1,1) X U(1), with finite action (see be-
low).

(ii) a = 1: {f| f) = Ofor |x__ | = 1, positive otherwise;
we get a solution of the same model, but now singular on
x| =1

(iii) @ > 1: writing a = cosh 4, 4 > 0, we get the follow-
ing picture: (a) (f|f)>0for [x. | <e™% |x,|>é* solu-
tion of the G,,,;, model; (b) (f|f) =0 for |x | =e**
two lines of singularity; and (c) (f|f)<O0 for e=*
<|x,] <€": solution of the model on Gy, =U(2,1)/
U2)xUu.

As indicated above, one should rather consider this as a
solution of the principal U(2,1) model, which reduces local-
ly to solutions of the two Grassmannian models, depending
on the value of the parameter a.

Whatever point of view is adopted, one is interested
mostly in finite action solutions; hence it is necessary to indi-
cate how the action of our solutions can be computed. It is
important to notice that the action ¥ (Z)=fd*x .£(Z)
corresponding to the Lagrangian (1.5) is in general not
bounded below. However, when the Grassmann manifold is
a Riemannian space, the action does have a definite sign: it is
positive definite for the compact model (1.3a) and negative
definite for the noncompact model (1.3b) withi=0,j =g,
that is, the SU(p,q)/S(U(p) XU(q)) model. In the latter
case, |Z | is positive, hence |d, Z |* must be negative, since
they are orthogonal to each other, which proves our asser-
tion. Thus the Feynman quantization procedure can be per-
formed in this case, too; it suffices to change sign in the La-
grangian density (1.5). For pseudo-Riemannian manifolds,
however, only the classical models seem viable.

In the compact case, the action is usually'® computed in
terms of the topological charge of the solution. But here we
have to be more careful. Indeed, the o model on a manifold
M possesses a topological charge only if the second homo-
topy group 7,(M) is nontrivial and discrete. When M is a
symmetric space M = G /H, the group 7,(M) may be com-
puted from the (exact) homotopy sequence??>* of the prin-
cipal bundle G— M. If Mis simply connected, the latter takes
the following form: O—m,(M) -7, (H) > 7,(G)—-0. Let
now M be the noncompact Grassmann manifold
G,iy; (C) =SU(p,g)/S(U(p — i,g ~j) XU(i, j)). First, it is
pseudo-Hermitian, hence simply connected.”* Next we have
7, (G) = Z. Thus the result depends only on 7, (H). A
straightforward analysis shows that three cases may arise,
depending on the number of noncompact factors in
H=8(U(p —i,qg—j)XU(,))): (i) two non-compact fac-
tors: m (H) = ZXZXZ, m,(M) = Z X Z; (ii) one non-com-
pact factor: 7 (H) = Z X Z, m,(M) = Z; and (iii) both fac-
tors compact: 7, (H) = Z, 7m,(M) = 0. Thus in cases (i) and
(ii), which are pseudo-Riemannian, a topological charge
may be defined. But in case (iii), once again the Riemannian
one, it is not possible to define a topological charge for the
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corresponding model. Nevertheless, for computing the ac-
tion of a solution Z of the G,.,; model, it is useful to intro-
duce the following quantity:

9(Z) =2Tr[(D,2)'t (D, 2Z)t; — (D_Z)'t (D_Z)t,]
(3.1a)

=2Tr[(3,.2)'t (3. Z2)t; — (3_Z)'t (3_Z)t;] .
(3.1b)

Although it is not of topological origin, g(Z) can still be
called a charge, since it takes only integer values, as will be
shown below. It is interesting to note that the Riemannian
case (iii) is the most frequent one in the applications; it
shows up, for instance, in supergravity® and in solid state
physics.”® The reason is, presumably, that the correspond-
ing Grassmannian is a Kdhler manifold; and indeed, these
play an increasingly important role in physical applica-
tions.”

Using the relation D, Z = (4, P)Z, with P=P,
=Zt,Z't, we get
Tr[(D, Z)'t (D, Z)t;] =Tr[Pd, P, P]. (3.2)
Let now E = {E,,...,E, } be a completely nondegenerate DZ
setand Z, , W, the subsets defined in Sec. I1, with projections

P,,Q,, respectively. As in the proof of Proposition 2.2, one
has, for each n = 1,...,5,

a—Pn P, = — Q,,'a_Q,,, a+Pn .Qn = - 8+Q,, 'Qn s
(3.3)
and therefore
Tr[P,3, P, 9_P,] =Tr[Q,-3-0,3.0,]
=Tr[P,_,d,P,_,d_P,_,].
(34)
Using (3.4), we may express the Lagrangian density of the
solution Z, in terms of the charge densities (3.1),

L(Z,)=2Te[(D.Z,)'t (D, Z,) 1z,
+(D_Z,)'t (D_Z,)1,,]
=q(Z,) +2q9(W,) +29(Z,_,)

+2¢(W,_\)+ - +29(W)) 3.5

[here we have assumed G,#; otherwise the last term is
29(Z,)]. Since the subspaces (E,, ),{G,) are mutually or-
thogonal, the charges are completely additive and we get

L(Z) =3 [@n+1-2mqCE,)

m=1

+ (27 +2—2m)q(°G,,)] - (3.6)

To get the charge and the action, it remains to integrate
q(°E,) and q(°G,,) over the whole complex plane. In the
compact case,'® the Gram-Schmidt procedure is available.
Here it is not in general (see the remarks below, however),
so we have to make a detour.
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From the definitions (2.16) and (2.17), we have
g("E,,) =q(°N,) —q(°M,,) ,
9(°G,,) =q(°M,,) —q(°N,, _,) . (3.70)

Let g, be the & th vector ofj/lm and e, =g, |{g«lg) ™"
Then a direct calculation shows'? that [we write U(L) for
U, and t(L) for ¢, ]

(3.7a)

(F,re.)'t (9, )8, — (F_e) 't (I_e)t,,
=d,d_In(gltgt,) + [(0.UM,))'9,UM,)

_(a—U(Mm))*a—U(Mm)]kk . (3'8)
Using the cyclicity of the trace, one gets from there
q(°M,,) = ¥3,9_In(gltgt.,) (3.9a)
k
=Tr[d,d_Int(M,)]. (3.9b)
Similarly
g(°N,,) = Tr[3,3_Int(N,,)] (3.9¢)
and therefore, by (3.7),
¢(°E,) =Tr[d,d_InH(E,)], (3.10a)
q(°G,,) =Tr[3,3_In¥(G,)] . (3.10b)

The expression (3.10) for the charge density makes sense if
°E,, is a global solution, for then the elements of the diagonal
matrix ;(E,,l ) have no zero in the x__ plane. In this case, the
charge may be computed as in the compact case,

Q(gk)sf dx_ dx_9d,0_ ln(thgktek) = 2B, ,
RZ
(3.11)

where S, is defined by the asymptotic behavior of the matrix
element,

gLt g —|x|%k, for |x|— oo, (3.12)
and the full charge is obtained by additivity from (3.10a)
and (3.6).

Now it may happen that the Gram-Schmidt procedure
is applicable for orthonormalizing H; a necessary and suffi-
cient condition'? is that the principal minors of H 'zH do not
vanish. In this case one can also use the wedge product for-
malism.'? Let {A,,h,,...,h 5 } denote the vectors (columns) of
H and define

h("’)=h1/\h2/\"'/\hm (1<mgN),

g™, = (hm- by my

L e VL T

where the contractions are performed with the metric ¢
Then the vectors g™ form an orthonormal basis of
(H ) = C", equivalent to the one obtained by the Gram-
Schmidt procedure and

(g(m)lg(m)> — (h (m)lh (m))/m(h (m—l)[h (m — l)) . (313)
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So, if [(A”|h™)|—|x|*™, modulo an overall factor,
when |x| - o, then, by (3.11), one has, up to constants,

2(g"™) =2rla(m) —a(m—1)]. (3.14)
Then, inserting (3.14) into (3.5) or (3.6), we get the action

y(z,)sjdzx £(Z,)

n

=27 Y [a(u,) +a,)],

m=1

(3.15)

(u,) (V)

where g “’,g"* are the last columns of °E,,.,°G,,, respec-
tively. So whenever Gram-Schmidt is applicable, the action
is given directly in terms of the starting vectors{ f,, }. If it is
not the case, one has to use (3 vl 1) and the vectors {gk Lie.,
evaluate first the columns of M,,,.

In the compact case, the action is finite if and only if the
starting vectors { f,, } are polynomials in x . . In the noncom-
pact case, the condition is sufficient, if the solution is globally
defined [as for the U(2,1) solution given above, in the case
a < 1], but not necessary ! Take, for instance, the G, ,, mod-
el and start from the single vector,

gh(x ) ={f(x)sT(x,); f(x )T (x,)}, (3.16)

with =1, ; s and r are vectors of length p — 1 and ¢ — 1,
respectively, with polynomial components and fan arbitrary
holomorphic function. Then (g|g) = (s|s) — (r|r} isapoly-
nomialinx_ ,x_.If (g|g) #0 (take, e.g., r=0), then the self-
dual solution corresponding to the vector g is globally de-
fined and has finite action, yet g is not necessarily
polynomial. The same argument applies to non-self-dual so-
lutions, as one can show easily.

IV. SUPERSYMMETRIC MODELS

Like many classical models, Grassmannian o models
admit supersymmetric extensions. In the compact case, a
detailed description was given by Din et al.'’ and by Fujii et
al.'>'" Here again the analysis extends to the noncompact
models in a straightforward way; hence our treatment will be
very sketchy, following Refs. 16 and 17 almost verbatim.

Let Z be a solution of the bosonic G, ; (C) model, with
projection P, = Zt,Z%. The corresponding superfield
reads, as usual,

#(x,0) = Z(x) + 16, x*(x) + (i/2)6ys0F(x) , (4.1)

where the Grassmann variable 6 = [6,,0,]7 is a real two-
component spinor, y(x) a two-component (anticommut-
ing) spinor field, and F an auxiliary scalar field; ¥,,7,, and
¥s = ¥,7, are the familiar 2 X2 ¥ matrices. In terms of the
supercovariant derivative,

V=9 —4, (4.2a)

PR
9=-EO—+I}/“3# ,

where 4 is a gauge superfield, the action of the model is

(4.2b)

5= fdzx A7 y5 dOTE[ (V) yst (V$)t,],  (43)
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and it yields the equation of motion for 4,

A=1t,4"1D¢. (4.4)
The action (4.3) may be written more explicitly as
S = fd xTr[(D,Z2)'t (D*Z)t, — W'ty D*¥t,
+ H{(Wt¥,)? + (Whys¥e,)?
— (Whty, Wit,) (Ve Wiz)}
— (G + ptzys¥NH(G — Vst p)iz] (4.5)
where we have put
V= (1-Py, (4.6a)
G=(1—-P;)F, (4.6b)
p=/2)(¥tZ-Z"y). (4.6¢)

Actually the equation of motion for G implies the vanishing
of the last term of (4.5), which we will drop henceforth.

A. The linearized fermion equation

Following Ref. 16 we treat first the linearized fermion
equation in the fixed bosonic background Z, obtained by
dropping the four-fermion interaction in (4.5), namely,

(1—P,)y,D*¥ =0, Zt¥=0, 4.7

where Z, = {°E,,...,°E, } is a solution of the bosonic model
with G, #, thus non-self-dual (Sec. II). If we write

1 1
‘P=[_-]‘I’<+>+[i]‘l’(—), (4.8)
the equation of motion (4.7) decouples:
(1-P,)D, V¥ ,,=0, yht¥ ., =0. (4.9)

Then, exactly as in Ref. 16, the solutions of Eqs. (4.9) are
easily found to be

L FO =P[G1][F}+>a¥;F?+>aI;--~F?+>aI] ’
(4.10a)

VY _,=(1—-P[H(E,])

X[Tt_,a; 't (°E)); - T7 a7t (°E,)],
(4.10b)

where
a = ("Ej YtH(E,), j=1.2,..n, (4.11)

and '}  , arearbitrary (anti-) holomorphic Grassmann-val-
ued matrices

4,T¢{,, =0, d_T{_, =0. (4.12)

B. The general equation

Going back to the full action (4.5), we rewrite it, as in
Ref. 17, using the x , coordinates:

S = fd xTr[2(D,.2)'(D, 2Z)t,

+2(D_Z2)'t (D_2)t,

— 4V, D Y, + V[ D, Y, ),
Sk 2T S FURY 4 SEY 2 TN

— 4yt

TtV Y _ 1Y 1], (413)

with the constraint term
7. = fd’x Te[A(Z'1Zt, — 1) +pZ't¥,

+ W e Zut V2T Y, + Yt VY],

where A,u,v are matrix Lagrange multipliers. Minimizing
J + F, one gets the Euler-Lagrange equations

D.D_Z+Zt,(D_Z)t(D_Z) -~ {(D, Z)t,¥! _,t¥ ,, +(D_Z)t,¥} ,t¥, _,}

+¥ VY 10, Z+ Y 1,V ,13_Z=0,

(4.14)

(1=P)D_ VW, +{¥ ;¥ _,t¥ _, -V _, ;% ¥ ,}=0,

(1=P)D, Y ., +H{¥Y _, ¥, ¥,

In the compact case, Fujii et al.!” have given explicit
solutions of the supersymmetric equations of motion, under
the assumption that the fermion field be treated as a com-
muting (c-number) field. The same restriction was imposed
already by Din et al.'> for the CP " model. Here we will ex-
tend the method of Ref. 17 to the general case and exhibit an
explicit solution to Eqs. (4.14), with the same proviso that
¥ ., are commuting fields. As in Sec. II we start with a set
of holomorphic vectors and build the set H = {H,.. . H *}
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— W,V }=0.

using the procedure (2.1). Then introduce a further parti-
tion of the even-numbered blocks,

HY ={F(- D F®}, (4.15)
where the only restriction is that the number of vectors in

F{~ " must be smaller or equal to that in F{”. Upon defin-
ing F{ =49, F{~ ", the odd-numbered blocks take the form

HY ' ={F{",G,, . ,}. (4.16)
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Thus we get for the basic set of holomorphic vectors
(] = 1,29"-9’1)’

—1 0 1). =1
H ={GI;F§ ),Fg ),Fg ),G3,F2 goosy
. —1) ) (), .
Gy, _i;FS VFOFMGy; g5

Assuming that the partition (4.17) is completely nondegen-
erate, we orthogonalize it,

(4.17)

Y5V =(1-P[H(G,; _)]F;~",

YO =(1-P[HF ") ))F,
- (4.18)
YO =(1—P[HEF)]F,

and normalize the resulting blocks,

XP=YP(YP) T PUTR), k= —10,1.
(4.19)

Then it is easy to show, exactly as in Ref. 17, that the follow-
ing quantities are solutions of the general supersymmetric
equations (4.14):

Vg = [w:i);w%i);”"\p?i)] ’
z=z2%.7%.,Z2"},

where

L e R

(4.20)

Vi, = [0;¢_, XX PaP @) X P),
Zi =X‘j°’ , (4.21)
and

a¥ =XNUFP, k= —10,1. (4.22)

InEq. (4.21) O, denotes the (p + q) X m; null matrix, with
m; =dim(X (") —dim(X{~ "), and ¢, ; are arbitrary
constants subject to the constraint

cpj;c_j;=i. (4.23)

The proof that these are indeed solutions follows exactly the
one of Ref. 17 and we shall not repeat it. Qur solutions are
more general, in that they allow arbitrary degenerate solu-
tions for the bosonic sector. The crucial property that en-
ables us to obtain this generalization is the following rela-
tion:
(Y*)'(a,Y{)=0, fori#j, km= —1or0,
(4.24)

which results in a factorization of the problem.
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APPENDIX: ORTHOGONAL BASES IN INDEFINITE
INNER PRODUCT SPACES

The treatment of noncompact Grassmannian ¢ models
requires some facts about the existence and construction of
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orthogonal bases in a complex vector space with an indefi-
nite metric. Part of those results are, of course, standard and
may be found, for instance, in the monographs of Bognar'®
and Deheuvels.'® Some statements, however, seem to be
new, especially Proposition A3 below.

Throughout this Appendix we consider the space
V=C" with a nondegenerate inner product. For any two
vectors f,geC", we denote their inner product as

(flg)=fTrg, (A1)
where tis a Hermitian N X N matrix, and the inner product is
assumed to be indefinite, so that V contains neutral vectors
((f|f)=0), and nondegenerate, i.e., t is invertible or,
equivalently, ¥N¥V* = {0}. A family of vectors {e, }eV is
called orthogonal if (e, |e; ) = O for i}, and orthonormal if
[{e:le; ¥ =5,

Now we turn to subspaces of V. Let { f,,..., f,} be a set
of r linearly independent vectors, F = [ f,..., f, ] the corre-
sponding N X r matrix, and W= (F) the r-dimensional sub-
space it generates. Then the following results are stan-
dard.'®"

Proposition Al: The subspace W = (F) always has an
orthogonal basis X. Furthermore the following three condi-
tions are equivalent: (i) W has an orthonormal basis; (ii) W
is nondegenerate: WNW* = {0}; and (iii) the rX r matrix
tp = F'tF is invertible. n

The construction of those bases runs as follows. Since ¢,
is Hermitian, it may be diagonalized by a unitary matrix U:
U't,U = t,, with 1, diagonal. Then X = FU is an orthogo-
nal basis of (F}. Some vectors of X may have zero norm,
however. This is excluded iff ;F, hence ., is invertible. Then
the orthonormal basis associated with X is

Z=F|t:|~"U, (A2)

where || = (2 };)"/2 One has indeed, by direct verifica-
tion,

ZNZ =ty |t = sgn(is) , (A3)
that is, a diagonal matrix whose entries equal + 1. By a suit-

able permutation of rows and columns, (i.e., by choosing a
different U), one may write

ZhZ=1I;=diag[1,—1;] (+j=nr),
where (i, ) is the signature of the r-dimensional subspace
(F).

An orthogonal projection in ¥ = C¥ [t ] is a symmetric,
idempotent operator P, i.e., a N X N matrix such that

Pt =P, P?=P. (A4)

Then, since ¥V is nondegenerate and finite dimensional, we
have the following. '3

Proposition A2: Given a subspace W = (F'), the follow-
ing three conditions are equivalent: (i) W is nondegenerate:
WNW* = {0}; (ii) Wis the range of an orthogonal projec-
tion; and (iii) W is orthocomplemented: V= Weo W'. R

In that case, the projection P on W is given by
P=Ft;'F't, with t; = F'tF. Its rank is r = dim(F ) and
the signature is (7, j) with i + j = ras above. Then, of course,
W' = (1 — P)V isalso nondegenerate. For 7 = 1, in partic-
ular, the projection on the one-dimensional subspace
spanned by the vector fis
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PLAI=ASIY " fSTe. (AS5)

Now we describe the explicit construction of orthogonal
bases. The trouble with formula ( A2) is that it requires diag-
onalizing the matrix f, and this becomes cumbersome when
ris not small. In practice one has to proceed differently and
use a step-by-step approach. In the positive definite case, the
Gram-Schmidt procedure is all one needs and it is always
available. In the indefinite case, however, the method is ap-
plicable only if all principal minors of ¢, are nonvanishing, '®
which is rather exceptional. Thus a different algorithm is
required. The one we present below is based on the following
property, which is rather surprising, and apparently new.

Proposition A3: Let F={f,,..., f; } be a set of linearly
independent neutral vectors, none of which is orthogonal to
all the other ones. Then the subspace (F) spanned by F is
nondegenerate: (F )N {F)* = {0}.

Proof: Choose j such that (f,|f ; ) 20 We may assume
that (f',|f ) is not purely imaginary, otherwise we multiply
f, by a phase. Define 4, = f, + f;. Then {h,|h,)#0 and

=P[h,] is well-defined by (AS). Defining the vectors
fm_(l—Pl)fm, m=23,.,k, we get a new set

={h, Fors [}, where each £, is orthogonal to /,. The
vector £, need not be neutral, but if it is, it cannot be orthog-
onal to all the other ones. Suppose the contrary: { f;|f,) =0
and {f; [;’m } =0, for each m = 2,...,k. Since f; is neutral, the
first condition implies ( f;|P, f;) =0, hence ( f|h,) =0,
and therefore, by the second condition, ¢ f;] f,,) = 0, for ev-
ery n = 1,2,....,k, which contradicts the assumption of the
proposition. Now we may proceed, according to the follow-
ing alternative.

(A) If every ~,,,, m = 2,...,k, is neutral, the assumption
of the proposition is satisfied and we may repeat the argu-
ment above.

(B) If, say,f, is not neutral, define 4, —fI, P,=P[h,],
andf,,, =1 =P)f,,m=2,...k m#l

In either case, after relabeling the vectors s, we geta
new set F, = {h,,h,,gs,....8 }, where A, and h, are non-neu-
tral and orthogonal to each other, each g,, is orthogonal to 4,
and h,, and no neutral g,, is orthogonal to all vectors of F,.
Iterating the process, using either (A) or (B) above, we end
up with an orthogonal basis {4,,....h, }, with (4,,|4,,) #0
for every m; in other words, (F ) is nondegenerate, with or-
thonormal basis {e,,....e; }, where e,, = A, |{h,. |1, )| ~/2

Remark: Instead of f = (1 — P,)f;, one may also use
the following vector, which is proportional to j;, but easier to
compute: /, = f, — (£, I A1 £, -

With the help of Proposition A3, we are finally ready to
construct an orthogonal basis for an arbitrary subspace. It
suffices obviously to consider a set of linearly independent
vectors F = {e,,....e, ,g}, where E={e,,...,e, } is an orthogo-
nal family. Denote by I, (resp. J) the subsets of E consisting
of neutral (resp. non-neutral) vectors. Then the subspace
(J) is nondegenerate, with projection P, and the vector
& = (1 — P)gis orthogonal to J. Define further

I'= {eid, <ei |g> #0}1 I"= {eid’ (ei |g) = 0}

If g is neutral, we may apply Proposition A3 to the set
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I'U{g}, and get an orthonormal basis H. If £ is not neutral,
we do the same, using branch (B) of the alternative. In either
case, X = JUHUI " is an orthogonal basis of (¥ ), with neu-
tral part 1 ”. Clearly (F) is nondegenerate iff 1 * = @.

Using this construction repeatedly, we obtain a step-by-
step algorithm that is a genuine substitute for the Gram—
Schmidt procedure, this one valid for an arbitrary subspace.

We give two examples of the orthogonalization proce-
dure.

Example I: We take firstp =2, g =1, t = I, and start
with the single holomorphic vector f7(x,.)= (1,
x,%x,+2). Thenourbasicsetis H = { ;3 f,0,2f}. This
is a case where the Gram-Schmidt procedure works. From
H we obtain an orthogonal family {k, = f,h,,h,}, with
square lengths,

(k) = (1—[x, )2,
(h2|h2> = - 2 ’
(hylhs) =41 — |x, ) 2.

The corresponding projections are
P, =y ) " b bl t =l ) = (B ) B )

From the single vector f, we may get three different solutions
of rank 1.

(i) With G, =@, E, ={f}, G,=1{d. f,0.%f}, we
obtain the self-dual solution P,, which is singular on the
circle |x . | = 1; the signature is positive everywhere, i.e., it is
asolution of the model on G,, ,, = U(2,1)/U(1,1) XU(1).

(ii)) With G, ={f}, E, =19, f}, G, =1{3,%f}, we
obtain the generic solution P,; this one is regular everywhere
(itis a global solution) and its signature is negative; in other
words, it is a solution of the model on the Riemannian sym-
metric space G, ,; = U(2,1)/U0(2) XU(1).

(iii) Finally, with G, ={f,d, f}, E,={d.%f}, we
get the anti-self-dual solution P;, also singular on |x | = 1,
and with positive signature; of course, P, + P, + P, = 1.

The (anti-)self-dual solutions P,, P, are the noncompact
equivalent of the two-(anti-)instantons'?: up to normaliza-
tion, the corresponding vectors have polynomial compo-
nents of degree at most two, in x__ and x_, respectively, but
their action is infinite.

Example 2: Consider now the model on G,,,,
=U(2,2)/U(1,1) XU(1,1), with ¢t =1,,, and start with
the two neutral vectors,

fT=r+Lrnr+1), gh=(ss+ L5+ 1s),

where r = r(x, )}, s = s(x_ ) are two arbitrary polynomials.
One has

(f1f)=1(gle) =0, (flg)=1.

Gram-Schmidt is inapplicable, but the algorithm of Propo-
sition A3 may be used. We define indeed

h=f+g,
— N {Sfle) 'e=f—¢g,
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and check

(h|h)y=2, (h|lh)y= —2, (h|h)=0.
The corresponding self-dual solution of rank 2 has indeed
signature (1,1) and it is globally defined.
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Massless, conformally invariant Bargmann~Wigner equations with gauge freedom are found.
An invariant indefinite metric quantization is described.

I. INTRODUCTION

The opinion gains ground that if local fields are funda-
mental, they should be massless. Having no scale, their
space-time invariance group should be the conformal group
SU(2,2). Another feature peculiar to massless particles is
their gauge freedom, as most prominently documented in
the case of electrodynamics. This in turn is considered as a
major tool to formulate interactions between the fields.

Massless integer spin fields are customarily described by
employing fully symmetric tensors.'? For mass O they havea
gradient type gauge freedom, like A, -4, + J,A. These
equations are in general not conformally invariant, even if
the corresponding equations for field strengths are. The irre-
ducible massless representations of the Poincaré group can
be extended to the conformal group, but not the indecom-
posable ones that appear in the gauge theories.

Manifestly conformally invariant gauge theories using
tensors for spin 1 and 2 have been formulated®* but to do the
general case requires new techniques for dealing with inde-
composable representations.

Half-integer spin fields can be described very similarly
using Rarita-Schwinger fields.?

A different approach uses fully symmetric multispinors.
The massless Bargmann-Wigner equations® describe parti-
cles in an irreducible representation, without gauge freedom,;
they are also conformally invariant.” For spin } another for-
mulation is possible, which does have gauge freedom of the
current type.” It was originally found and discussed in con-
formal space.®~!! The object of this paper is to extend this
approach to arbitrary spins. For Poincaré-invariant Barg-
mann-Wigner types of equations with gauge freedom (see
Ref. 12).

Our notation will be the same as in Ref. 10. The quan-
tum numbers to label states are given by the maximal com-
pact subgroup U(1) XSU(2) XSU(2) of a covering of the
conformal group. The U(1) eigenvalues are called (confor-
mal) energy; the SU(2) eigenvalues (j,,m;), i = 1,2, give
the spin properties of a state.

Irreducible lowest weight representations can be
uniquely labeled as D(E,, j;, j,) by the quantum numbers of
the lowest weight. The representations with
Ey,— (ji+j) =1, jij=0 give, when restricted to the
Poincaré group, the massless representations with helicity
A =j—j
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In Sec. II we first review conformal space and some
properties of the representations used here. Then we find
manifestly conformally invariant field equations for all spins
s>1. They have a current type gauge freedom. In Sec. III we
find invariant two-point functions of these fields, which give
an invariant indefinite metric quantization. Section IV
transforms the field equations in flat Minkowski space so
that comparison with earlier work is simplified. The princi-
pal tools for Secs. II and III are the tensor products between
certain finite and infinite representations of the conformal
group, which are reduced in Appendix A. Appendix B gives
some formulas used in calculations.

Il. WAVE EQUATIONS FOR MASSLESS CONFORMAL
MULTISPINORS

A. Transformation of fields in conformal space

The nonlinear action of the conformal group on flat
space causes unnecessarily complicated transformation
properties of fields over Minkowski space. Therefore we first
prefer to discuss manifestly conformally invariant field
equations in conformal space, which will be transformed lat-
er (see Sec. IV) to flat space.

On four-dimensional conformal space

X =qx,x, =x} 4 x5 + x5 —x5 +x2 —x2 =0,
A>0, (1)
the conformal group acts linearly.®'* To avoid any dynamics

along the rays, we fix the degree of homogeneity of all fields
by imposing

x-d¥=x"9,¥ = nV¥. (2)

The scalar fields with positive energy and degree n< — 1
carry a representation D( — n,0,0).

As there are two inequivalent fundamental (four-di-
mensional) representations D( — 1,1,0) and D( — 1,0,1) of
SU(2,2), we have two inequivalent spinor fields which we
denote by ¥, (x) and ¥, (x). The generators of the confor-
mal group are

Jb =Mab +Sab’

Mab = - i(xaab — Xp aa), (3)
Sab = - (1/4)(Bayb _Bb}/a)

on the undotted spinors. For dotted spinors, the spin part of
the generators is

x,=Ax,,
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Sab = - (1/4)(7’12 Bb — ﬁa)' (4)
The 4 X 4 matrices 3,7 have to satisfy
BaYb +Bb7a =277ab‘ (5)

A possible realization is
( 0 ia") i =1,2,3
Bi_Yi_ —i0,~ 0 s 1= 1,4,5,

;0 0 1
B“=7/4=(;> —i)’ BS:"S:(l 0)’ ©)

e n=(3 )

On multispinors ¥,, ..., 4, .4, the spin part is

5

Sabzzsab+zsab’

i=1 () i=1 ()
where S, acts on the ith undotted and S,, on the ith dotted
index. @ @

Massless particles with helicity A =1 (resp. A = — 1)
can be described with undotted (resp. dotted) spinor fields.
Therefore we expect to describe massless particles with
helicity 4>0 by fully symmetric multispinor fields
¥, (x)=Y,, .4, (x) and those with helicity 4 <0 by
¥, (x) E\I’(dl,,.dlu') (x).

In the sequel we will give details only for the A > O cases.
The A <0 cases can be obtained by exchanging dotted and
undotted spinors, 8 and %, j, and j,, and by replacing A4
by —A.

The constant multispinor ‘l’(a.---amp carries a finite
representation D( — 4,4,0) of the conformal group. So the
field ¥, (x) with degree of homogeneity # < — 1 carries the
tensor product

D(—1,4,0) 8 D( — n,0,0). N

In Appendix A it is shown that this tensor product contains
for n = — (24 + 1) the Gupta-Bleuler triplet

D2 + A4 —14,1) = D(1 + 4,4,0) D2 + 1,4 — L}).
(8)
We will refer to the representations (and their states) as
scalar — physical — gauge.
The physical massless helicity A representation
D(1+ 4,4,0) has gauge freedom D(2 + 4,4 —1,1). The
conventionally termed “scalar” representation is necessary

for an indefinite metric quantization, as we will describe in
Sec. III.

B. Field equations

In order to construct wave equations for the fields we
will use the second-order Casimir operator

WP=J %, =IM? + MS + 15> (9)
Each term commutes with the others and with the operator
x+d. Therefore they must have a common set of eigenfunc-
tions. For the orbital part we get

IM? =x*3% + (x°9)> + 4(x°3). (10)
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On conformal space it only depends on the degree n, for
which we have

(x NV, = — 24| + 1)Y,. (11)

The eigenvalue of the second-order Casimir operator is,
for the lowest weight representation D(E,, j,, /,),

Ey(Ey—4) +2,(/1 + 1)+ 2/,(j,+ 1). (12)

For acting on W, (x) we get the eigenvalue of D( — 4,4,0),
1.e.,

1S?2=34(4+2).
We further use

(13)

24
MS=24(x-3) — Z ( B'x()‘)(y'a) =24(xd)— Q. (14)
i=1 !
The physical and gauge modes of the Gupta—Bleuler triplet
(8) are eigenfunctions of 4/ 2with eigenvalues 3(1 2 — 1).So
they satisfy the equation

¥, = —[41J?=3(A*-1)]¥, =0, (15)

where Qis defined in Eq. (14). For the scalar modes we have
to expect

Q\Picalar —_ \l,iauge’

since the irreducible gauge and scalar representations (on a
quotient space) are equivalent. That this actually happens
can be checked by applying Q to the ground state (A17). So
the full Gupta—Bleuler triplet satisfies the field equation

QW,(x) =0, for Axl. (16)

For A =1, we have Q? = 0 automatically. In this case the
tensor product (7) contains the Gupta—Bleuler triplet only;
it is not necessary to project on a subspace.

For negative helicities the same equations [(15) and
(16) ] hold, with

— 24
Q=3 (rx)(fa).
i=1 !
The field ¥, describes massless particles with gauge free-
dom. In the usual electrodynamics it corresponds to the field
potential 4,. Equation (15) corresponds to the Lorentz
condition. Next we want to find a field y that describes mass-
less particles irreducibly as the field strength F,,, does. It
must be zero for the pure gauge states. Inspecting the state
(A14) suggests

(17)

24

XYa = H (y(i)x) v,, for 1>0, (18)
i=1 !

—2A

xa=11 (,B(f)x) V,, for A<0.

i=1

(19)

Note that y, has dotted indices for 4 > 0 and undotted ones
for A <0.
Clearly y, has a degree of homogeneity

X0Xa= —Xas (20)
and satisfies
(Bx)y,=0, for 1>0,
)
(y'x) y, =0, for A<0, i=1,.,2]4|. (21)
0]
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For fields with degree ( — 1) the wave operator 3 % is intrinsi-
cally defined on conformal space. Using the ground state
(A13) of the physical modes it is straightforward to show
that

Iy =0 (22)
holds. This can also be derived from the “Lorentz condi-
tion” (15).

In usual electrodynamics, the pure gauge modes have

the form A, = d, A. Inspecting the ground state (A14) we
see that in our cases the corresponding relation is

24
\y(al‘..au) = z (B'x)aﬁq)ﬁ(au"'ﬁi"‘au)’ for A>0, (23)
i=1
—24

Yoo = Z (Y X)apPaca, 30, for A<0,

i=1

(24)
where @ means that « is missing.
The field ®(x) has degree
(xNP, = -2 +2),. (25)
From the Casimir operator we get the field equation
24
[y-x Bd+ 3 Bx 1/‘8]‘1),I =0, for A1>0,
(@3] i=2 (€3]
(26)
—24
Bxyd+ Y yx B-a]tb,l =0, for 1<0.
(@) i=2 (O]
(27)

Thus for all helicities A 50 we have a field potential ¥, with
gauge freedom, a field strength y,; , which carries the irredu-
cible representation, and a field ®,, which describes pure
gauge only. For the field potentials we have field equations
(11) and (16) whose solutions carry the Gupta—Bleuler
triplets (8). The first-order equations (15) project on phys-
ical and gauge modes only; they are the generalized “Lor-
entz conditions.” This structure gives an indefinite metric
quantization, which we discuss next.

Hi. QUANTIZATION OF THE GAUGE FIELDS

In the last section tensor products between finite- and
infinite-dimensional representations of the conformal group
were used to discuss the field equations. Such a structure is
also very helpful to find the invariant two-point functions, of
which the Pauli-Jordan commutation functions are built. It
can provide the commutators of the free quantum fields,
even in the case of a Hilbert space with indefinite metric, as it
is encountered in gauge theories.

The invariant two-point functions of the scalar, unitary,
positive-energy representations D(n,0,0) are

(28)

and the invariant two-point functions of the tensor products
(7) are

D= (xx)5"= [xx +i€(xxg —xex5)] 72

(B...5P0
5(0!" )

(29)

F, (x-x')‘++ ST
We have raised the second index of each Kronecker delta, so
we can denote the independent symmetrization of the a’s
and 8 ’s most easily. The symmetrizations stem from the use
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of fully symmetric spinors. The notation F,, , is motivated
by using more general invariant functions later; see Eq. (39)
below. For the tensor product (A2) we have the same
expression with dotted indices.

In the case s = } these are precisely the invariant two-
point functions of the Gupta-Bleuler triplets (see Ref. 10).

For s =1 we have additional terms D(4,0,1) [resp.
D(4,1,0)] in the tensor products (A1) and (A2). Using Eq.
(40) below we can show that

_(BxyxYB(Bx yx)E)

F,,= 30

2,2 (.X'x')s ( )
satisfies

(Q"4)F2,2 =0, (31)

and therefore it is the invariant function of D(4,0,1). The
irreducible pure gauge representation D(3,4,1) has the invar-
iant function

B-x yx)ia 8

G=F,, —F,,, with F,, = 5 (32)
' ' (x-x")
It satisfies {see Eq. (40)]
QG =0. (33)

The invariant function D" of the helicity-one Gupta—
Bleuler triplet

D(3 ] ‘)—»D(2,1,0)—>D(3,§,%

1392 ( 34 )
must be a linear combination of F,, and F, ,, which fulfills
the field equation Q 2D, = 0. It is only defined up to a factor
and the addition of the invariant function G of pure gauge.

We obtain

Dt =F—3F,,. (35)
For the helicity-( - 1) Gupta-Bleuler triplet

D(3,4,3)-D(2,0,1) -D(3,4,1), (36)
the invariant function is

DJ—rl =F2,o —%Fz,l; (37)

F is obtained from F by replacing (B-x y'x'),z by
(y'x B-X")sp and 8,5 by 8.

In the cases with |4 | > 1, we have 2|4 | — 1 terms in the
reduction, in addition to the Gupta—Bleuler triplets. To get
theinvariant function of the helicity-4 Gupta—Bleuler triplet
D,, we have to subtract from F), , invariant functions in
such a way that

QZD;.=O (38)

is satisfied. It is not necessary that we give explictly all invar-
iant functions of the irreducible representation in the reduc-
tions (A1) and (A2), but we must be sure that the subtract-
ed terms do not contain the physical massless modes.

This latter condition is satisfied for the invariant func-
tions

Fo QG Onenti 8y

n,m N+ m41
(x-x")"]

where
()=(Bx yx), (39)
To calculate QF, ,,, we first apply Q to one of the terms in

n=24>0, m>l.
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F, . (without symmetrization) and then symmetrize, with
the result

QFn,m = —(n—m)(n+m+l)Fn.m+l

—2m(m—1)F,,, (40)

To solve Eq. (16), for A > 0, we make the ansatz

Dj =uz_lamFu,m, (41)

m=0

and obtain the recursion relation
@p_y = [Md,/{2A+m)(24 —m+ D}]a,, (42)
with

dy_,=—4, d,_,=—4(1+1/d,). (43)
For helicity 3 we get explicitly

D3, =F,0 —4F;, +4F;,, (44)
and for helicity 2 we get

D;* =F4,o _12§F4,1 + %F,, “‘QggF4,3~ (45)

The commutation relations between the quantum field oper-
ator

Y (x) =V, .0, (x), A>0, (46)
and its conjugate
v, =VEa (Yadas,  (Va) aypy, (47)
are
W, (0¥, (x)] . =D i (xx) + D (xx),
[ A A ] + A A (48)

D~ (x,x") = (D*(x,x"))*
The sign in the commutator can be chosen as — for integer
Aand + for half-integer 4, to conform with the spin statis-
tics theorem. For A < O replace Dby D, and 7, in Eq. (47) by

Bs.
V. THE FIELD EQUATIONS IN MINKOWSKI SPACE

Conformal space (1) is a compactification of flat Min-
kowski space. The usual flat space coordinates can be writ-
ten as

v, =x,/(x5s+x5), v=1234. (49)
Calculations are simplified if we also introduce
B=x2/(x5 +x6)2, y+ =x5 +x61 (50)

which satisfy B =0, y, =Ay_ in conformal space.

Spinor fields in flat space have translational generators
P, = —id/dy", and they do not depend on y_ . These re-
quirements are met by

Xma =V U0, W =020y, A>0, (51)
where
21
Uz'i = H Uaiﬂi’ UaiBi = (1 +yvy"r_)“iﬁ."
- (52)

r+= (Boiﬂs)/z

We also will need the transformation matrix of the dotted
spinors, which has U replaced by

U, = (1= py,T¥)ep. (53)
In the sequel we again give details only for A > 0 (the equa-
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tions for A <0 are obtained by y«>8, 't -T'F, 1 — 1).
First we want to write the field equations of the y field in
flat space; they describe massless particles in irreducible rep-
resentations of the conformal group.
The subsidiary conditions (y(-)x) x: =0 [Eq. (21)]

give in flat space [see Eq. (B7)]

(l: Xma=0. (54)
So the only nonvanishing components are
24
I1 T Xoes =00~ (55)
i=1 U
The field equation (22) becomes
0= U2/182(U2/1)—1XM,1 (56)
24
=yI:[D +2 S 85T
k=1
+ zk YT Yun T }Xu,a- (57)
i#

Using Eq. (54) above we get, by applying appropriate pro-
jection operators,

e , d
0(,() XM,,{ = 0, Where 0(]() E'}/(k) Ey—v, /l>0,
(58)
Y VvXmi ~ =0 (59)
k) ()

The latter equations are automatically satisfied for symmet-
ric spinors [see (B9)]. If we use a basis for the ¥ matrices
(6) in which y, and y; are diagonal, e.g.,

,},‘I‘W =1¥s, ,},gn = Yy, (60)
then the projection operators become
1 0) - (O O)
+ —_ =
r (O 0/’ r 0o 1/ (61)

So y~ becomes a two-spinor and Eq. (58) is the Weyl equa-
tion acting on each two-spinor index. We have the usual
massless Bargmann-Wigner equations for symmetric spin-
ors.® The corresponding field equations for negative helici-
ties are

dpnxmi T =0 A<0, j=1,.2]1]
The two multispinors for L =5, A = — s can be taken to-
gether to a Dirac multispinor, which satisfies the massless
Dirac equation and describes massless helicity A = + s par-
ticles. Next we rewrite the field equations of the W field,
which has gauge freedom, in flat space.

The pure gauge states satisfy (y:x)y; =0, which be-
comes, by using (B7),

Vi ¥ =0, A>0. (62)
The “Lorentz condition” (15) becomes [see (B8) ]
2s
> TG [ﬂ(j) +2y FJ«)}‘I’M,A =0. (63)
i=1 k)

From this we obtain, by acting with appropriate projection
operators,

0(1')\[‘;;_;2“4_ =0a /{)0, (64)
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i.e., the Weyl equation acting on each two-spinor index of
Vi

In the case of helicity-} there is no further equation, and
any function W~ describes gauge. For helicity 1 there is, in
addition to Egs. (64),

Oy Vi +00, ¥Vt +4¥, =0, (65)
and similar equations for higher helicities. They project on
those functions ¥ * ~ ', which carry pure gauge, but not the
additional representations in the tensor products (A1). The
full Gupta—Bleuler triplet has for spin 1 no field equation,
and for higher spins we have @ *¥ = 0; see Eq. (16). This can
be transformed in flat space as before. For helicity 1 we ob-
tain, e.g.,

a(l) 0(2) \I’A;,1+ +2 a(l) \P;,l_

+2d0,, Vit +8¥, =0. (66)

This equation has the “scalar” modes as a solution, in addi-
tion to the physical and gauge modes that already solve Egs.
(64) and (65).

Again the equations for negative helicity are obtained by
exchanging I' *«» — " . So, e.g., the equivalent of Eq. (64)
is

8, ¥ui =0, A>0. (67)

It is also possible to rewrite the invariant two-point functions
of Sec. III in flat space, as was done in Ref. 10 for spin }.
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APPENDIX A: REDUCTION OF THE TENSOR
PRODUCTS

The aim of this appendix is to give the reduction of the
tensor product

D(~ 4,4,0) ® D(1 + 24,0,0)
={DQ2 + A4 — 1) - D(1 + A,4,0)
D2+ A -1}
24
® S D(1+A4 +id—i/2,i/2), A>0.

i=2

(A1)

Then also a similar formula holds, with the two angular mo-
menta j,, j, exchanged:

D( — 5,0,5) ® D(1 + 25,0,0)
={DQ2 + 54,5 — 1) > D(1 + 5,0,5)
-D(2+ S9§5s — %)}

2s
® 2 D\ +s+4i/2,s—i/2), s5>0. (A2)
i=2

Comparing weight diagrams as described in Ref. 10, Appen-
dix B, gives the reduction except for the leaks between Weyl-
equivalent representations, which we denote by an arrow
(—). Note that the massless representation D(1 + 4,4,0)
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has a reduced weight diagram, which “lost” a
D(2 + A,A4 — 1,1) as compared to the general case.

To prove the leaks, we act with step operators on lowest
weights of the representations. We call

. 1 2(—-1 0

Jig= —i(x, 9, —x_3_)+—= 3 ,
2 4\ 0 1
%)

_ 4

ox
the conformal energy. The generators of the two SU(2) sub-
groups are

a, (A3)

y Xy =Xyt ixe

I = Lepdy £ Js). (A4)
Their components are explicitly
JE],Z) — __;_ (x] ak — X aj ix, 85 ¢x5 a,)
(6
1 24 O(M) 0 .
_|...2_ z 4 i, j.k cyclic. (AS5)
16 )
0 o)’
\ (m)

The other noncompact generators of SU(2,2) we write as
energy raising and lowering operators

JE=J, +id,, r=1235,

or explicitly

(A6)

22 (0 0
Ji+= _2Xia+—x_ai+ Z(U 0)’ =123,
=
(A7)
24 /0 ,
J,.‘=2x,-8_+x+8,-——2(0 00.’), =123,
K=1 o A8
+ 24 0 0
Jf = —2x9, —x_35+ ;o) (A9)
=1
24 0 l
Js =2x0_+x, 95+ Y (0 0). (A10)
k=1
10)

The lowest weight of the infinite representation D(E,,0,0) is
x ;% and the states at energy E = E, + 1 are x, x5+ 1,
r=1,2,3,5. For finite representation D( — 1,4,0), the low-
est weight with eigenvalues (E,(j,,/1),(j»3))=(—4,

(’11 - /1)’(0,0)) is
0

0
1 1
0 XX ol’ (All1)
0 0
2 A terms

and the state with eigenvalues (1 —A,(1—4, —4—1),
G, —1)is
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24 — 1 terms
.

0\ 7/0 o\ 0 0 0
0 1 1 1 1 0
(s)= 0 X 0 XX 0 + o+ 0 XX 0 X ol (A12)
1 0 0 0 0 1
— J
24 terms
So the lowest state in the tensor product (Al) is
0 0
—24—1 1 l
| Po>a =x7 o< o (A13)
\\0 0/
2A — 1 terms

If this lowest weight belongs to an irreducible representation, acting with the raising operators J,* on it would only produce
states at (E,j,,/,) = (24 4,4 + 1,1). But in our case here it also gives states at (2 + 4,4 — 1), e.g., the state with
3 3

h=—-4 t+hLAh=—4:

| go> 1 =x3%72
B 24 — 1 terms 7
0 0 0 0 0 0
0 1 1 1 1 0
. voe eee cee . A14
X[ P Lo X Xto ]+ o X Xl o XEY, (Al4)
w 1 0 0 0 0 IJ
—_~
- 24 terms -
I
It can, e.g., be obtained by Bx Ve, (Bx y,)%, =0. (BS)
|go>,=11/QA + DI +T;7) TP The transformations U in Sec. IV satisfy
— AT —T ) Podas (A15) U '=1—yr", (B6)
where J () = J (" 4 iJ {V is the raising operator in the first (A=) —pr7) =y, ", (B7)
14 . . .
SU(2)."* The state |g,), itself is a lowest weight UB'x ydU—'= —T-|y a 224y, a+)] .
I 8)a =0 (A16) %,

(B8)
22 . . . . . .
There is another independent state in the tensor product ~ The trace of y matrices acting on different spinor indices of y
(A1) with the same quantum number as |g,) ; , namely (or 9) is, for the various components I:IT 1:2;: Yy=9**,
so)a = x5~ (), (A17)
where (s) is the state from Eq. (A12). Acting with the ener- 7:"7/‘, Wty Tyt Ty ) =002y 2y ). (B9)
gy lowering operators J,~ on it gives the state |p,> ,. Itis V@

only a relative lowest weight. Again we transform in a matrix product, e.g.,
So we could prove the reduction (Al). The explicit PT*¥(C*)TyT and use the explicit matrices (6) and
form of the lowest weights given above is also used in Sec. II. ¥M ¥ from Eq. (60).

of the irreducible representation D(2 + 4,4 — 1,1).
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The new invariance superalgebra osp(2,2n)&sh(2,2n) for an n-dimensional quantum
harmonic oscillator is proposed, and the corresponding supersymmetric Hamiltonian is
constructed. This superalgebra is related to the structure osp(3,2n) recently studied by
Englefield [J. Phys. A 21, 1309 (1988)]. By interchanging the even and odd characters of the
fundamental generators belonging to the Heisenberg superalgebra sh(2,2n), the connection
between both structures is established and its consequences exploited. The specific cases

n = 1,2,3 are discussed and compared with recent contributions. Some general conclusions are

also summarized.

I. INTRODUCT!ON

The invariance superalgebra of the n-dimensional har-
monic oscillator was first recognized by de Crombrugghe
and Rittenberg' as the orthosymplectic structure
osp(2n,2n) after the advent of supersymmetric quantum
mechanics.? Since this proposal two other superstructures
have been pointed out. On the one hand, Beckers, Dehin, and
Hussin® have incorporated the harmonic oscillator in the
superconformal context and have shown that the largest su-
peralgebra of the harmonic oscillator is the semidirect sum
of the de Crombrugghe—Rittenberg structure and the Hei-
senberg superalgebra sh(2nm,2n), i.e, the superalgebra
osp(2n,2n)&sh(2n,2n). They have extended the conformal
symmetries displayed by Niederer* to the supercontext by
combining Witten’s? and Fubini-Rabinovici’s® studies lead-
ing to type-Q and type-S supercharges. This largest superal-
gebra is the maximal dynamical invariance algebra of the »-
dimensional harmonic oscillator containing dynamical® as
well as kinematical” symmetries and supersymmetries.> On
the other hand, Englefield® has just proposed the superalge-
bra osp(3,2n) by starting from the metaplectic representa-
tion of osp(3,2) with a one-dimensional harmonic oscillator
with spin,® and by extending it to the supersymmetric con-
text in # dimensions.

Here our main purpose is to construct a new superalge-
bra osp(2,2n)&sh(2,2n) for an n-dimensional harmonic os-
cillator, appearing as a substructure of the superalgebra
osp(2n,2n)&sh(2n,2n), which will be clearly related to the
Englefield superstructure osp(3,27). Then we want to take
advantage of this relation between osp(2,2n)@sh(2,2n) and
osp(3,2n) in order to understand both structures in connec-
tion with the physics of the harmonic oscillator and with

® Chercheur Institut Interuniversitaire des Sciences Nucléaires.
» On leave from Liége University, Liége, Belgium.
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different procedures of supersymmetrization already used in
the literature. In particular, we think of the standard proce-
dure? and the spin-orbit coupling procedure'®!! first dis-
cussed by Balantekin in the three-dimensional context and
generalized by Kostelecky, Nieto, and Truax'? to the arbi-
trary n case. We will see the fundamental role played by the
Heisenberg superalgebras exhibited in the above structures.

In Sec. II we construct the superalgebra
osp(2,2n)&sh(2,2r) by looking for two degrees of freedom
in the fermionic variables and 27 in the bosonic variables
describing an n-dimensional supersymmetric harmonic os-
cillator. From previous results® we easily get all the genera-
tors in terms of the operators of the Heisenberg superalge-
bra, and we explicitly construct the corresponding
supersymmetric Hamiltonian. Section III is devoted to the
connection between our superalgebra and osp(3,2n), the
one proposed and discussed by Englefield.® We also give the
explicit form of the corresponding Hamiltonian in this
osp(3,2n) context, as well as a realization of all its genera-
tors. In Sec. IV we then come back to the specific physical
cases n = 1,2,3 and make some comments in connection
with different procedures of supersymmetrization and with
other recent contributions.'>™'” Finally, Sec. V contains
some general conclusions, putting the accent on the Heisen-
berg generators and their fundamental role in the under-
standing of these superalgebras.

In order to fix our conventions and units let us mention
that the mass m is taken as unity, although we maintain o,
the angular frequency of the harmonic oscillator, in our for-
mulas. In general, the summations on Latin indices go from
1 to n except for specific mentions; they are always under-
stood on repeated indices. In connection with the Heisen-
berg superalgebras and their dimensions, we frequently omit
the ( + 1) dimension associated with the central extension
they always exhibit due to the presence of the identity opera-
tor in the corresponding structures.
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Il. THE SUPERALGEBRA osp(2,2n) ¢ sh(2,2n) AND THE
HARMONIC OSCILLATOR

After the first N =2 supersymmetric quantum-me-
chanical system was given and recognized by Witten? (with
asuitable superpotential) as a supersymmetric version of the
1-dimensional harmonic oscillator, it was a trivial task to
extend these considerations to arbitrary (n) spatial dimen-
sions, maintaining the famous cancellation between the Bose
and Fermi contributions to the ground-state energy in such a
supersymmetric theory. Then the extension to osp(2n,2n)
with respect to dynamical ® symmetries and supersymme-
tries has also been proposed.' Moreover, the corresponding
discussion within the so-called nonrelativistic conformal
context’ has been pointed out by the present authors,>!
leading to the largest dynamical invariance superalgebra
osp(2n,2n) & sh(2n,2n) when the standard procedure of
supersymmetrization? is enhanced. Such considerations in-
clude dynamical as well as kinematical * (super)symmetries
and refer to the same number (2r) of bosonic and fermionic
degrees of freedom.

Let us now proceed to construct osp(2,2rn) @& sh(2,2n)
as the invariance superalgebra of a harmonic oscillator by
starting with osp(2n,2n) & sh(2n,2n), the superalgebra® of
the harmonic oscillator in the well-known standard proce-
dure. Let us recall that the above (8n” + 4n( + 1))-dimen-
sional superalgebra is formed by the 8n® generators
T, Cooits Yir Z 4 4 @ 4 rand S 4, of 0sp(2n,2n), and
the (4n( + 1)) generators P, and T, , (and I) of
sh(2n,2n). We have noticed® that the first 8#% generators
can be expressed only in terms of those generating the Hei-
senberg superalgebra sh(2n,2n). Indeed, we have

Tu=4{P_,.P, .} (2.1a)
Comw= Fwo{P,,.P, .} (2.1b)
Yyu=(@/Q)[T, +,T_,], (2.1¢)
Zyu= £ /D[T; 1T ,] (2.1d)

Qj;,kl = (l/ﬁ)PIF,kTi,l = (1/2‘/5){P:F-k’T:|:J}’ (2'1e)

Sow=0NP, T, ,=1/2y){P,,. T, .} (2.1

where the Heisenberg generators are given by

P, .= +i2we¥Ta__, (2.2a)
and
T,x=eT™, (2.2b)

Here the a _ ,’s are the components of the creation ( + )
and annihilation ( — ) operators in the #n-dimensional space
(k = 1,...,n) satisfying

[a_wa,]=0bu (2.3)
while the £, ,’s are Grassmannian variables such that

{6, € 3 =6u {£iifi}=0 (2.4)

These operators clearly refer to 2n bosonic and 2» fermionic
degrees of freedom, which enter, respectively, into the bo-
sonic and fermionic parts of the supersymmetric Hamilto-
nian for the harmonic oscillator given by
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HEo = (0/2){a,,a_} + (0/2)[E,.6_1=1{0,.0_},

(2.5)
where the supercharges
0, =0, u= Fiwoaz g, =(1/~2)P.-T, (2.6)
are conserved (as expected):
[Qi,Hifo‘] =0. 2.7)

Let us now restrict ourselves to two fermionic degrees of
freedom and seek to obtain the superalgebra osp(2,2n)
@&sh(2,2n) in a similar manner as before, but with only two
Grassmannian variables, £, and &_. So we will be working
with the simplest two-dimensional Clifford algebra,'®

{¢ a’¢ b} = 5ab’ ayb = 1929 (2.83)
with

p'=E6,+E, pP=i_—&L). (2.8b)
The generators (2.2b) then become the only two generators
T, and T_, so that the Heisenberg superalgebra becomes a
[2 + 2n( + 1) ]-dimensional structure that we call
sh(2,2n). Correspondingly we immediately see through
Egs. (2.1) that the algebra sp(2n) generated by the
(2n® + n) operators (2.1a) and (2.1b) is unchanged, while
the (2% — n) generators (2.1¢) and (2.1d) of so(2n) re-
duce to the single generator

Y= (o/)[T,,T_], (2.9)

associated with a so(2) algebra. Moreover, the 4n* charges
(2.1e) and (2.1f) reduce to the 4n operators

Qj_—,k = (l/ﬁ)Pq:,kT:t ’ Si,k = (l/ﬁ)Pi,kTi .
(2.10)

In this way we get (2n*> + 7n + 3( + 1)) generators, which
form the superalgebra osp(2,2n)@sh(2,2n). Let us just take
note here of the structure relations of the Heisenberg super-
algebra sh(2,2n):

[P_ Py i] =208, [Py, P.,]1=0, (2.11)
[PissT ]1=0, [PL,iT_]1=0, (2.12)
{r,1.}=1 {T,,T, }=0 (2.13)

The other structure relations for osp(2,2n)&sh(2,27) can
evidently be obtained from the preceding ones due to the
definitions of the osp(2,2n) generators in terms of those of
the Heisenberg superalgebra.

Let us summarize by saying that we are dealing with
(2n* + 3n + 1) even generators T}, C, 4, Y,and P ,, as
well as with (2 + 4n) odd generators T, ,Q, ;,and S, ,.
These even (&) or odd (&) properties of the operators are
closely related to the fact that they effectively satisfy the
structure relations

(8,8]1=%, [¢,01=0, {0,0}=%. (2.14)
So we can look for the explicit form of the supersymmetric
Hamiltonian for a harmonic oscillator with the invariance
superalgebra osp (2,2n)&sh(2,2n). From the type-Q super-
charges (2.10), we define in this ¥ = 2 supersymmetric the-
ory’ the two other supercharges,

Qj: ‘_‘ai,in,k = (l/ﬁ)ai.kPIF,kTi s

Beckers, Dehin, and Hussin
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where the | , s are actually arbitrary coefficients. Then by
using the relations [see Egs. (2.1a) and (2.11)]

P_, P, ,=2Ty+aobyl, P, P_,=2T,—awb,l,
and [see Eqgs. (2.9) and (2.13)]
T, T =}I+ (2/0)Y),
we easily get
{0..0_}= %a+,ka—,1{P—,kT+,P+,1T—}
=a,a_,Ty+a, a_ Y=H
(2.16)

Due to the constraints? on the supercharges (2.15) in an
N = 2 supersymmetric theory, we then require that the coef-
ficients A satisfy

Vk=1,..,n, (2.17a)

so that the purely fermionic part of Eq. (2.16) becomes (as
expected)

a_=a%

Hp =nY, (2.18a)
if we require, moreover,
la, (?=1 Vk=1,.n (2.17b)

The last condition immediately results if the purely bosonic
Hamiltonian® has to be included (as expected) in the expres-
sion of the supersymmetric Hamiltonian:

HB = Tkk' (2.18b)
In fact, by introducing for k #/ the skew-symmetric L,; and
symmetric M,, operators defined by

Ly, = (/o) (T —Ty), My=1/0)(Ty+Ty),

(2.19)
we obtain
o
a1 3Ty =Ty + 5 kZ[BkILkI
>
+_a)_ z VM, (2.20)
2 &

where the skew-symmetric $,, and symmetric y,, coeffi-
cients are defined, respectively, by

Bu= — (i/2)(a+,ka—,l —a, a_ ),
Yu=¥a, a_,+a, ,a_i).

Finally, the supersymmetric Hamiltonian (2.16) takes the
form

(2.21)

®
HS =H, + nY+% Z BitLw +7 z VM.
Py

£Z1
(2.22)

Let us note that, with the properties (2.17), we can
write the coefficients (2.21) in the form

Bkl = Sil‘l(ak - a'), Vkl = COS(ak - a,), (2.23)
where the numbers a, are defined by
a, , =explia,). (2.24)

For n> 1 we immediately conclude that all the 8, and y,,
cannot be taken equal to zero simultaneously. Finally, real-
izing the Grassmannian variables in terms of the usual Pauli
matrices of the form
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Eo=0, =0, +i0,), {_=o0_=}(0,—io,),

(2.25a)
or, conversely,
(=0, (=0, (2.25b)
we get the two specific Hamiltonians
HE =Hy + % oy + 2 L
(£) B 2 3 2 kz;ﬁlﬂkl Kl
+2°3 yuM,. (2.26)
2 &
The cases £ = + 1 and £ = — 1 correspond to the choices

(2.25a) and (2.25b), respectively.

I1l. A CONNECTION WITH THE SUPERALGEBRA
osp(3,2n)

Starting from the metaplectic representation of the su-
peralgebra osp(3,2) discussed by Van der Jeugt® for a one-
dimensional harmonic oscillator with spin, Englefield® has
very recently proposed its generalization to the orthosym-
plectic superalgebra osp(3,2n) for an n-dimensional super-
symmetric harmonic oscillator. In fact, Englefield has
shown that the bound states of such an #-dimensional super-
symmetric oscillator span an irreducible representation of
osp(3,2n) containing the supersymmetric Hamiltonian.

In connection with this result we want to point out that
the dimension of osp(3,2n) is

d=4[(2n+3)*+2n—-3]=2n*+Tn+3, a3.1)

so that it coincides with the dimension of the superalgebra
osp(2,2n)@sh(2,2n) discussed in Sec. II (if we omit the gen-
erator [ of the central extension).

In order to go deeply into such a remark let us first come
back to the one-dimensional context and compare the super-
algebras osp(3,2) and osp(2,2)@sh(2,2), characterized by
the same dimension, 12. The last structure corresponds to
the twelve generators Hy, C,  [associated with
s0(2,1) ~sp(2)], Y [associated with s0(2)], @, ,S§, —
these eight operators being associated with osp(2,2)—and
P, , T, [associated with sh(2,2) up to the identity opera-
tor]. The main point is that the interchange between the
even and odd characters of the nontrivial generators belong-
ing only to the Heisenberg superalgebra sh(2,2) immediate-
ly transforms osp(2,2)@sh(2,2) into osp(3,2). In fact, the
even part of osp(3,2) will contain the algebrasp(2) @ so(3),
here generated by {H,,C , } for sp(2), and by {¥,T } for
so(3) when we consider the generators 7', as even [see Eq.
(2.9)]. Then the odd part of osp(3,2) is generated by the
supercharges @, and .S, as well as by the odd generators
P o, corresponding to the previous even P, ’s. In particu-
lar, these generators P, ¢, must now satisfy anticommuta-
tion relations according to Eqs. (2.14) so that (o3 = 1)

{P,o,P_0;,} ={P,,P_} =4H,. (3.2)
Let us here point out the fundamental role played by the new
operators P, o;and T, since all the others can be obtained

from their products as particular cases of Egs. (2.1). For
example, the supercharges
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Q, =UNDP_T,, S, =(/A)P, T, (33)
can be written as

QD = (IND(P_opT®, QD = (INDTD (P, 0y,

(3.42)
SO =UN2(PLo)TY, U =1/N)TV(P_oy),
(3.4b)
according to the choice (2.25a) withe = + 1, or as
Q4 =0U/M2)T (P oy),
(3.5a)
QU V= /A2)(Po) TV,
SV =(N)T (P, 03),
+ + +Y3 (3.5b)

SV = (1/2)(P_o) TV,

according to the choice (2.25b) with £ = — 1. Indeed, the
expressions (3.3) immediately result from (3.4) or (3.5) by
the fact that we have

0,0, = t0,, 0,0,= F0,. (3.6)
Let us also note that the relations (3.4) and (3.5) immedi-
ately show the correspondences Q (V<S¢ ~ P, 0 V8D
in connection with the choicese = + lore = — 1, interest-
ing information for the evaluation of the supersymmetric
Hamiltonian proposed by different authors.*®!!

By combining these results with those of Sec. I1, it is now
easy to extend the present considerations to the n-dimen-
sional case and to the corresponding superalgebra osp(3,2n)
containing the even algebra sp(2n) & so(3). By maintaining
the preceding so(3) algebra and extending the two odd gen-
erators (P, o;) to 2n generators (P, ,0;), we get the whole
set of (2n* 4+ 7n + 3) generators of osp(3,2n). Once again
we point out the main role played in such a construction by
the (odd) P, .0, and (even) T, generators belonging
originally to the fundamental Heisenberg superalgebra
sh(2,2n).

For arbitrary n we effectively have (21n° + n + 3) even
operators [explicitly, the n(2n+ 1) T, and C_ ,; of
sp(2n) and the three generators of so(3)] and (6n) odd
operators (explicitly, the 2n P ;05 and the 4n “super-
charges” Q, ,and§, ,).

In correspondence with Eqs. (2.2), we clearly define

P, ,03= +i2weT a0, (3.7a)
and
T, =, (3.70)

so that the definitions (2.1a) and (2.1b) of the T},’s and
C, s are unchanged (due to the fact that o2 =1), while
the generator Yis still given by Eq. (2.9). Now if for brevity
we take (2.25a) corresponding to £ = + 1 for the variables
&, , we have (without superscript) the 4n charges extended
from Egs. (3.4):

Q+,k = (l/ﬁ)(P__k0’3)T+,
Q_.=/\2)T_(P, ;03)

and
S = Q/N2)(P, 0T,
S_ = UN)T_(P_ ,03).

(3.8a)

(3.8b)
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The structure relations of osp(3,2n) can then be summa-
rized by taking into account the new even or odd character of
the above generators. Let us only insist here on the relations
between the generators 7, and P ;05

{P_ 103,P, 05} = 4T,

{P, ,03,P, 03} = +4iC, ,, (3.9)
[PiuosTy ] = £ 2425, 4 (3.10)
[PraosTs]= £220.

and

(Fot-1= @y (3.11)

[where (2.9)=(3.11)]. In fact, they can be used to define
the generators {7, Ci,k,,Y,Qi,k,Si_k} of osp(2,2n) in-
side osp(3,2n). They clearly show that the operator I of a
central extension does not appear here.

From these considerations and those developed in Sec.
I1, we clearly get the explicit form of the supersymmetric
Hamiltonian for osp(3,2n), new information with respect to
the Englefield contribution.?

IV. SOME SPECIFIC PHYSICAL CASES AND
COMMENTS

Having at our disposal the arbitrary n-dimensional con-
text, let us now come back to the specific cases # = 1 (Sec.
IVA),n=2(Sec.IVB),and n = 3 Sec. IV C), which cover
an important number of contributions dealing with physical
applications in supersymmetric quantum mechanics.

A. The one-dimensional context

If n = 1, the numbers of bosonic and fermionic variables
are the same, and we are working within the standard proce-
dure of supersymmetrization “a la Witten.”? Qur superalge-
brais the osp(2,2)&sh(2,2) structure already discussed, '’
which corresponds to the largest or maximal dynamical in-
variance superalgebra of the one-dimensional harmonic os-
cillator. Through the considerations of Sec. IIl, it is related
to the superalgebra osp(3,2) studied by Van der Jeugt® and
Englefield.® Let us point out once again the inclusion

osp(3,2) Dso(2,1) @so(3). 4.1)

In order to make clear the connections between our genera-
tors and those defined in Englefield,® let us mention once the
twelve correspondences:

(Hg,C,,C_)<>(2t,, 2t ,2it_),

(T, T_,Y)>(s_,5,, — So),
(0,,Q0_,5S,,S_)>(—iR_,_,iR,,,—iR_, iR ),
(P, 03)«>(2iR, . ).

We also notice that the Englefield choice of the Grassman-
nian variables corresponds to € = — 1 {cf. Eq. (2.25b) ], so
that the supercharges leading to the supersymmetric Hamil-
tonian are of type S. The Englefield results® clearly apply
here, and it is easy to recognize the osp(1,2) and osp(2,2)
substructures, etc.
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From Secs. II and III we get the well-known and expect-
ed Hamiltonian

H§§=1) =H3+K HB=T11’ (42)

whose specific form (with £ = + 1) is, according to Ravn-
dal,*?

HE_ ) =30" + o’x*) + (0/2)0,. (4.3)

This appears to be a particular case of Eq. (2.22) or (2.26)
where there are neither L,; nor M, terms (k=1=1).

B. The two-dimensional context

If the dynamical and kinematical (super)symmetries of
the two-dimensional harmonic oscillator are considered, we
know? that the maximal dynamical invariance algebra is
osp(4,4)@sh(4,4) within the standard procedure, while it is
osp(2,4)&sh(2,4) within the spin-orbit procedure. The lat-
ter superstructure may clearly be put in correspondence
with the Englefield superalgebra osp(3,4) in the way devel-
oped in Sec. ITI. The 25 generators of both contexts can be
associated with each other, and all the above conclusions
apply here (dimension, even and odd generators, fundamen-
tal role of sh(2,2) generators, etc.). Let us note that we
clearly obtain now eight “supercharges” of type @ and type
S, and there are four Heisenberg operators that have to be-
come odd ones through multiplication by o, besides the two
even operators T, .

This # = 2 context of the harmonic oscillator is particu-
larly interesting from a physical point of view; it is directly
connected®'*!%2° with the problem of an electron interact-
ing with an external constant magnetic field. Such an appli-
cation enhances the spin-orbit coupling supersymmetriza-
tion procedure in a very natural way.’ Indeed, in this
two-dimensional case the supersymmetric Hamiltonian
(2.22) contains at most one 3 and one ¥ coefficient, defined
by Eqgs. (2.21), such that Egs. (2.23) are satisfied. It is clear-
ly impossible to suppress both coefficients simultaneously:
either the term L,, or the term M,, will survive.

Let us consider the first case, the most interesting one,
since L,,=L is clearly the third component of the orbital
angular momentum. Then we define the following super-
charges according to Egs. (2.15) with (2.17). Constrained
by the embedding of the n = 1 context, they become

Q;t =Q:t,1 iiQi,z- (4.4)
This corresponds to the choice of coefficients
a,,=a_,=1 a,,=—a_,=| (4.5a)

ensuring the cancellation of the symmetric terms
(712 = 721 = 0) and the reduction of the skew-symmetric
ones to a single term (8,, = — 3,; = — 1) in the Hamilto-
nian. We then get

H$®, =Hg +2Y—oL. (4.6a)

Let us also note that the choice (4.5a) is not unique. If we
take, for example,

a,,=a_,=1 a,,=—a_,=—i (45b)
we correspondingly get
HE®, =Hp +2Y +oL. (4.6b)

1709 J. Math. Phys., Vol. 29, No. 7, July 1988

Moreover, if we combine the above contexts with the possi-
ble realizations (2.25) of the variables £ , , we can construct
four different types of Hamiltonians (4.6). In particular,
with £ = — 1, and the context (a), we get the already stud-
ied Hamiltonian® that coincides with the Englefield one® in
this n = 2 case. It is written

SS(a) -
H 2= -1y =Hp — w0y, — L.

4.7)

All the results (4.6) and (4.7) are typical of the spin-
orbit coupling procedure of supersymmetrization for which
we have associated an algebra® modified with respect to the
usual Clifford algebra (2.8). Indeed, we have shown that in
this N = 2 supersymmetric quantum theory we have

{&, é_13=06u—iZ4, (4.8)

where Z,, = — E,, ()" =E. It is easy to identify these
quantities in the present context. For example, in connection
with Eq. (4.7) and ¢ = — 1 we get

S§oa= _i§+,2 =0_, §—,l =i§—,2 =04,

—E, =1

=12 =
Further discussions on corresponding Pauli Hamiltonians
can be found elsewhere.>'*?!

C. The three-dimensional context

This case is physically the most interesting one and has
evidently been considered in different contributions from the
supersymmetric point of view (see the references previously
mentioned and compared).>!%!!-16

Within the standard procedure,” we have extended the
de Crombrugghe-Rittenberg result' [osp(6,6)] to the su-
peralgebra osp(6,6)&sh(6,6) as the maximal dynamical in-
variance algebra of the three-dimensional harmonic oscilla-
tor.

Besides these considerations we also know, since the Ba-
lantekin contribution,'® that the spin-orbit coupling proce-
dure leads to the maximal superstructure osp(2,2) & so(3)
{which has been generalized to osp(2,2) @ so(n) by Koste-
lecky et al.'? in the n-dimensional case]. In particular, we
know'' that the symmetries of P, and T, types belonging
to sh(6,6) are broken due to the presence of the spin-orbit
coupling term in the Hamiltonian. '

Following the arguments of Sec. I, we propose here the
new superalgebra osp(2,6)&sh(2,6) and determine its su-
persymmetric Hamiltonian. In addition, we relate this struc-
ture to the superalgebra osp(3,6) proposed by Englefield.®
So we immediately get the 42 generators and their structure
relations. We notice that the six even generators P, belong-
ing to sh(2,6) are replaced by the odd generators P, o, in
order to give osp(3,6).

From the above arguments it is evident that neither the
osp(2,6)&sh(2,6) northe osp(3,6) superalgebras can be as-
sociated with the spin-orbit coupling procedure. Another
interesting way to show this is to study once again the ex-
pressions (2.23) of the coefficients B,, and y,, in thisn =3
context in a way parallel to the one discussed for n = 2. It is
easy to show that the maximal simplification always main-
tains three terms in L,; and M, in the Hamiltonian, but that
at most two of them are angular momentum operators.
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In particular, by embedding the n = 1,2 cases in the
three-dimensional context, let us construct here the two su-
percharges according to the choice (4.5a) as follows:

Qi =Qi.l iiQi,z iiQi,S' (4.9)
The corresponding coefficients S, and 7y, (k #/,
k,] = 1,2,3) are easily determined, and we get Eq. (2.22) in
the form

HH@, =Hp +3Y —o(Ly, + Li3) + oMy, (4.10)

and, more precisely, with the choice €= + 1 [cf. Eq.
(2.25a)],

H?i(:)h(s: y =Hpg +3wo; — @(Ly + Ly3) + oMy,
4.11)

Such supersymmetric Hamiltonians admit the superalgebra
osp(2,6) @sh(2,6) or osp(3,6) as an invariance superalge-
bra.

V. GENERAL CONCLUSIONS

Since our first contribution'’ to the symmetry superal-
gebras of the harmonic oscillator we have insisted on the
prominent part played by the Heisenberg operators. Such a
role is once again remarkable here not only in the structures
osp(2n,2n)@sh(2n,2n) and, consequently, in osp(2,2n)
@sh(2,2n), but also through the relation with osp(3,2n).
Remember (as detailed in Sec. I1I) that by considering only
the operators belonging originally to the fundamental Hei-
senberg superalgebra, we have explained the connection
between osp(2,2n)&sh(2,2n) and osp(3,2n). We have also
shown that all/ the other generators belonging to these struc-
tures can be expressed in terms of the Heisenberg generators.
Here, moreover, we want to point out that these expressions
in terms of the Heisenberg operators can be considered as
definitions in the context of osp(2,2n)&sh(2,2n), but that
they become structure relations of osp(3,2n). As an exam-
ple, compare the definitions given by Egs. (2.1a) and (2.1b)
in 0sp(2,2n)&sh(2,2n) and the structure relations summa-
rized in Egs. (3.9) for osp(3,2n).

Another conclusion here lies in summarizing much in-
formation concerning the invariance superalgebras for the n-
dimensional harmonic oscillator. The superalgebra
osp(2n,2n)&sh(2n,2n) is the largest or maximal dynamical
invariance superstructure containing dynamical as well as
kinematical (super)symmetries when the standard proce-
dure of supersymmetrization is under study.’> We also have
the following “dynamical D kinematical” inclusion®:

[osp(2n,2n)&sh(2n,2n)]

Dllosp(2,2) ®so(n)}&sh(2n,2n)], (5.1)
where the last superalgebra is the maximal kinematical one.
Let us also insist on the (trivial) inclusion

{[osp(2,2) ®so(n)]&sh(2n,2n)]1Dosp(2,2) @so(n),
(5.2)

where we recognize the superalgebra found by Kostelecky et
al.? as the (kinematical) invariance structure obtained
within the spin-orbit coupling procedure, as a result general-
izing the Balantekin study.!? Moreover, let us mention the
other (trivial) inclusion
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osp(2n,2n)&sh(2n,2n) Dosp(2,2n)Gsh(2,2n) (5.3)

[the equalities in Egs. (5.1) and (5.3) being ensured only for
n = 1], where the last superalgebra appears (see Sec. II) if
we require a minimum number of fermionic degrees of free-
dom. Finally, from Sec. III we also have

osp(2,2n)&sh(2,2n) ~osp(3,2n), (5.4)

connecting the Englefield structure® with ours and showing
that osp(3,2n) does contain dynamical as well as kinematical
(super)symmetries.

If n = 1, then only the standard procedure is meaning-
ful, and in this context the dynamical or kinematical superal-
gebra is®!’

osp(2,2)&sh(2,2) ~osp(3,2), (5.5)

the Kostelecky ef al. result'? being excluded for n = 1.

If n = 2, then the standard and spin-orbit procedures
differ and lead, respectively, to the osp(4,4)&sh(4,4) and
osp(2,4)&sh(2,4) superalgebras,® which evidently are such
that

osp(4,4)&sh(4,4) Dosp(2,4)&sh(2,4) ~osp(3,4). (5.6)
In addition, we also have
osp(3,4) Dosp(2,2) @so(2), (5.7)

an inclusion that allocates the place of the Kostelecky et al.
contribution and ignores the Heisenberg (super)symme-
tries.

If n = 3, then both procedures once again differ, and
from the largest dynamical superalgebra® we have

0sp(6,6)@sh(6,6) Dosp(2,6)&sh(2,6)
and
osp(2,6)@sh(2,6) ~osp(3,6). (5.9)

From the results of Sec. IV C, we immediately see that the
Balantekin structure [osp(2,2) @ so(3)] has nothing to do
with the structure (5.9), but only, through (5.2), with

[osp(2,2) @s50(3)]4sh(6,6) Dosp(2,2) @so(3). (5.10)

This says that for the spin-orbit coupling procedure all the
Heisenberg (super)symmetries are broken'! in this three-
dimensional context. Let us recall'! that an easy way to re-
cover these spin-orbit coupling results'® is the construction
of 4 X 4 supercharges Q, and Q_ defined by

(5.8)

Q, =000, & (5.11)

which can be compared with our present definitions Eqs.
(2.15). We immediately see that, with £ = + 1, we get here
four Grassmannian variables

L x=0r00,, (5.12)

satisfying (4.8) instead of (2.4). They lead to the Balantekin
Hamiltonian

Hp + 3w + woLL 0
0 Hy — o —-woL)’
(5.13)

Ss _
H(n=3) —(

admitting only osp(2,2) @ so(3) as the invariance superal-
gebra.
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Three-dimensional scattering of impulsive acoustic waves by a semi-infinite
crack in the plane interface of a half-space and a layer
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The three-dimensional diffraction of a pulsed acoustic wave by a semi-infinite crack located in
the interface of a uniform layer and a half-space is investigated theoretically. In the analysis the
influence of shear stresses in the material structure is neglected. The incident acoustic wave is
taken to be generated by an impulsive compressional point source located at the top boundary
of the layer. With the aid of the Wiener—-Hopf technique and a modified version of the
Cagniard—de Hoop technique implemented in an iterative scheme, closed-form expressions for
the particle velocity within any finite time window anywhere at the top boundary of the layer

are obtained.

. INTRODUCTION

The problem of diffraction of acoustic waves by a crack
in the interface of two different solids is of interest in the field
of nondestructive evaluation of material structures. With
this application in mind, we investigate the diffraction of
acoustic waves by a semi-infinite crack in the interface of a
uniform layer and a half-space. The configuration is excited
by an impulsive compressional point source located at the
top boundary of the layer, where the receiver is also located.
The resulting acoustic wave motion is analyzed as far as its
compressional components are concerned, i.e., the influence
of shear stresses is neglected (the equivalent fluid model).

Considerable work has already been done in the field of
diffraction of transient waves by a semi-infinite crack in a
homogeneous medium of infinite extent. In this respect we
mention the paper by Sommerfeld! on diffraction of tran-
sient electromagnetic waves by a semi-infinite screen and the
papers by Cagniard,” De Hoop,? and Du Cloux* on diffrac-
tion of transient acoustic waves by a semi-infinite crack in a
medium of infinite extent. The time-domain diffraction of
electromagnetic waves by a semi-infinite screen in the inter-
face of two different half-spaces has been studied by Du
Cloux.’ However, unlike in Du Cloux’s® problem, in our
case the presence of the layer next to the diffracting edge
gives rise to multiple reflections and repeated diffraction,
with considerable consequences for the analysis. Multiple
edge diffraction has been studied by Shirai and Felsen,® who
investigated the diffraction of pulsed electromagnetic waves
by a strip. We solve the problem by a proper combination of
a modified version of the Cagniard—de Hoop technique*=*"-°
and the Wiener-Hopf technique, or factorization meth-
0d,'®!! for three-dimensional configurations. These tech-
niques are implemented in an iterative scheme that has the
property that an exact analytic expression for the time-do-
main solution is obtained within any finite time window. In
this paper the emphasis lies on the methodological aspects in
the analysis.

1. DESCRIPTION OF THE CONFIGURATION

The configuration consists of a uniform layer D, and a
semi-infinite medium occupying the half-space D,: Their
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acoustic properties are characterized by a positive constant
volume density of mass p and a positive constant compress-
ibility «. The corresponding compressional wave speed is
c = (pk) "% We let

p = p] . in Dl , ( 1)

P =P in D,. (2)
To locate a point in the configuration, we employ the coordi-
nates {x, y, z} with respect to a given orthogonal Cartesian
reference frame that is specified by an origin O and three
mutually perpendicular base vectors of unit length {i, i, i, }
that in the given order form a right-hand system. The posi-

tion vector is denoted by r = xi, + yi, + zi,. The reference
frame is chosen such that (see Fig. 1)

K=K, ¢=¢

K=Ky, C€=0,

D, = {reR*| (x,p)eR?, ze(0,d)}, (3)

D, = {reR*|(x,y)eR?, ze(d, )} . (4)
The semi-infinite gap S coincides with the half-plane

S = {reR®|xe(0,0 ), yeR, z=d}. 5

The time coordinate is denoted by z. Partial differentiation is
denotedby dand V=i, d, +1i,4d, +1i, J,.

recelver

S source
{—

FIG. 1. Geometrical configuration.
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HIl. THE ACOUSTIC WAVE FIELD IN THE
CONFIGURATION

The acoustic wave field in the configuration is described
in terms of the acoustic pressure p and the particle velocity v.
In the interior of the domains D, and D,, these quantities
satisfy the source-free acoustic equations

Vp+pdv=0, (6)
Vv +kdp=0. @))
In accordance with the notation adopted in Sec. II, we write
p=p, and v=v, in D, (8)
p=p, and v=v, in D,. 9

At the upper boundary of the layer a pressure-type source is
located at x = x,, y = y,, z = 0. Then, we have the boundary
condition

lilgpl(x,y,z,t) =P(1)6(x —x,,y —¥5) . (10)
zl

At the interface of the two media the following boundary
conditions hold:

lim{ p,v,,} =lim{ po,v,,} when — o <x<0, yeR,
ztd zid

(11)
and

limp, =limp,=0 when O<x< 0, yeR. (12)
ztd zld

We assume that the source starts to act at the instant ¢ = 0.
Prior to this instant, no acoustic wave field is present in the
configuration (the initial condition).

iV. FORMULATION OF THE SPECTRAL-DOMAIN
ACOUSTIC WAVE FIELD PROBLEM

To carry out our analysis, we cast the field representa-
tions in a particular form characteristic of the modified Cag-
niard technique. First we subject the field quantities to a one-
sided Laplace transformation with respect to time. One of
the characteristic features of the Cagniard technique is that
the relevant transform variable s is taken to be real and posi-
tive. To show the notation we write the transformation of the
acoustic pressure as

0

P(x.y.z,s) = j exp( — st)p(x,p,z,t)dt . (13)

0

Next, we subject the quantities to a spatial Fourier transfor-
mation with respect to the coordinates x and y. In view of the
future application of the modified Cagniard—de Hoop tech-
nique we write this Fourier transformation as a two-sided
Laplace transformation (Van der Pol and Bremmer'?) for
which the transform variables @ and S are purely imaginary.
For the acoustic pressure we have

blaBzs) = f J P(x.p.z.5)exp[s(ax + By) dx dy,

with ael, pPel,

with the inverse transformation

(14)
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s 2 i oo
f’(x,y,Z,S) = (—) J dB
27i

— oo —iw

pla,Bzs)

xXexp[ — s(ax + By) ]da . (15)

In (14) and (15), s is real and positive.

After applying the transformations (13) and (14) to
Egs. (6) and (7) and eliminating #, and 3, we are left with 2
system of two first-order differential equations in z in which
P and b, occur as unknowns. These equations have constant
coefficients and hence have exponential functions as their
solutions. We write
Di=A; exp(—syz) + 4] exp[ —sy,(d—2)],

with 0<z<d, (16)
Dy=A; expl —sy,(z—d)], with d<z< o, an
by, =Y, {4 exp(—sy,z2) — A4 exp[ —sy,(d—2)]},

with 0<z<d, (18)
b,, =Y,A," exp[ —sy,(z—d)], withd<z<o, (19)

inwhich4 1 =4 % (a, B, 5) donot depend on z and where

Y, =%./pia (20)
is the vertical acoustic wave admittance and
e = (1/ci, —a?— B2  with Re(y,,) >0 21

is the vertical slowness. Using the boundary condition (10)
and the continuity of the pressure at z=d {cf. (11) and
(12)] it follows from (16) and (17) that

A =[P'—A4; exp( —sy,d)]/[1 —exp( — 257,d)]

(22)
and
A7 =[4;5 —Plexp(—syid)]/[1 —exp( —2s7,d)] ,
(23)
with
Bi=P(s)exp[s(ax, + By, ] - (24)

Next we introduce the two-media plane-wave reflection co-
efficient R as

R=(Y,— L)/ (Y, + Y, (25)
and the two-media plane-wave transmission coefficient T as
r=2Y/(Y,+7,). (26)

In order for the boundary conditions that are x dependent to
be satisfied sufficient conditions are further provided by [cf.
(11) and (12)]

A4} =GR (27)
and
TP'exp( —sy,d) — A [1 + R exp( — 2sy,d) ]
=H"[1—exp(— 257, d)//[p)(Y, + T,)1,  (28)

in which G® = G® (a, B,s) is an analytic function of a in
DRcCC with G®R=0(1) as |a|>o in DX and H*:
= H%(a, B,s) is an analytic function of @ in D*CC with
H"™=o0(1)as |a|] » « in D * while Sel. The regions D ®and
D* are shown in Fig. 2. After substituting 4 ;- from (27)
into (28), the resulting equation constitutes the Wiener—
Hopf equation
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FIG. 2. The contour 7 that divides the complex a plane into the regions D *
and DL,

TP'exp( — sy, d) — GR[1 + R exp( — 2sy,d) ]
=H"[1—exp(—2s7,d))/[p\(Y, + 13)],
with ael . (29)

V. SOLUTION OF THE WIENER-HOPF PROBLEM

In this section we solve (29) in an iterative way. To this
end we write

r_ 3 GX, (30)
n=0

H:= 3 HE, (31)
n=0

in which the terms GX=GZX(a,B,s) and HEL
= HE(a, B, s) will be shown to be of the exponential order
exp[ — (2n + 1)sy,d]. We start by solving

G5+ Hs/[pi(Y, + 1))
= TP exp( —sy,d), with ael. (32)
Next, we relate GRand HL to GR_ |, and HL_ | via
GR+ HL/[p(Y,+ Y,)1 =TU!, with ael, (33)
in which
U, ={H_,/lp:(Y, + Y)] -RG}_,}
xexp( — 2sy,d), with ne{1,2,3,...}. (34)
The function T/ﬁ, = ?7;', (a, B, s) can be viewed as the excita-
tion furlc.tion in the nth Wiener-Hopf equation (32). By de-
fining U as
Ui =TPexp(—syd), (35)
we can rewrite (33) as
GR=p,HL/[(p,+p)7 K1+ Ts,
with ael and 7e{0,1,2,...}, (36)
in which
K= /vi+p/p)/ (1 +pa/p)) . (37

The kernel function K = K(a, ) has been constructed such
that |K(a, B){—1 as |@|— o uniformly in the complex a
plane. The formal solution of the Wiener—-Hopf problem
(29) follows from (36) provided that the series expansions
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in (30) and (31) converge. The proof of this convergence
depends on the detailed structure of the solutions to the Wie-
ner—Hopf equations of the type (36). The solutions of (36)
follow by the application of the standard Wiener—Hopf
method (see Appendix A). In this method we need the fac-
torized parts of the kernel function X and the propagation
coefficient 7,. The factorized parts K ®L of the kernel X, i.c.,
the representations analytic in D ®L, respectively, can be ob-
tained in the manner indicated by Du Cloux,® who also de-
rived useful approximate representations for them. The fac-
torized parts ¥~ of ¥, i.e., the representations analytic in
D ®I respectively, can be found by inspection and are given
by

il =[Q,8) £ a]'?,
in which
0,8 = [(l/ciz) —:32]]/2 . (39)

In (38) the upper sign corresponds to the quantities with the
superscript R and the lower sign to the quantities with the

when aclUDRL, Bel, (38)

superscript L. By introducing the function 0,
=Q,(a,B,s) as
0, =U.K®yR when ael, with ne{0,1,2,..}, (40)

the solutions of the Wiener—Hopf equations (36) become

GR=QR/K*R, when aelUDR, with ne{0,1,2,..}
(41)

and
Hy=(+p/p)ViK"07,
when aelUDZL, with ne{0,1,2,...}, (42)
where for any 0,, Q& = Q*~ (a, B, 5) are defined as
ORL = @RL(Q,), with ne(0,1,2,...} . (43)

In (43) we have used the integral operator ;) that is de-
fined as

5 (0. (@B,s)) = F (L) 2.@85) .
2mi/JL q—a
when aeD &t (44)
and
(L) (Qn (a,,B,s))

== Qn (a,ﬁ’ ) :F Qn (q,ﬂ,S) q’

2 l q a
when ael 45)

for any contour L that divides the complex plane into a part
D% to the right and a part D £ to the left of it and any func-
tion 0, that satisfies a Holder condition on L. In our case the
contour L thus far corresponds to the imaginary axis ; in
this case D &L = D®L In (44) and (45) the upper signs
correspond to the quantities with the superscript R and the
lower signs to the quantities with the superscript L and in
(45) the integral is a Cauchy principal-value integral. The
expression for Q®L with ael [cf. (43) and (45)] can be
derived from (44) by applying a limiting procedure when a
approaches L via the regions D® or D%, respectively. In
Figs. 3 and 4 the location of the integral contour on the
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FIG. 3. The contour L pertaining to the operator ®{;, with aeL, which
divides the complex ¢ plane into the regions D¥ and D .

imaginary axis and the semicircle around the pole on I are
shown pertaining to the functions Q ® and Q L, respectively.

VI. TRANSFORM-DOMAIN WAVE CONSTITUENTS

For the transformation of the particle velocity o, , [cf.
(18) ] back to the space domain it is necessary to distinguish
between the different wave constituents, i.e., the different
terms in the representation of 7, , that have a particular ex-
ponential function of the type exp( — 2msy,d), with meN.
First we derive from (18), using (22)-(24) and (27), an
expression for the z component of the particle velocity taken
at the surface of the layer. When expressed in terms of G ¥,
we have

51,2 (a9B90’s)
=Y {P[1+ exp( — 2s7,d)] — 2GR exp( — sy,d)}

X[1—exp(—2sy,d)] !, with acIlUDR® (46)

and in terms of H ¥, using (29) in (46), we have

, .!
NN

FIG. 4. The contour L pertaining to the operator ®¢;, with acL, which
divides the complex g plane into the regions D § and D .

-
(o
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v, ,(a,B,0,s)
=Y, {P[1 — Rexp( —2s7,d)]

+2H exp( — sy,d)/[p, (Y, + Y1) 1}

X [1+ Rexp(—2sy,d)] ™", with aclUD*™.
(47)
We expand ¥, , in the series
ﬁl,z(aaﬁao,s) z U(")(a ﬂa ,S) ’ (48)

in which {7 has a particular exponential function of the
type exp( — 2nsy,d). Next we rewrite (46) and (47) by us-
ing the expansions (30), (31), and (48) in such a way that
we can capture the different wave constituents. This yields

[1—exp(—2sy,d)] ¥ o7

n=20

= Yllf"'ll + exp( — 2s7,d) ]

-2 i G Rexp( ——syld)], with aelUDR
n=0

(49)
and
[14+ Rexp(—2sy,d)] z 1
= Y,[P"[l — Rexp(—2sy,d)]
= HE —sy,d
23 n €Xp( — 57y )}, with aelUD®,
n=0 P](Yl + Y2)
(50)

respectively. From Eqgs. (49) and (50) we can derive the
following recurrence relations by capturing the wave con-
stituents. The recurrence relation pertaining to #{% in terms
of G R is given by

o7 =05 " exp( — 2sy,d) — 2Y,G;_, exp( —syd),
with ne{2,3,...} and aelUDR®, (51)
while
79 = ¥,P’, with aeC, (52)

and
5 = 2Y,Pexp( — 2s7,d) — 2Y,G R exp( — sy,d),
with aelUDR, (53)
in which [cf. (41) and (43)]

GE=df, (0,)/K®yR, when aclUDR® . (54)

Alternatively, the recurrence relation pertaining to #{% in
terms of H L is given by

("= — RD{%™ "V exp( — 2sy,d)
+2Y,H7 exp( —sy,d)/[p(Y, + Y3)],
with aelUDL and ne{2,3,...}, (55)
while
B. J. Kooij and D. Quak 1715



7® = ¥,P’, with acC (56)
and
5V = — 2Y,P'R exp( — 2sy,d)
+2Y,Hg exp( —sy,d)/[p, (Y, + 1)),
with aelUD*®, (57)

in which [cf. (42) and (43)]

HL=(1+4p/p)7ViK"®f;, (Q,), when aelUDE.
(58)

VII. THE SPACE-TIME DOMAIN ACOUSTIC WAVE FIELD

The particle velocity 9, , (x,p,0,5) in the Laplace trans-
form-domain can, with the aid of (48), be written as

i)l,z (x’yao’s) Z U(") (xyyy ,S) ’ (59)
in which
{7 (x,,0,5)
2 ioo i oo
= (L) f exp( —Sﬂ}')dﬂf exp( — sax)
2” — e — i
X7 (a,8,0,5)da . (60)

To transform the acoustic wave field back to the space-time
domain we apply the modified Cagniard—de Hoop method:
This method can only be applied successfully if we know the
s dependence of the integrand explicitly. The representation
of b, ,(x,y,0,s) consists of a series, the terms of which are
multidimensional integrals of the second or higher order.
The integrand in each of the terms contains the s dependence
only through the exponential functions exp( — smy,d),
with meN. This invites the application of the modified Cag-
niard method to each integral in each term separately, each
with its own “time variable.”

A. Analytic continuation

It is anticipated that difficulties will arise during the
deformations in the path of integration that occur in the
modified Cagniard technique with respect to the wave con-
stituents (51), (53) and (55), (57). This is due to the fact
that the wave constituents contain the decomposition inte-
gral operator ®%f [cf. (44) and (45)]. From Egs. (51)-
(54), (40), (24), and (B1) we obtain the following recur-
rence relations:

= 2YP exp( — 2sy,d) — 27, exp( —S}’,d)q)(,, (Qo)/KR 1

with g, = TP(s)exp[s(ax + By, ) Jexp( — sy, d)K *yf and aelUDR, (61)
5" = 5"~V exp( — 2sy,d) — 2Y, exp( — sy, d)®%, (0, _,)/KRy%, with aelUDR® and ne{2,3,..}, (62)
and
0, =0, , exp( —2sy,d) — Texp( — 257, d)®%, (Q,_,), with aelUDR and ne{1,2,..} . (63)
Alternatively, from (55)~-(58), (40), (24), (B1), and (B3) we obtain the recurrence relations
oy = — 2Y,P'R exp( — 2s7,d) + 2¥, exp( — sy d) P, (@)K “Vi/Ky,,
with Q, = Texp( — sy,d)P(s)exp[s(axs +By,) 1 Kv\/K "y and aelUD*, (64)
5" = — Ro{"~ " exp( — 2sy,d) + 2Y, exp( — s7,d) P, (Q,_ ) K yi/Ky,, with aelUD* and ne{2,3,...},  (65)
and
0, =RQ,_, exp( — 2sy,d) + Texp( — 2sy,d)®5,(0,_,), with aelUD® and ne{1,2,..}. (66)

Each time we apply the recurrence relation we have to deal
with the integration contour pertaining to the decomposi-
tion operator. These contours will be denoted collectively by
{C;; ieN}. It is observed that in the expression for #{7 at
most n contours occur. For the analytic continuation of e
and Q, we have to distinguish between the different loca-
tions that the source and receiver have with respect to the
edge of the diffracting crack; these cases are (i) x> 0, x, > 0;
(ii) x <0, x, <0; (iii) x>0, x, <0; and (iv) x <0, x, > 0.

1. The case x>0, x,>0

Since x > 0, the Cagniard—-de Hoop contours associated
with the different terms in #{7’ in the complex a plane are
located in the part D ® to the nght of the imaginary a axis;
hence (61)-(63) are to be used. Further, since x, >0, those
Cagniard—-de Hoop contours pertaining to the decomposi-
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{

tion operators &, that act on Q, are located in the part D*
to the left of the imaginary axis. The relevant decomposition
operators transform into ®{,, in accordance with the defi-
nitions (44) and (45). The subsequent decomposition oper-
ators, those that do not act directly on Q,, require no contour
deformation in view of the fact that the corresponding Cag-
niard contour coincides with the imaginary axis. Carrying
out these steps, the recurrence relations (61)—(63) result in
an expression for #{") with neN in which no singularities are
encountered durmg the deformation of the original contours
into the Cagniard—de Hoop ones provided that the functions
K® and R as they occur in Q, [cf. (61)] are continued
analytically into D © according to

{KR) R}
= {K(q)/K*(q),7:(9)/¥*(g)}, when gelUD".
(67)
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We also assume that K and ¥, are analytic and free from
zeros in the part of the complex ¢ plane between the original
and deformed contours.

2. The case x<0, x, <0

Since x <0, the Cagniard—de Hoop contours associated
with the different terms in 3{" in the complex a plane are
located in the part D’ to the left of the imaginary «a axis;
hence (64)—(66) are to be used. Further, since x, <0, those
Cagniard-de Hoop contours pertaining to the decomposi-
tion operators P, that act on 0, are located in the part D ®
to the right of the imaginary axis. The relevant decomposi-
tion operators transform into ®{, , in accordance with the
definitions (44) and (45). The subsequent decomposition
operators, those that do not act directly on 0., require no
contour deformation in view of the fact that the correspond-
ing Cagniard contour coincides with the imaginary axis.
Carrying out these steps, the recurrence relations (64)-(66)
result in an expression for {7 with neN in which no singu-
larities are encountered durmg the deformation of the origi-
nal contours into the Cagniard—de Hoop ones provided that
the functions K * and yT as they occur in QO [cf. (64)] are
continued analytically into D ® according to

{KL (@) .7 ()}

= {K(@)/K*(@),7:1(9)/7f (@)}, when gelUDF.
(68)
We also assume that X and ¥, are analytic and free from
zeros in the part of the complex g plane between the original
and deformed contours.
1

L (—isyd) W] = (C)[QoexP(
(C) Qo €xp sy = QO exp( — isy,d) W _

The regions D &*
shown in Fig. 5.

and one of the deformed contours C; are

4. The case x<0, x, >0

Since x <0, the Cagniard-de Hoop contours associated
with the different terms in 3{"? in the complex a plane are
located in the part D* to the left of the imaginary a axis;
hence (64)—(66) are to be used. Further, since x, > 0, those
Cagniard—-de Hoop contours pertaining to the decomposi-
tion operators ®¢,, thatact on 0, are also located in the part
D “to the left of the imaginary axis. The relevant decomposi-
tion operators transform into ®{¢, , in accordance with the
definitions (44) and (45). However, depending on the loca-
tion of the different contours with respect to each other, we
also need the analytic continuation of Q{“C‘_, into the part
D 'é,- The subsequent decomposition operators, those that do
not act directly on Q,, require no contour deformation in
view of the fact that the corresponding Cagniard contour
coincides with the imaginary axis.

For a systematic approach we start from the recurrence
relations (64) and (66), from which we derive analytically
continued expressions for 7} and Q,. The analytic contin-
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is?’l )W]’
O, [@o exp( —

3. Thecase x>0, x,<0

Since x > 0, the Cagniard—de Hoop contours associated
with the different terms in 3{% in the complex a plane are
located in the part D ® to the right of the imaginary « axis;
hence (61)—-(63) are to be used. Further, since x, <0, those
Cagniard—de Hoop contours pertaining to the decomposi-
tion operators ®¢;, thatacton Q, are also located in the part
D Rto theright of the imaginary axis. The relevant decompo-
sition operators transform into ®{¢,, , in accordance with the
definitions (44) and (45). However, depending on the loca-
tion of the different contours with respect to each other, we
also need analytic continuation of ®¢, into the part D¢.
The subsequent decomposition operators, those that do not
act directly on Q,, require no contour deformation in view of
the fact that the corresponding Cagniard contour coincides
with the imaginary axis.

For a systematic approach we start from the recurrence
relations (61) and (63), from which we derive analytically
continued express1ons for 3{") and @, The analytic contin-
uations of #{" and 0, with ne{2,3,...} are derived recursive-
ly from the analytlcally continued expressions of 5{,~ "> and
0,_,.Inthe procedure of recursive analytic continuation,
only the decomposition operators <I>(C) that act on Qo and
map into the corresponding parts D & of the complex a
plane require analytic continuation into those parts. The
analytic continuations of those decomposition operators

(C,) that act on a product of the type 0, exp( — isy,d)W,
where W = W(a, B) is some analytic amplitude function,
follow from Plemel;’s theorem as

when aeD &FUC,,

isy,d) W1, (69)

when aeD &*UC; .

I
uations of 5"’ and Q, with ne{2,3,...} are derived recursive-
ly from the analytlcally continued expressions of 5{%~ "> and
0, _,. In the procedure of recursive analytic continuation,
only the decomposition operators <l>fé’;, that act on @, and
map into the corresponding parts D ¢* of the complex &
plane require analytic continuation into those parts. The
analytic continuations of those decomposition operators
e, that act on a product of the type Q, exp( — isy,d) W,
where W = W(a,B) is some analytic amplitude function,
follow from Plemelj’s theorem [cf. (69)].

B. Time inversion by the modified Cagniard-de Hoop
method

In the analytically continued integral expression of the
particle velocity in the space-Laplace domain we can de-
compose the field into a geometric part that contains twofold
integral terms and a diffracted part that contains higher-
order multiple-integral terms. The expression of the wave
constituent {7 (x,»,0,5) [cf. (60)] is obtained from the suit-
able recurrence relations (61)—(66) using the recursive pro-
cedure of analytic continuation outlined in Sec. VII A. A
typical term U%in the geometric part of #{") is of the shape
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FIG. 5. A typical Cagniard—de Hoop contour pertaining to the decomposi-
tion operators ®{; in the complex ¢ plane.

U8(x,0,0,8) = 2ﬁ(S)f ~exp[ —sB(y —y,)]dB

X Jw. Zg(a,ﬂ)exp[ —sa(x —x;)]

(70)

in which 4 %(a,B) represents a spectral amplitude that is
independent of s. In view of the fact that the time inversion
by the modified Cagniard—de Hoop method of the geometric
part of 8{"} runs along the same lines as the time inversion of
the diffracted part of 3{%, we only consider the time inver-
sion of the diffracted part of 5{?). A typical term U?in the
diffracted part of 3{") in which the decomposition operators
are written out in their integral form [cf. (44) and (45)] is
given by

Xexp| — nsy,(a)d lda,

Uxp0,) = 226(”[ exp[ —sB(y —y,) 4B 3D 10 GL/J; A (B,Gosgrs-dm2)eXp[ — s(ax — gox,) ]
— i — oo JIp Iy 1,

M
><exp[—s[n<a)kad+ 3 r,(q,,)kq,d]]dqodql .
p=0

in which

ky =k, =" =k, =2 and k, +k, =2n—2M,
with k,,k, €N and k,.k, odd. (72)

In (1), 4 4B, Gos q15---»qas> @) TEPTESENLS 2 Spectral ampli-

tude that is independent of s. Application of the modified

Cagniard—de Hoop method (Du Cloux*) to each integral in
(71) separately results in the following paths of integration:

. {RC[X89+ yl(e)ked] = To ’
Im[X,0+ y,(0)koed ] =0,

where 6 represents one of the variables of integration
{@,90q1--+9r } and the parameter X, is defined in Table I.
The parametric expression of = 8(,) is then given by

04(1) = {XeTe + ikod [ 15 — (t‘[;ﬁ)z]l/z}
X(X5+k5d) ™

(73)

with 25,<79 < 0 ,
(74)

where
the =0, (X:+k2dH)'? (75)

is the value of 7,, where C, intersects the real ¢ axis. The
contour pertaining to the parametric expression 8 “(7,) [cf.
(74)] is a branch of a hyperbola. Introduction of the nor-
malized time variable w4, defined by

TABLE I. Representation of X,,.

] X,

a X

do — X
41:G2-14n 0
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- dgy da, with Me{0,1,2,...,n — 1}, (71)

(76)

as the variable of integration, changes expression (71) into

U(x,9,0,5) =s2/1‘\’(s)J”m Jm fw/Fo .. /f/w f‘”
—iw J1 J1 1 1 J

d
XH By, @q, 5504, 00 )

Xexp[ — By —y,) — s (B)
X Q@) 5@y, 5-0s@ g, 5P ) ]dco,,o do,,

we =To/th

do,, do, dB, n
in which, using the identities (75) and (76),
1 M
Q(wqo’wq.""’wqua) =0 Z e + Ta]
Qx p=0
Z (X?. 4 k d )l/2
=0
+ (X2 +k2d)H 0, (78)

The amplitude function H 4(8,w Wy 1Dy, 5-+sDg,, 0, ) 18 the re-
sult of the application of Schwarz’s reﬂection principle to the
product JA ¢ whereJ denotes the Jacobian that occursin the
change of the integration variables. Its expression is deter-
mined recursively. By defining H¢, = H? the simplest
scheme starts in the a plane with

H(B Ao 00 )

=4 YB.g5,41 - 432%) D, o’
A4Bg. g2, o (79)
The successive substitutions lead to the recursive relations
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Ird d d
H i (B0, @, 55D, Gk 1 155915 P )
Ird
=Hj_(B@g @0q,s5@q, >

d d d
qk1qk+ 199D )aquqi

- Ez_ 1 (B’quywa 9--~;qu_ 1 ,‘Ii.,qtli-k 1 ""’qil’wa )
X3, gi" with ke{1,23,..M}, (80)

in which the asterisk denotes the complex conjugate. Final-
ly, the path of integration in the 3 plane is deformed into a
Cagniard—de Hoop contour defined through

[RC[(J’ —-y)B+ 2,80 ] =T8>
Im[(y —y,)B+Q,(B)2] =0,
where Q is given by (78). The parametric expression of
B=4 d(TB) is

B 4rg) ={(r —y)7p +1Q [ — (15)*]"}

~ (81)

where

b b
t a8 =t d.p (a)‘Io ,wa ’""wqu’wa )

= (1/(.'1) [ (y —y,)z + Qz(wqo:wq.""’w‘hn’wa ) ] v :
(83)

The contour pertaining to the parametric expression of
B 7g) [cf. (82) ] is abranch of a hyperbola. Performing the
[-contour deformation and rearranging the orders of inte-
gration in (77) yields, on account of Lerch’s theorem, the
space-time domain expression

t

Ud(x,y,o,f) = 33 pt—1g )gd(x,y,O,T,g)dTg ,

L4B(11,..,1,1)
X[p—y)>+ Q%] 7", with t)<r5< 0, (84)
(82)  inwhich
J
W refy ol wi (05 Re[ HUB 0104, 304,00 Y (B ]
g0 =2 | Jw PN | :
1 A 1 1 A [t2 — tﬁ,ﬂ(a)%,wa seens@q, @Dy ) ] &
Xda)qu da)q, s dqu da)ae[t— tZ’B(l,l,...,l,l)] , (85)
r

where €[ ¢] denotes the unit step function. In (85) the upper
limits w? with i€{0,1,...,M} are found by solving

t= tf;'B(l,...,l,a);",a)qH],...,a)qM,a)a ), with i€{0,1,...M},
(86)

and ¢, is found as the solution of

t=155(1,.,1,w) . (87)

If ¢, > ¢, all contour deformations are admissible and joining
arcs at infinity do not contribute.

C. Head waves

If ¢, < ¢, the modified contours are tempted to intersect
the real (a,q,) axes at the branch cut associated with the
vertical slowness ¥, that is present in the spectral amplitude
H“. Whether or not this happens depends on the location of
the points of observation and excitation; it only occurs in a
finite region of B values. For points of observation in the
region

l<x/(x2+k2d*) %2 <c,/c,, (88)

the integral contours with respect to « in the expressions for
the geometric field and the diffracted field are tempted to
intersect the real a axis in the intervals

0,(B8) <Re{a} < o, when x>0 (89)
and

— w <Re{la} < — 0,(B), when x<0. (90)
For points of excitation in the region

l<x,/(x2+k2dH"?<ey/c,, (91)

the integral contours with respect to g, in the expression for
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the diffracted field are tempted to intersect the real g, axis in
the intervals

2,(B) <Re{go} < o,
and
— o <Re{gy} < — 92,(8), when x,>0. (93)

The inequalities (89), (90) and (92), (93) are only satisfied
if B satisfies the inequality

when x, <0 (92)

18| < (cos® ¢/¢2 —1/c3)*/sin ¢, (94)
where
¢ = arccos[ X,/ (X3 + k3d*)'?], (95)

in which @ represents one of the variables {a, ¢g,}. When the
Cagniard—de Hoop contours are tempted to intersect the real
axis in the regions indicated in (89), (90) and (92), (93),
the path of integration has to be supplemented by a loop
around the branch cut in the relevant complex plane (see
Fig. 6). The parametric expression for the loop in the com-
plex (a, go) plane is found from (73) and is

9‘111(7'9) = {Xe're — ked [(tg.e)z - 72]1/2}

X (X% + k3d*) ™'+ 10,

when tJ,<ro <15y, (96)
where ¢ 7], follows by substituting 8 = 0 in (73):
t3e = ko dQy(B) . (97)

In (96) and (97), 6 represents one of the variables {a, go}
and further X, = x, X, = — x,. The supplementary loops
in the complex a and g, planes result in additional contribu-
tions to the wave functions; they represent the head wave
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FIG. 6. A typical Cagniard—de Hoop contour with a supplementary loop
integral around the branch cut of the branch point — 1/c,.

contributions. The head wave contributions can be separat-
ed into the terms

UH(x,9,0,5) = U*HH(x,9,0,5) + U*BH(x,,0,5)

+ U4H2(x,0,0,5) . (98)

Here, the head wave contribution U “#¥ (x,9,0,5) arises from
the coinciding paths of integration in the supplementary
loop integrals that are present simultaneously in the complex
a and g, planes. The head wave contribution UeH (x,,0,8)
arises from the path of integration in the supplementary loop
integral with respect to g, that does not coincide with the
loop in the a plane. The head wave contribution
yaHe (x,9,0,s) arises from the path of integration in the sup-
plementary loop integral with respect to a that does not co-
incide with the loop in the g, plane. In the same way as we
arrived at time-domain expressions for the body waves, we
can find time-domain expressions for the head wave contri-
butions. In the latter, the following normalizing substitu-
tions for the supplementary loop integrals are used:

we= (79 — t5e)/(ts0 — with O<w,<1,  (99)

in which @ represents one of the variables {a,g,}.

tie),

D. Time windowing

It is verified easily with the aid of the Cagniard—de Hoop
method that each higher-order wave constituent arrives lat-
er than its previous one. Hence the analytically continued
field expression obtained after n iteration steps in the recur-
rence relations (61)—(63) or (64)—(66) yields an expres-
sion in the time-domain that is exact within some finite time
window. The upper limit of this window is determined by the
minimal arrival time of the (n + 1)st wave constituent.

Viil. CONCLUSION

In this paper, an analytic scheme is developed for the
three-dimensional diffraction of acoustic waves by a semi-
infinite crack in the interface of a uniform layer and a half-
space. Both media consist of a material in which the shear
stresses are neglected. The iterative scheme presented in this
paper yields an exact solution for the time-domain particle
velocity anywhere at the surface of the layer within a certain
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time window. The solution obtained from the scheme con-
sists of a summation of multiple integrals which can be com-
puted numerically within any degree of accuracy.
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APPENDIX A: STANDARD WIENER-HOPF TECHNIQUE
The solution of the Wiener-Hopf equation (36) is
found by rewriting (36) in the form
[T~ GR1K=p:H/(ps +p7i], (A1)

in which K is given by (37). Factorization of K and y, leads
to

UKyt~ GEK®yR =p,HE/ [ (p, + p)VFK * ],
when ael . (A2)

We denote the first term on the lhs of (A2) by 0, . Applica-

tion ot; the aclditive decomposition to the function Q,, i.e.,

0, =0%+ QLonl|[cf (43)-(45)] yields

Or —GIK*i =p.H /(o +p)ViK" ] — OF,
when ael . (A3)

The lhs of (A3) is regular in D ® and is at most o(a'/?) as
|a| - o in D® and the rhs is regular in D * and is at most
o(a~'?) as |a| - w in D *. According to Liouville’s lemma,
the lhs and the rhs are then identically zero in their domains
of regularity. Hence

GE=0X/(K*F), with aelUDR

and
Hr=( +P1/P2)7’1LKLQ[£’

(A4)

with acIUDL. (AS5)

APPENDIX B: PROOF OF THE CONVERGENCE OF THE
RECURRENCE SCHEME

In order to prove the convergence of the recurrence
scheme presented in Sec. V, we have to prove the conver-
gence of the series expansions (30) and (31). In this Appen-
dix we shall prove this convergence. First, we derive a recur-
rence relation for 0, using (36), with n replaced by n — 1,
and (34), (40), and (54):

én = én—l exp( — 2sy,d)
— Texp( — 2sy,d)<I>(,, (Qn— 1) - (B1)

The operator <I>( 7 1s defined by (44) and (45). For acl we
can write " [cf. (45)] as

Q% (f (@) =4I —iH)(f(a)), when ael, (B2)
and
OEy (f (@) =3 + iH)(f (2))
=U—- <I>(,))(f(a)), when ael, (B3)

inwhich I denotes the unit operator and H the Hilbert opera-
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tor on I. Since for the norm of these operators we have
|l =1and ||H] =1 (Hochstadt," pp. 21 and 183), the
norm of Py (f (a)) with ael satisfies the following in-
equality:

P& (S @N<If (@), when ael. (B4)

The function @, in (B1) can be rewritten in terms of Q,,
using (B2), as

0, = {exp( — 25y, d)[(1 — T/2)I
+i(T/2)H 1}~ Y(Q,), with ael. (B5)

It is important to notice that the norm of the operator acting
on Q, satisfies the inequality

llexp( — 257, d) [(1 — T/2) I+ i(T/2)H]| <1 (B6)

and hence this operator is a contraction operator (Hoch-
stadt,’® p. 26). Substitution of (B5) in (A4), using (B2),
yields for G F the following representation in terms of Q,:

GR= QK®") "I — iH)Y{exp( — 2sy,d) [(1 — T/2)I
+i(T/2)H1}"~(Q,), when acl. (B7)

Similarly, substitution of (B5) in (A5), using (93), yields
for H L the following representation in terms of Q,:

HE=[(1+p/p)K* yi/2] (I + iH){exp( — 2sy,d)
X[(1 =T/ I+ i(T/HH1} YD),

when ael. (B8)
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With the aid of (B7) and (B8) the series expansions (30)
and (31), respectively, can be rewritten in terms of QO. Since
the operators acting on §, are contraction operators, the
series expansions of (30) and (31) converge (Hochstadt'?).
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